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                              Abstract 

   Let  1 be a convex domain which is a generalized type of the real ellipsoid. Then 

there is a solution for the  W-problem in  0 that satisfies the  Holder estimates. 

 1  . Introduction. Let D be a real ellipsoid, i.e., 

 D {x  +  iy  E  CN  :xFn'+*yPni < 1} 
where  ni,  , nN,  ml,  ,  mN are positive integers. Then Diederich-Fornaess 

-Wiegerinck  [3] obtained —1-Holder estimates for solutions of  T3-problem in D, where 

 q=max  min{2ni,  2mj}. On the other hand,  Range  [4] obtained  (1  —  E)-HOlder esti-

mates,  E  >0, in the complex ellipsoid E, i.e., 

 E={z  :  E  lz;  I2ni  <1} 

where p=max  2ni. In the  paper  [3], it is shown that Range's solution satisfies 

 -1-HOlder estimates . Further, Bruna-Castillo[2] generalized Range's results to more 

general convex domains. In the present paper, we shall prove the existence of a 
solution that satisfies Holder estimates in the domain  0 which is a somewhat general-

ized type of the real ellipsoid. 

   Finally we shall adopt the convention of denoting by c any positive constant which 

does not depend on the relevant parameters in the estimate. 

 2. Preliminaries. 
   Let  s1(x1),  ti(371),  i  =1,  , N, be real analytic functions on [0, a]. We set
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ci(xi) =si(x~), ipi(yi) = ti(y~) 

Suppose that ci, ipi, i='1, ......, N, satisfy the following conditions ( i ) 

( i ) c;'(xi) ~O, ipf'(yi)~O 

( ii ) ci(O) = ipi(O)=0, ipl(a) > 1, ipi(a) > 1 

(iii) c{'(xi) + ipf'(yi) > O for (xi, yi) ~(O, O). 

We set 
pj(zi)= ci(xj) +'ipj(yj) for zj =xj +iyj 

p(z)= ~pj(zj) for z=(zl, ......, zN), 

j=1 

and 
~= {z: p(z) < O}. 

For v > o sufficiently .small, we define 

~7= {z: p(z) < V}' 

Then ~, ~7 are convex domains in CN with real analytic boundary. 

hj(xj, ~) = pj(xj) - pj(~j) - p;(~j)(xj - ~) 

Then we have 

, 

( ii ) , ( iii ) ; 

We define 

LEMMA I . There emsts e >0 such that 

(1) hj(xj, ~j);~Ofor lx l<e l~ l<e,x,~~ 

PROOF. In some neighborhood of O, cj(xi) can be written in the following form. 

cj(xj) = bij)x~"* + b~j)x~",+2 + . . . . . . (b{i) > o; nj ~ 1). 

Therefore we have for some e > o, 

c;(xi) >0, ip;'(xj) >0 for 0< Ixi l< e. 

Thus we obtain the equality (1). 

In view of lemma 2 of Adachi[1] , we have the following. 

LEMMA 2 . Let ~j=~+ivj, zj=xi+1y Then there exlst posltwe constant e and c 

such that 

(2) ipj(xi)-ipj(~j)-ip;(~j)(xj-~j) 

~~ c[ c;'( ~j)(xj - ~j)2 + (xi - ~i)2~'] 

(3) ipj(yj)-ipj(~j)-ip;(vj)(yj-~j) 

>c[ip"(q )(y ~ ) + (y - ~j)2*'] 

for l~j I< e, Izj I< e. 

We set 

q=m~x min{2ni, 2mj}. 

Let f=~f.(z)d~. be a (O, 1)-form on ~, and u be a function on ~. We define 

llf llL"(9)=max ~~up If.(z) l, Ilu ll., ~2= sup lu(x)-u(y) I 

I~r' *, y=9 



Holder Estimates for the a -problem in some Convex Domains with Real Analytic Boundary 3 

Then we shall prove the following. 

THEOREM. Let ~ and q be as above. Then there exists a constant c such that for 

every bounded ~-closed (O, 1) form f on ~, there exists a l_Hdlder continuous function 

q 
u on ~ such that 

~u=f and llu ll~, 9~c llf llL"(9)' 

3 . Proof of the theorem. It is sufficient to prove the theorem for f e C{o. 1)(~). 

We assume mi<=ni for i=1, ......, N. We. set for ~j=~i+i~j, zj=xi+iyj, 

pj(~i, zi) = 2~~La j ( ~) + r[(ip;'(~i) - c;'(~j))( ~j - z;) + ( ~j - zi)2*'~l] 

a~j 

and 
Fj( ~j, zi) =pi( ~j, zi)( ~j - zj) 

Taking account of the equalities (2), (3), if we choose 7 > O Suffiaently small we have 

(see Adachi [1] ) , 

(4) -pj(~j)+pj(zi)+Re Fi(~j, zj)~c[(ip;'(~j)+ip;'(~j)) Izj- ~j I + Iz ~ 12*] 

for l~ l< e, Izi l< s, i=1, ......, N. 

We set 

F(~, z)=j~IFj(~j, zj) for ~=(~1' """" ~N), z=(zl' """ 
. zN). 

Thus we obtain from the equalities (4), 

(5) -p(~+p(z)+Re F(~, z) 
;~c~{(ip;'(~)+ ip;'(~j)) Izj- ~ I + Iz ~ 12*} 

j=1 

for l~ l< e, Iz l< e. 

Since we cannot construct the support function ~)( ~, z) which depends holomorphically 

on z, we apply the same method as the proof of Bruna-Castillo[2]. We set 

Gj(~j, zj)= -2 apj (~)(~i-zi)- ~lJ~ia2 . 
2' ( ~j)( ~ - zj)2. 

a~j a~i 
Then from the condition (iii) , we have for some 6 >0 

(6) -pj(~j)+pj(zj)+Re Gj(~j, zi)~c l~j-zj 12 

for l~ I ~~~, Iz- ~ l< 8. 

Let c(~) be a C" function in the complex plane with the properties that, O ~; c ~ 1, 

2e c(~) I for I~l< ~ c(~) O for l~I~ 3 ' We defme 

Fi( ~i, zj) = ip( ~j)Fj( ~i, zj) + (1 - c( ~i))Gi( ~j, zj) 

and 

a2 p ~j( ~j, zj) = ip( ~)pj( ~j, zj) + (1 - ip( ~))(¥ - 2 apj ( ~) L 2j ( ~j)( ~i - zj)) 

a~ a~ 
Then we have 
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(7) Fi(~j, zi)=Pj(~j, zi)(~j-zi), 

(8) -pj(~j)+pj(zi)+Re Fj(~j, zi) 

>c[(c (~)+ ip"(~ )) Iz - ~ 12+ Izi- ~i 12~'] 

for I ~j-zi l< 8. 

We define 

~(~, z)= ~~j(~j, zj) for (~, z)e~ X ~. 

j=1 

Then it holds from (8) that 

- 
( ~ + p(z) + Re F( ~, z) 

~c~{(ip;'(~j) + ip;'(Vi)) Izi- ~j 12+ I~j - ~j 12*'} 

j=1 

for l~-z l< 6. 

To complete the H6lder estimates, we apply the elementary methods by Range[5] in 

order to construct the integral solution operator for the a -problem. Choose xeC"(CN 

xCN) such that, O~X~1, X(~,z)=1 for l~-zl~ 6 and x(~ z) O for l~ zl>8 For 

- ' 
i=1, ......, N, we define 

Q*(~,,z) XP,(~,,z)+(1 X)(~j-~~i) 

a nd 

~( ~, z) = ~Qj( ~j, zi)( ~j - zi). 

j=1 

Then, from the equality (7), we have 

tp(~, z)=x~(~, z)+(1 -X) I ~-z 12. 

There exist positive numbers ~ and c such that 

6 I~)(~, z) I~ c for ~ea~ p(z)< ~ l~-z l~-

' ' 2' For te [O, I] and ~ea~, we set 

w'(~ z t)=tQ~-'((~ z~z)) +(1-t) ~j~~li 

"' 
and 

W = ~wjd~j. 
j=1 

Then wj(~, z, t) is well define~ for 

ze~ U {z: p(z)~ ~' Iz- ~ I ~~}-

For q=0, 1, and feC(o, 1)(~~), define 

Kq(W) = (2lri)-N( N - 1)W A ( ~~. AW)N-q-1 A ( a~.W)q 

¥q/ 
Tof= r fAKO(W) - JC.{ o } f AKo(W), 
ja9*Io, 1] 

Ef= r fAK1(W) 
Ja9*{ I } 

Then we have 
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(9) f=Ef+aTof. 
Moreover Ef has the following properties (see Range [5]) . 

(a) Ef is C" on ~n 

(b) IIEf 11 ~cllf llL-(9) 
L"(9.) - ' 

For (~, z)ea~7 X ~~, we define 

r(~, z)= ~ ap (~)(~k-Zk). 
k=1 a~k 

Then the convexity of ~7 implies 

r(~, z)~0 for (~, z)ea~n X ~~. 

Def ine 

ap Sj(~ z)= (~), 
' a~j 

uj(~, z, A)=A Sr'~'{~ ~! +(1-A)T~~~{,-zz~,_2 

for (~, z, A)ea~7 X ~n x [O, I], 

U = ~uid~j. 

j=1 

Since Sj is holomorphic in z, we have Kl(u)=0. We define for geC(o, l)(~n)' 

(lO) Tvg= r f g A Ko(U) - g A Ko(U) Ja9.*[o, I] 
a9. *{ o } 

Then we have a(T7g)=g provided ggC!o, 1)(~7)' ag=0_ We define the operator 

(11) S=T~E+To' 
Then, for feC{o, l)(~) with af=0, we have from the equality (9), (11), 

(12) a (Sf ) = f . 

Since the first integral in (10) is C~ in ~v and the kernel of the second integral is the 

Bochner-Martinelli kernel, we have 

(13) IITn(Ef) Ilc, !2~c(a) llEf llL"(9.) for a<1. 

Therefore Sf is the desired solution of the theorem if we can prove the following 

inequality. 

(14) llTof If~. 9~cllf llL~(9)' 

Since the denominator of Ko(W) does not vanish for ~~z, it is sufficient to estimate 

the integral near the diagonal. If I ~-z I <~ then Ql(~, z)=~i(~, z). Therefore if we 

take 

L - ap a ap a (j=1, ......, N-1) 
i~ z~N a~･ ~･ ~ , azJ azN 

as a base for the (O, 1) tangential vector fields on a~ n B, B b~ eing a small ball with 

center on a~ we have for l,i 1, ......,N-1, 

fLjQi I ~ 6jic[c;'(~i) + ip!'(~i) + (lipi"'(~i) I + Iip{"(~i) l) Izi - ~ l) 

ILiQN l~c( 1~ 12',-1+ IV 12*,-l j ). 
By the estimate in lemma 4 of Adachi [1] , we can prove that Tof satisfies the inequality 



6 Kenz6 ADACHI 
(14), which completes the proof of the theorem. 
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