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Abstract

Let Q be a convex domain which is a generalized type of the real ellipsoid. Then
there is a solution for the §-problem in Q that satisfies the Holder estimates.

1. Introduction. Let D be a real ellipsoid, i.e.,
N N
D={x+iye C": lex?“‘+ Zlfy?'"‘< 1}
where ny, ...... , NN, My, ...... ,my are . positive integers. Then Diederich-Fornaess

—Wiegerinck'[3] obtained %—Hﬁlder estimates for solutions of @-problem in D, where

g=max min{2n;, 2m;}. On the other hand, Range(4] obtained (% —¢)-Holder esti-
J
mates, €>0, in the complex ellipsoid E, i.e.,
N
E={z: le |z; |7 <1}

where p=max 2n;. In the paper[3], it is shown that Range’s ‘solution satisfies
J

%—Hb’lder estimates. Further, Bruna-Castillo[2] generalized Range’s results to more

general convex domains. In the present paper, we shall prove the existence of a
solution that satisfies Holder estimates in the domain Q which is a somewhat general-
ized type of the real ellipsoid.

Finally we shall adopt the convention of denoting by c any positive constant which
does not depend on the relevant parameters in the estimate.

2. Preliminaries.
Let si(xi), ti(yy), i=1, ...... , N, be real analytic functions on [0,a]. We set
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Pi(x)=si(x]), ¢(y1) =ti(y?)
Suppose that ¢, ¢, i=1, ...... , N, satisfy the following conditions (i), (ii), (iii);
(i) #(x)=0, ¢'(y)=0
(i) ¢(0)=¢(0)=0, #:(a)>1, ¢(a)>1
(ili)  é1(x)+ ¢i'(y) >0 for (xi, yi) #(0, 0).

We set
pi(z)=¢i(x;) + ¢i(ys) for z;=x;+iy;
.O(Z)=§Nlpj(zj) for z=(z4, ......, zn),
and

Q={z: p(z)<0}.

For 7 >0 sufficiently small, we define
Q,={z: o(z)<7}.

Then Q, Q, are convex domains in C" with real analytic boundary. We define
hi(xs, &)= pi(x5) — 0(&) — 0i(&)(x;— &)

Then we have .

LEMMA 1. There exists € >0 such that
(1) hi(x;, £)>0 for |x;[<e & |<e x;#&.

PrOOF. In some neighborhood of 0, ¢;(x;) can be written in the following form.
&i(x;) =bPxM + b x4 .. (b >0; n;=1).
Therefore we have for some >0,
$i(x5) >0, ¢7(x;) >0 for 0< |x;|<e.
Thus we obtain the equality (1).

In view of lemma 2 of Adachi[1], we have the following.

LEMMA 2., Let §=§&+ip;, z;=x;+1iy;. Then theve exist positive constant ¢ and ¢
such that
2) #ixi)— (&) — di(&)(x;— &)
=Zc[#7(&)(x5— &)+ (x;,— &)™)
3) ¢y~ &(m)— i) (ys—m)
zcl[ ¢ () (ys— )"+ (ys— m)™]
Jor |&1<e, |z;|<e.
We set
q=max min{2n;, 2m;}.

Let f=3,(z)dz, be a (0, 1)-form on Q, and u be a function on Q. We define

] ux)—u
If lleecoy=max sup [f.(2) |, Iu le, 2= sup | (X>_y @

X (=0]
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Then we shall prove the following.

THEOREM. Let Q and q be as above. Then there exists a constant ¢ such that for
every bounded 3 -closed (0, 1) form f on Q, there exists a %—Hﬁlder continuous function

u on Q such that
ou=f and |Ju ||§ e=c f Lo

3. Proof of the theorem. It is sufficient to prove the theorem for f ¢ Ck, 1,(Q).

We assume m;=<n, for i=1, ...... ,N. We set for §=&+in;, zz=x;+1y;,
pi(8, 2) =220+ 7165 ()~ F(ENG~2)+ (6= 2P
and

Fi(&, z0=pi(&, 2)(5—2). _ :
Taking account of the equalities (2), (3), if we choose y >0 sufficiently small, we have
(see Adachi[1]),

@) —oi(&)+oi(z)+Re Fi(&, z;) Zc[(5(8) + ¢ () 12— & P+ |z;— & |™™]

for | ]<e, |z |<ei=1,......, N.
We set .
i N
F(C’ Z)=§_1F,(§_,, Zj) for §:(§1, ceevsey CN), Z:(Zl, ...... s Zn).

Thus we obtain from the equalities (4),
(6)  —p(§)+ p(z)+Re F(¢, 2)

2cZ‘.{(¢ (&) + ¢ () 2= & P+ |zi— & P™)

for [{]<e, |z |<e.
Since we cannot construct the support function ®(¢, z) which depends holomorphically
on z, we apply the same method as the proof of Bruna-Castillo[2]. We set

Gi(8, 2= —222E)(6—2)— ZEE 5—2)"
Then from the condition (iii), we have for some §>0,
6) —oi(&)+oiz;) +Re Gi(&, z)zc |G~z [
for |§|> Jz—gl<s.

Let ¢(&) be a C~ functlon in the complex plane with the properties that, 0< ¢=<1,
#(5)=1 for |z |<-& x #(&)=0 for |§|g 2¢ We define
Fi(&, 2)=8(5)F (&, 2)+(1— ¢( G))GK &, z:)

and -

Bi6, 2= H(OPAE, ) +1— (0 -2 246) - ZE(E)(5-2))

Then we have
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(7 F&, 2)=P(& z)(&—2),
8) —p(&)+ oz +Re Fi(g, 2)
=c[(#7(&) + ¢ () |lzi— & P+ |z— & *™]
for |G—z;|< 8.
We define

F(e, z)=i‘if‘j(§, z;) for (£, 2)eQ X Q.

Then it holds from (8) that
—0(§)+ p(z)+Re F(¢, z)
22 ((H(E)+ H ) I & P+ l—& ™)
for |[—z]< .

To complete the Holder estimates, we apply the elementary methods by Range[5] in
order to construct the integral solution operator for the §-problem. Choose yeC*(CM

X CY) such that, 0= y<1, x(¢, z)=1 for | —2 |§78, and y(¢&,z)=0 for |{—z|=4§. For

i=1...... , N, we define
Qi(&, 2)=xPi(&, z)+(1—x)(E—2Z)

and

N
¢( g; Z) = EQJ( gj» Zj)( gl - Zi)'
Then, from the equality (7), we have

(¢, 2)=xF (¢, D)+ (1~ [E—z 2
There exist positive numbers 7 and ¢ such that

|®(¢,2) |= cfor £edQ, p(z)<7n, |~z Izg-

For te [0,1] and ¢e0Q, we set
_. Q¢ 2) _nLi—z

wi(¢, z, t)—tg(‘g’—zy +(1-1t) =

and
N

Then w;(¢, z, t) is well defined for

2eQU{z: p(2) =<7, z— ¢ lég}-
For q=0, 1, and feCly, 1,(Q), define

Kq(W)=(2ﬂi)‘”(Nq_ 1)WA( Te WA TW)S,

Tof=./;m[0y l]fAKo(W)—Ax(O)fAKo(W),

Ef:/;gx( | EAK(W).

Then we have
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(9) f=Ef+ oT.f.

Moreover Ef has the following properties (see Range[5]).
(@) Efis C*on Q,

®)  |Ef leeon =c If lL=ca.

For (¢, 2)edQ, X Q,, we define

D(¢, 2)= 3 9206~ 2.

Then the convexity of Q, implies
T'(¢, z)+0 for (&, z)e0Q, X Q5.
Define

S, z>=§—g( 0),

u(¢, z, A):AS_;(Q,_Z)_ +(1_/1)-l§:—zz—|%

(¢, z)
for (¢, z, 1)ed, X Q, %[0, 1],
U=3udg.

Since S; is holomorphic in z, we have K,(u)=0. We define for geCly, ,(1,),
W Tg=[ . grK(U-[  gAKiU)

x(0)
Then we have 3(T,g)=g provided geCl, 1,(2,), dg=0. We define the operator

1) S=T,E+T,.

Then, for feCh, ,(Q) with 3f=0, we have from the equality (9), (1)),

1@ J(SH=f.

Since the first integral in (10) is C* in Q, and the kernel of the second integral is the
Bochner-Martinelli kernel, we have

13 NIT(ED lls, e=c(a@) |Ef lLe(en for a<1.

Therefore Sf is the desired solution of the theorem if we can prove the following
inequality.

149 [ITof “é e=c|f oo

Since the denominator of K¢W) does not vanish for =z, it is sufficient to estimate
the integral near the diagonal. If |{—z i<—f}, then Q(¢, z)=Pi(¢, z). Therefore if we

take

_ 0o d _ dp 0 L B
=9z oz, 97, 0Zn (G=1,...... N=1)

as a base for the (0, 1) tangential vector fields on QN B, B being a small ball with
center on 9, we have for i, j=1, ...... ,N—1, ‘

ILiQi = ducl #7(&) + ¢ () + (" () |+ 167(€) D |lzi— & 1)

IL;Qn [=cCI& ™1+ [ P™7h).
By the estimate in lemma 4 of Adachi[1], we can prove that Tof satisfies the inequality
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(14, which completes the proof of the theorem.
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