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Buckling Analysis of‘Rectangular Plates with Variable Thickness
by

Hiroshi MATSUDA* and Takeshi SAKIYAMA*

The basic differential equations of rectangular plate with variable thickness are formed by the
simultaneous partial differential equations with variable coefficients which are composed of the flex-
ural rigidity of the plate D (x, y) and the thickness of the plate h(x, y).  Therefore, it is impossible
to obtain the analytical solutions under these generalities.

In this paper, we derived the discrete general solutions for the basic differential equations of
rectangular plate with variable thickness by applying the transformation of the differential équations
into the integral equations and trapezoidal rule of numerical integration. Then we proposed the ap-
proximate method to analyze the buckling problems of rectangular plate with arbitrary boundary con-
dition, load condition and distribution of the thickness.

The results of numerical analysis are as follows.

1) The numerical solutions which obtained using the present method converge monotonously.

2) Even the analysis by division as coarse as 8 provide good accurate solutions.

3) Using extrapolation, better results can be obtained.
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Fig. 1 Discrete points on rectangular plate
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Table1 Values of factor k for a square plate with
four simply supported edges under uniform
compression in one direction. (v=0.3)

m k Extrapo]éted Values | T.A.S.
4 4.450 4,6 3.985

6 4,190 4,8 3.990

8 4,105 6,8 3.996 4,00
10 4,067 6,10 3,997

12 4,046 10,12 3.999

T.A.S. : Timoshenko's Analytical Solution
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Table 2 Values of factor k for a square plate fixed
at all edges under uniform compression in
one direction. (v=0.25)

k Extrapolated Values | T.A.S.

m

4 15.56 4,6 9.206

6 12.03 4,8 9.613

8 11.10 6,8 9.903

10 10.71 6,10 9.967 10.07
12 10.51 8,12 10.03
14 10.39 12,14 10.06

T.A.S. : Timoshenko's Analytical Solution

Table 3 Values of factor k for a rectangular plate
(a/b=0.6) with two opposite edges simply
supported and the other two edges fixed un-
der uniform compression in one direction.

(v=0.25)
m k Extrapolated Values | T.A.S.
4 8.396 4,6 6.947 :
6 7.591 4,8 6.993
8 7.344 6,8 7.026 7.05
10 7.235 6,10 7.035
12 7.178 10,12 7.049

T.A.S. : Timoshenko's Analytical Solution

Table4 Values of factor k for a square plate with
three edges simply supported and one edge
free under uniform compression in one di-
rection. (¥=0.25)

m k Extrapolated Values | T.A.S.
4 1.554 4.6 1.430
6 1.485 4,8 1.431 1.440
8 1.462 6,8 1.432

T.A.S. : Timoshenko's Analytical Solution

Table 5 Values of factor k for a square plate with
two opposite edges simply supported and
the other two edges fixed and free under
uniform compression in one direction.

(v=0.25)
m k Extrapolated Values | T.A.S.
4 1.814 4,6 1.692
6 1.746 4,8 1.694 1.70
8 1.724 6,8 1.696

T.A.S. : Timoshenko's Analytical Solution
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Table 6 Values of factor k for a simply supported
rectangular plate (a/b=0.6) under trian-
gular loading., (¥=0.3)

m k Extrapolated Values | T.A.S.
4 n.n 4,6 9.691

6 10.32 4,8 9.714 9.7
8 10.06 6,8 9.731

T.A.S. : Timoshenko's Analytical Solution

Table7 Values of factor k for a simply supported
rectangular plate (a/b=0.6) under pure
bending. (v=0.3)

m k Extrapolated Values | T.A.S.
4 36.64 4,6 22.17

6 28.60 4,8 23.09 24.1
8 26.48 6,8 23.75

T.A.S. : Timoshenko's Analytical Solution

Table 8 Values of factor k for a square plate with
four simply supported edges under pure
bending. (v=0.3)

m k Extrapolated Values| T.A.S.
4 42.36 4,6 20.09
6 29.99 4.8 23.89 25.6
8 28,51 6,8 26.61

T.A.S. : Timoshenka's Aﬁa]ytica] Solution
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Table 9 Values of factor k for a simply supported
square plate with a linear variation in
thickness. (v=1/3)

ti/to 1,126 1.5 2.0

Chehill (5) 3.966 3.687 3.537

(3) 3.966 ’ 3.604 2.900

Wittrick 3.966 3.638 3.100
m=4 4,429(1.12) 4.216(1,16) 3.863(1.25)
Author 6 4.163(1.05) 3.884(1.07) 3.442(1.70)
8 4.076(1.03) 3.774(1.04) 3.277(1.06)
Extra- (4,6) 3.951(1.00) 3.618(0.99) 3.069(0.99)
polated (4,8) 3.958(1.00) 3.627{1.00) 3.082(0.99)
“Values (6,8) 3.963(1.00) 3.634(1.00) 3.091(1.00)

Chehill (5) : N = No + €Ny +e2Np + €3N3 + e*Ny
(3) 1 N =No+ Ny +e2N> .

OMWAHENZHWT, Chehill 5% Wittrick 5 0¥
R HBI—BL TV B2 L hh 3. %7, Rich
ardson DAMEE: & BV AHEEICRIE, 512, BT
=BT AL Abh s 4k, BRO () OHO
HiEIE, Wittrick 5 ORMERIHS T 3 RBITRICLS
EMROLT S 5.

WA RET 554, KaEl TIREFE 2 5

 ZEAEZLNA ZOMERETAEDLI, —H

IZDHBEERICREPSE T 2EERICB L THEER
WkiTho/k. ZOX) ZEERIZEAL TX, £HY
2k > T, Fig. 8 IR T &) ZRERD WL 2201
REMHFIIOVT, BHFRDSENTWSE. 22T, ¢
PHHITRHR I —FRO—REHRE A PMER T 2550
FIRATIRIC L SRITRERE, AHOE & & 412, Table
10 (a), (b) 1ZR¥. Table10(a) HLUF10(b) 1%, K4,
IRBLV2ZROEREE— FOBETH 5. FFET,
() ADRADEIEL, AHOBER T 548
B L 2EMEOLTH S, hsDHEIR, —%
JERENPTER S % 4 BEMZEL 3EEROBED,
Timoshenko DIEMTAEIZAT T A2H LD B REL ST
w3, L L%&HS5, Richardson D4 AR 2 H W
R, BHOBIIFI—HLTw3LELLSNA.
F 7z, Chehill 512k - T, Fig. 9 IZRT L1,

Fig. 8 Composite rectangular

Fig. 9 Stiffened plate.

Table 10  Values of factor k for a simply supported
square plate with a stepped variation in
thickness under uniform compression in
one direction. (v=0.3)

a) First Mode

m Author Extrapolated Values
4 7.4289 4,6 5.,9344
(1.23) (0.98) ::
6 6.,5986 4,8 5.9724 T
(1.09) (0.99) ¢ 1.5t
8 6.3365 6,8 5.9995
(1.05) (0.99) Ve
Kurata 6.0456 \ e
/
b) Second Mode ~
m Author Extrapolated Values 7N
17.84 4,6 11.99 / \
(1.57) (1.06)
6 14,59 4,8 11.88
(1.28) (1.05) J
8 13.37 6,8 11.80
(1.12) (1.04)
Kurata 11.36
Table11 Values of factor k for a simply supported

square plate with centrally stiffened por-
tion. (v =1/3)

€ 0.5 1.0
m=4 9.577(1.16) 17.684(1.29)
8 8.283(1.00) 15.568(1.14)
Extrapolation | 7.852(0.95) 14.862(1.08)
Chehill 8.243 13.697

PRI TIREAEL B> TR AEERIZHL T, 438
Bt 2BALRGOL & T, HERIROLANT
Wh. 25 %, RENTIEIZE 2R & & 31 Table
11 1R FERT () AOEADKIENE Chehill @
HERITT AARBAEIC L 2EPMEOLLTH 5. [d
FED, cOEIKRELSEBE, Thbb, BERO
BEEHKEL 25 &, Chehill DBEMICHT 35
ARELEoTWBZEN b3,

Dk, —Hms» 5 —#2EMNPERT 2540,
x FENRE AR T 254 OEEMRICEL T, KR
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Fig. 10 Rectangular plate with variable thickness
in y direction.

Table 14
Values of factor k for a simply sup-
ported square plate with a linear
variation in thickness in y direction a/b=1.0
under pure bending. (»=0.3)
a=0.9]a=0.8]a=1.0
= 1.1 =1.2 ]| 8=1.0
m=4 43.03 45,31 42.36
6 35.83 40.17 29.99
8 32.80 37.43 28.51
Extrapolation | 28.90 33.91 26.61
(6,8)

Table 12  Values of factor k for a simply supported
square plate with a linear variation in
thickness in y direction under uniform
compression in x direction. (v =0.3)

a=09}a=0.8a=1.0
B=1.1}18=1.218=1.0

m=4 4,434 4,386 4.450
6 4.170 4,109 4,190

8 4,084 4,018 4.105

Extrapolation | 3.972 3.902 3.996

Table 13

Values of factor k for a simply sup- a/b=

ported rectangular plate(a/b=0.6) 0.6

with a linear variation in thickness

in y direction under pure bending.

(v=0.3) ) N
a=091a=0.8 ja=1.0
g=1.1|18=1.2 {B=1.0

m=4 41.06 44,50 36.64

6 32.55 36.79 28.60

8 30.27 34,36 26.48

Extrapolation | 27.35 31.23 23.75
(6,8)
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L hny, BEMERIKE L 2 278, BEEOHRER
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& U Table14 13, %4, HEWTPERAT 2B u
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NIRRT 358 L1381, BEEIERIAEL % 578,
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[Appendix]
Ap="Ta Bn=0
Ap=0 Bop=urn
Aps = Tpy 7 Bps= utps
Aps= Tps B,.=0
Aps=0 Bos= 12
Aps= Tpst+ VTps Bos= T

Apr= Tps Bor=vutTos+ pTps
Aps= Tpr + N 7o
Bos= Tps

Corre= t(Tos+ K157 p1) Cosre=1Ire Tos

Corrg=HUTp2+ KrgTog Cosre=—1Tor

Cosre=JdrsTos Corre=—"Tos
Cosrs=1IraTps Cosre=0
[r0:]= [—7”;::]_], Bii B = s
[75:]=
[ B w8 0 0 0 0 NB,y O]

0 B B 0 w0 0 0
-y 0 By PBu 0 0 0 0

0 0 0 Ty O fu vy 0
0 0 0 0 Iy vBu ub; O
0 0 ~Jufs 0 0 4y Bu O

ks 00 0 0 B 0 Bu
0 —.ufy 0 0 0 0 By Bl
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