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Abstract
In this note, by means of determination of the number of rational points, it is shown that
if F is a finite prime field of characteristic p satisfying p =35 (mod 8) then the elliptic curve
Y’ = X(X*+X +r) defined over F is supersingular where r = 1/8 € F. As an application, it
is also shown that the following equality
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holds where n = (p —1) /4.
1. Introduction

The purpose of this note is to study supersingular elliptic curves defined over finite
prime fields and to obtain information related to binomial coefficients. Generally, for the
cases of normal form Y?> = X’+aX +b and Y’ = X(X —1) (X —a), Deuring [1] has already
studied circumstantially and for special cases of the form Y’ = X' +aX and Y* = X' +a, Ol-
son [3] also has studied in detail.

In this note, we will consider a curve of the form ¥Y* = X (X’+X +a). Let p be a prime
such that p = 5 (mod 8) and let F' be a finite prime field of characteristic p. If we put r = 1/8
€ F then the polynomial X°+ X +r is irreducible over F and so we see that the curve de-
fined by Y* = X(X*+X +r) over F is elliptic. We want to prove that this elliptic curve is su-
persingular and that the following equality
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holds where n = (p — 1) / 4.
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2. The number of ratinal points

We denote by p a prime. Let F be a finite prime field of characteristic p. Moreover we
put
fX)=X*+X+rE€F[X]
where r = 1/8€ F.
Then we can get the following result.

THEOREM 1. Assume that p= 5 (mod 8) and denote by N the number of rational points
of the elliptic curve Y* = X f (X) defined over F = GF (p). Then N =p +1.
Proor. We denote by X the multiplicative quadratic character of F. Then N is given by
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where h(x) =x (x>+x+r).
Since X (h(0)) + % (h(—1)) + % (h (—4 r)) =0—1+1 = 0, we have
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where S=F \ {0, —1, —4r}and ' = —1—,
For any X € § satisfying X (x) =X (x "), we can easily show that the quadratic equation
X+X+tr=—f(x)
has the solutions ¥ and¥ = —1—¥ in F and thaty €S and X(¥) =¥ ) = —X(x) as
(x+y+4r) =2xy and x(2) = — 1.
Then X (—1) =1 leads to
X@FX@E)HNXE @)+ (X @FxE)H X @) =0.

Therefore we obtain

22 (@) =0

andsoN=p+1.

3. Hasse invariant and binomial coefficients

We will now give a certain family of supersingular elliptic curves over finite prime
fields and certain congruences for binomial coefficients associated to these curves.

THEOREM 2. Let F be a finite prime field of characteristic p. If p = 5 (mod 8) then the
elliptic curve Y* = X (X*+X +r) defined over F is supersingular where r = 1/8€E€F.
Proor. Using Theorem 1, we obtain that our elliptic curve has p + 1 rational points over

F and so the Hasse invariant is equal to zero (cf. Manin [2]). Therefore we see that this
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curve is supersingular.
This result is restated by means of binomial coefficients as follows.

THEOREM 3. Let p be a prime satisfying p = 5 (mod 8) and put n =(p—1) /4. More-
over put r = 1/8 in the finite field F = GF (p). Then

2n 2n—k
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k=01 k k
i.e., in the ring Z of rational integers,
n
2n 2n—k
z 8k =0 (mod p).
k=01 k k

Proor. The Hasse invariant A of the elliptic curve Y’ = X (X’ +X +r) defined over F is
given by
!
A= 3 Eo
i+jtk=2n Ll K!
2i+j=2n
0=i, j, k=2n
because A is the coefficient of X in (X*+X +r)™ (cf. Deuring [1]).
By use of binomial coefficients, it is rewritten as
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So the desired assertions follow immediately from Theorem 2.
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