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Abstract

A revised version of the L? estimate of my previous note and an alternative proof

of the approximation theorem on a Stein manifold are given.

. Review of the g equation.

The setting is the same as my previous note [1]; so we review briefly. Let Q be
a Stein manifold of complex dimension n. Let {7.} be a sequence of functions in C?
(Q) such that 0<%.,<1 and 7.=1 on any compact subset of ) when v is large.
Choose a Hermitian metric ds®=h;zdz/dz* on Q so that 197.1<1 for v =1,2,-.
Denote by dV the volume element defined by ds% Let ¢ be a real valued continuous

function on © and let L7, ,,(©,9) be the weighted L? space of (p,q) forms such that
IFiz= S\flze—¢dv<oo

where |- denotes the length with respect to ds®. The O operator defines linear.

closed, densely defined operators on these spaces.
Lyo(Q,9) —L— 12, 0)(0,0) —5— 12, .0 (0, 0).

In my previoius note we give a C® function ¥ on  which satisfies
(a) W is strictly plurisubharmonic

(b) ¥ =20o0nQ

(c) Q.=1{2e D1 ¥(2)<c}TCTO for every ceR

(d) HFIE < NT* 15 +1SfI% feDqr1)(Q).

And then we have the following existense theorem.

THEOREM 1 [1]. Let ¢ be any plurisubharmonic function on Q. For every g €L )



20 Hiroshi KaJiMoTO

(Q,p) with 5g=0, there exists a solution u € L(zpvq)(ﬂ,loc) of the equation éu:g
such that

Siul2 e Y4V < S lgl? e~ ?dV.

2. Results
Denote by A= A(Q)) the space of all entire holomorphic functions on £ with the
Frechet topology of uniform convergence on all compact sets. The following is a

revised version of Theorem 2 in [1].
THEOREM 2 (Revised). Let ¢ be any plurisubharmonic function on Q) and denote by
A, the set of entire holomorphic functions u such that for some real number N,
S lul2e=¢ ~N¥dV < oo,
Then the closure clA, of A, in A contains all u€ A such that |lul®? e % is locally

integrable, and clA, is equal to A if and only if e % is locally integrable.

Proor. Given an entire function U such that |Ui? e % is locally integrable we shall
approximate U uniformly in a relatively compact set Qr = {2 € QI¥(2z) < R} by
functions in A,. To do so we choose a cut function X € CZ(£)) so that X=1 on Qz.,

and X=0 on Q\ Qgr+2. Set V=xU. Then
V=U on Qr and V=U38Y=0 on Qxs1 U(Q\Qr:2)-
To make norms small we set weight functions ¢; for t>0 as
¢ (2)=¢ (2)+max{0, t(¥(z) —R—1)}.

Then ¢, is plurisubharmonic and

S‘§V|2 e P dV= S |2 [éxlz e~ H¥—R-1) gy
QR+2\ QR -1
Ssup Iéx}z S [UI12 e ® e Y-RDJV 0 as t — 0
Qpyo QRag\Qg+1

since [UI?2 e=?€ L},.. It follows from Theorem 1 that we can find a function U, with
Ou, =3V and

Slutlz e 917 Y stg@Vlz e 1 dV—0 as t — oo,

In particular 9u;=0 on Qg+1 i.e. u;is holomorphic in Qg+1, and
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S lu,12dV= S lud2 em?~¥ e?t¥ JV
Qg Qg+

< sup e? +"'S\u,12 e P Y dV—0
Qg1
since ¢,=¢ on {r+1. Hence

sup lul éCS lul2dV — 0, i.e.
Q Qp.g
u, — 0 uniformly on Qr. We know that

V= (V—u,)+u, and 3(V—u,)=0.
And we have
S IV—u,l2 e~ NYdV<2 S V12 e NV dV+2 S lu,2e ¢ VY4V,

The 1-st term in the right hand side converges since |UI? e %€ L},.. For the 2-nd
term put N=1+¢. Then ¢, +¥=¢ +¥

<@ +(14+HY¥ on Qg1 and ¢, + ¥ =¢+(1+1)¥—HR+1)

<@ +(1+8)¥ on Q\Qr+: and so

S ju 2 e=¢ 0¥y < g lu2e ?"¥dV< oo,

Hence V—u, € A,. This proves the first assertion. For the second assertion we
note that every function in A, must vanish at z if e™® is not integrable in any
neighborhood of z. Because if u € A, and u(2z)7% 0 then there exists a neighborhood
W of z such that lul =6 >0 on W and a contradiction that

S lul?2 e~ ?NYJV =082 inf e”wg e ?dV=co
w w

follows. From this it is easy to see that clA,=A implies e ? € L},

The same argument gives an alternative proof of the following approximation

theorem on a Stein manifold.

TueoreM({4],5.2.8). Let Q be a complex manifold and ¢ a strictly plurisubkarmonic
C® function on Q such that

K.={zeQlo(z)<ct CTO for every real number c.

Every function which is holomorphic in a neighborhood of Ky can then be approximated

uniformly on K, by entire functions in (1.
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Proor. Let U be a holomorphic function in K.(¢>0). choose a cut function X €
C?(Q) so that X=1 on K.2 and X=0 on Q\K.. Set V=XU and

Pu(2)=¢ (2) +max{0, (¥ (z)—c/2)}.
Then ¢, is plurisubharmonic and

V=U on Ko, V=U3X =0 on K.;2 U (Q\K.)

S]éVlz e 1 dV= SK\K p OV|2 e~ ¢t ¥=c/2Jy — () as t — 0O,

It then follows from Theorem 1 that we find a function u, such that du,= oV and
S |2 e # ¥ dV < S 1OVI2 e=#1dV — 0.

In particular du,=0 on K.z i.e. u, is holomorphic there and
SKC/zlu,lde—> 0,

so u,—> 0 uniformly on K,. Since V=(V—u,)+u, and 3(V—u)=0, U is uniformly

approximated on Kj by entire functions V—u,. O

At this juncture we correct some errata in my previous note [1]. In Theorem 2,
and 2, [1], the assumption that ¢ € C?(Q}) is dropped. In the proof of Therem 2,
p.8, line 10, “We may assume that ¢ € C?(Q)” should be “must not”. The case

when @ is not in C? is treated in this supplement.
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