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An Approximate Method for Analyzing the Mindlin
Rectangular Plate with Variable Thickness

by

Hiroshi Matsuda*, Takeshi Sakiyama*
and Chihiro Morita**

An approximate method for the numerical analysis of rectangular plates based on Mindlin’s theory

is presented. Any two opposite edges are assumed to be simply supported in the present analysis, and

a variety of boundary conditions can be specified along €éither of the remaining two opposite edges.

In order to confirm the convergence and accuracy of numerical solutions, the square plates with

various boundary conditions are calculated, and the results are compared with discrete solutions

previously obtained by the authors and analvtical solutions.

As the applications of the proposed method, variable thickness rectangular plates with two

boundary conditions are calculated.
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Fig: 2 Elements of Rectangular Plate.
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Fig.3 Integral Constants and Boundary Conditions
(S : Simply Supported Edge, C : Clamped Edges, F : Free Edges).
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Table 1 Convergence of Numerical Solutions
of SSSS Plate under Uniform Load

HIREHTEEEASI B LT 2 EERICBEL T, Bt
BB & CEROEN 2172, Z0& 5 REBK
B LT3, Conway™ 12 & > T, PO B R D
&8 & R EMSRT L EEX R OHE I D
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Table 2 Convergence of Numerical Solutions
of CSCS Plate under Uniform Load

(v = 0.3). (v =0.3).
Mo K.
L]
§,, semmzesd

n | m| wiga'/D | Mxjga® | Myjga® | Mx/qa n|m| waa'/D| Mxfga® | Mnlga® | My/qa’

1| 0.00413 | 0.0531 0.0530 | —0.0307 11 0.00175 0.0284 0.0424 | —0.0743

2 | 0.00407 0.0520 0.0480 | —0.0324 2 | 0.00168 0.0231 0.0415 | —0.0695

41 3| 0.00408 0.0520 0.0491 | —0.0323 4 1 3| 0.00169 0.0243 0.0411 | —0.0708

4 1 0.00408 0.0520 0.0488 | —0.0329 4 | 0.00169 0.0239 0.0415 | —0.0701

5 1 0.00408 0.0520 0.0489 | —0.0330 5 | 0.00169 0.0241 0.0412 | —0.0706

Ref. (6) | 0.00412 0.0542 — —0.0340 Ref. (6) ! 0.00184 0.0280 0.0484 | —0.0737
1| 0.00412 0.0501 0.0520 | —0.0303 1| 0.00192 0.0281 0.0364 | —0.0734

2 | 0.00407 | 0.0486 0.0474 | —0.0312 2 | 0.00187 0.0236 0.0348 | —0.0691

8| 3} 0.00407 | 0.0489 0.0484 | —0.0323 8] 3| 0.00187 0.0247 0.0352 | —0.0702

4 | 0.00407 0.0488 0.0480 | —0.0324 41 0.00187 0.0243 0.0350 | —0.0698

5] 0.00407 0.0488 0.0482 | —0.0325 51 0.00187 0.0245 0.0351 | —0.0700

Ref. (6) | 0.00408 | 0.0492 — —0.0328 Ref. (6) | 0.00190 0.0251 0.0359 | —0.0711
1| 0.00412 0.0496 0.0518 | —0.0302 1| 0.00195 0.0281 0.0354 | —0.0738

2 1 0.00406 | 0.0481 0.0472 | —0.0319 21 0.00190 | 0.0236 0.0338 | —0.0691

12{ 3 | 0.00407 | 0.0484 0.0483. | —0.0322 12| 3 | 0.00190 | 0.0247 0.0341 | —0.0701
4 1 0.00407 0.0483 0.0479 | —0.0324 4 | 0.00190 0.0243 0.0340 | —0.0697

5 10.00407 0.0483 0.0481 | —0.0324 51 0.00190 0.0245 0.0341 | —0.0699

Ref. (6)| 0.00407 | 0.0484 — —0.0325 Ref. (6)| 0.00191 0.0247 0.0343 | —0.0704
N.A.S| 0.00406 0.0479 0.0479 | —0.0325 T.A.S| 0.00192 0.0244 0.0332 | —0.0697

N.A.S. : Navier’s Analytical Solution

T. A.S. : Timoshenko’s Analytical Solution
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Table 3 Convergence of Numerical Solutions
of FSFS Plate under Uniform Load

B-H

B

Table 5 Convergence of Numerical Solutions
of SSCS Plate under Uniform Load

(v =103). (v =0.3).
H"‘ Ve “"'; . ¥ Bur Yoz
wt ,: H,
n | m \wi/ga /D] walqat/D M /qa® Mxzfga®| Mylga® n|m| wlaa'/D | Myjga® | Myjga® | Mx/ga®
1(0.0153 | 0.01300 | 0.131(0.120 0.0340 11 0.00270 0.0467 | —0.0892 | 0.0382
210.0153{ 0.01295.|0.127 | 0.116 | 0.0319 2 | 0.00264 ] 0.0457 | —0.0844 | 0.0331
413(0.0153| 0.01295 |0.127 | 0.117 | 0.0324 4131 0.00265| 0.0455 | —0.0855| 0.0342
410.0153 | 0.01295 | 0.127 | 0.117 }0.0322 4 | 0.00264 | 0.0457 | —0.0851| 0.0339
510.0153 | 0.01295 | 0.127 { 0.117 | 0.0323 51 0.00264 | 0.0456 | —0.0853 | 0.0340
110.0151| 0.01309 | 0.134|0.125 | 0.0295 1| 0.00278 | 0.0431 | —0.0884 | 0.0379
210.0151§ 0.01304 {0.129{0.121 |0.0279 2 | 0.00273 0.0416 | —0.0836 | 0.0333
81310.0151| 0.01304 {0.130 | 0.122 | 0.0283 6 3| 0.00273 .| 0.0419 | —0.0847 | 0.0343
410.0151} 0.01304 | 0.130 | 0.121 | 0.0281 4 | 0.00273 | 0.0417 | —0.0843 | 0.0339
510.0151 | 0.01304 | 0.130|0.121 | 0.0282 5 | 0.00273 0.0419 | —0.0845| 0.0341
1(0.0151 | 0.01312 | 0.135 0.126 0.0287 11 0.00282 | 0.0414 | —0.0880 | 0.0377
2 10.0150 | 0.01306 | 0.130 | 0.121 | 0.0272 2 1 0.00277 | 0.0399 | —0.0833| 0.0332
123 10.0151| 0.01307 | 0.131{0.122 | 0.0276 10| 3 | 0.00277 | 0.0402 | —0.0843 | 0.0342
410.0151 | 0.01307 } 0.131|0.122 | 0.0275 4 | 0.00277 | 0.0400 | —0.0838 | 0.0339
510.0151 | 0.01307 | 0.131{0.122 | 0.0275 51 0.00277 | 0.0401 | —0.0840 | 0.0340
T.A.S|0.0151 | 0.0131- | 0.131|0.1225| 0.0271 T.A. S| 0.0028 | 0.039 —0.084 0.034
T. A.S : Timoshenko’s Analytical Solution T.A.S : Timoshenko’s Analytical Solution

Table 4 Convergence of Numerical Solutions Table 6 C.onvergence of Numerical Solutions
of CSFS Plate under Uniform Load of SSFS Plate under Uniform Load

(v =0.3). (v =10.3).

Mo Ky Nan . Y
nv; N : L]

n | m |wigat/D| Mxjaa® | Myjqa® n | m| wiaa'/D | Malga® | Mxelqa® | Myjaa®
10.0116 | 0.104 | —0.122 1| 0.0131 | 0.0845 | 0.118 | 0.0431
2 |0.0116 | 0.099 | —0.117 2| 0.0131 | 0.0798 | 0.113 | 0.0418
4| 3(0.0116| 0.100 | —0.119 413 0.0131 | 0.0808 | 0.114 | 0.0420
4 |0.0116 | 0.100 | ~0.118 4| 0.0131 | 0.0805 | 0.114 | 0.0420
510.0116 | 0.100 | —0.118 51 0.0131 0.0806 0.114 0.0420
11{0.0115) 0.103 | —0.122 1 0.0130 0.0843 0.117 0.0413
2 10.0114§ 0.098 | —0.118 21 0.0130 :| 0.0796 0.112 0.0398
613]0.0114| 0.099 | —0.119 6|3 0.0130 0.0806 | 0.113 0.0401
4 10.0114| 0.098 | —0.118 4| 0.0130 | 0.0802 0.112 0.0401
5 10.0114 | 0.098 | —0.118 51 0.0130 | 0.0804 0.113 0.0401
10.0114 | 0.102 | —0.122 11 0.0130 | 0.0841 | 0.116 | 0.0404
2 10.0113 | 0.097 | —0.118 |2 0.0129 | 0.0794 | 0.111 | 0.0389
107 3 {0.0113| 0.098 | —0.119 101 3| 0.0129 0.0804 0.112 0.0392
4 10.0113| 0.097 | —0.118 4| 0.0129 0.0801 0.112 0.0391
5 10.0113 ] 0.097 | —0.118 51 0.0129 0.0802 0.112 0.0392
T.A.S{0.0113 | 0.097 | —0.119 T.A.S| 0.0129 0.080 0.112 0.039

T. A.S : Timoshenko’s

Analytical Solution

T.A.S : Timoshenko’s Analytical Solution
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Table 7 Convergence of Numerical Solutions
of SSSS Plate under Concentrated

Load (v = 0.3). ‘.
----- e ‘ x=a
I 0
- i 0.001
oy Om—r 0.002
0.003 oy
2 B
n m wlPa /D Mxy/P Mx/P My/P 0.004 Dowlqa4 )
1| 0.0092 | —0.0659 | 0.084 | 0.083 0.003
2| 0.0097 | —0.0595| 0.089 | 0.107
4131 0.0097 | —0.0595| 0.089 | 0.115 0.05
41 0.0098 | —0.0603| 0.089 | 0.118 0.0 | My/0@? .
51| 0.0098 | —0.0596| 0.089 | 0.120 0.03
Ref. (6)| 0.0083 | —0.0632| 0.076 | 0.086 0.02
0.01
1 0.0103 | —0.0645| 0.067 | 0.082 .
2| 0.0108 | —0.0614| 0.064 | 0.098 %za
8|3} 0.0100 | —0.0614| 0.061 | 0.101
4| 0.0109 | —0.0612| 0.060 | 0.101 0.05 2
oou | Mx/02
51 0.0109 | —0.0615( -0.059 | 0.101 oo (1.00)
Ref. (6)| 0.0103 | —0.0623 | 0.060 | 0.093 0.02
1| 0.0105 | —0.0642| 0.064 0.082 oo
2| 0.0111 | —0.0611| 0.062 | 0.097 ¢ X-a
12| 3| 0.0112 | —0.0611| 0.061 | 0.099
41 0.0112 | —0.0611 | 0.061 0.099 ® Conway’s Analytical Solution
. —0.0611{ 0.061 | 0.09 . .
5| 0.0113 0.06 0.06 0.099 Fig.5 Deflection and Bending Moment of
Ref.(6)| 0.0110 | —0.0615| 0.061 | 0.095 Plate with Varying Thickness
T.A. S| 0.0116 - 0.059 | 0.099 (SSSS, v = 0.3).

T.A.S. : Timoshenko’s Analytical Solution
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My/

2
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0.02 0.97)
0.01 X=a
o
: ' -0.01 \]
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it o e
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ahy TI — T 8ho.
0.04 2
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° )
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~0.04
-0.06
Fig.4 Rectangular Plate with Varying Thickness. -0.08

-0.10

08B n 8 THY, B m X5 TH5. KHboD
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Appendix 1
an = (2/b) ﬁ bq(x, y)sin(2m—1)(x/b)ydy
(1) EHHHE

g(x, y) = const
an = 44/[(2m—1)7]
(2) %=
{dmw=P y=c¢
alx,y»)=0 y*c
an = Q2/H)P(—=1)""

Appendix II
i=1
R =Xt Zjoﬁih(CwXM + C14X4k)

— 28T
Py = Xu+ 3 Bl CaXou+t CuXn+ Con Xon)
Fy = X 3 B CorXon + CoXon)
Fu = Xt 2 B CisXon + CoaXon)
Fs = X+ 2 B CuXont CraXion)

[
F= X60+‘§0/3-‘k(C65X5k+ CGlek)
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