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Abstract
In this paper we give an elementary proof of the Ohsawa-Takegoshi extension
theorem [OHT] by applying the method of Jarnicki-Pflug [JP].

1 Preliminaries

Let Q CC C” be a pseudoconvex domain and let 7 = { z & C"| z,= 0}. Then Ohsawa
and Takegoshi [OHT] proved that every L? holomorphic function in Z N Q can be
extended to an L? holomorphic function in Q. Let A7, j = 0, 1, 2, be Hilbert spaces. Let
D; be dense subsets of H.j = 0,1, respectively.
Let
T:Dy—H' S:D —H*
be closed linear operators such that ST = 0. Let L : H' — H' be a linear bijection
satisfying
(Lx,x)1 20 (xe HY. (1)
In this setting we have the following theorem.
Theorem 1 Suppose
|Lo, o)l < T2 11+ 11 S, 1B,
for every v © D« N Ds. Then for g © Ker S, there exists u & D such that
Tu =g llullg < [(L7g 9l
Proof. It follows from (1) that
(L(x+y), z+y)1 = (x+y Lx+y),
(Lx+w),z+i) = (x+, Lx+y).

Then

(Lx,y)1+ (Ly, )1 = (2, Ly)1 + (y, L2)y,
—(Lx,y)1+ Ly, 21 = —(x Ly + (v, Lo)1.
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Thus we obtain
(Lz,yh = (& Ly (z.y € HY).
It follows from (1) that for ¢ € C we obtain
(Lx+ty),x+ty), =0.
Hence for every real number ¢,
(L(z+ Lz, yhity)r z+ (Lx, y)ity)1 = 0,
which implies that for every real number ¢,
(Lx, )1 + 2| (L, )11 + [(La, )1 P (Ly, 3)1£° = 0.
Hence we have
|La, ) < Lz 21 Ly y)) (xy € HY.

Since L is bijective, there exists § € H' such that L§ = ¢. Thus for » € Dy« N Ker S,
we have
|0, 9P = [, L)1 < (Lo, 0)1(Lg 91,

< Lggh(l Tollg+11SolB) = Lg @11l Tl
Since (v, g)1 = Oforv € Dy« N (Ker S)*, we have
[0, 911" < (Lg, gl T0ll5 (2)

for v € D7+, Define a bounded linear functional ¢ : Ry« = C by ¢ (T"v) = (v, g)1.
Then by the Hahn-Banach theorem, ¢ is extended to a bounded linear functional on H°.
By the Riesz representaion theorem, there exists %o € H° such that

9 (w) =, up)o., lloll = lluolle (w e H).
It follows from (2) that
| o (T"0)] = [(g. o1|< /(Lg. 2l T 0llo.
which implies that || ¢||> < (Lg, §)1. Consequently,
lluolls < (L. 9)1.
On the other hand we have
o (T"v) = (T*v, up)o= (v, 9)1 (v € Dr=). 3)

Hence by (3) we have | (T*v, uo)ol <ol llgll; for v € Dp«, which implies that zy €
D7+ = Dp. By (3), (v, 9)1= (v, Tuy) for v € Dp+, which implies that Tuy = g¢. This
completes the proof of Theorem 1.
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Let Q CC R” be a domain with C* boundary and let p be a defining funtion for Q,
thatis, p is a real-valued C' function in a neighborhood G of Q and satisfies

Q=1{z€Glp)<0tdp(2): :Zg—imd@q&o@eam.

j=1

Define the surface element dS by

dS =D (1) Y yidey A+ A Ldz] A A dax,
j=1

where, [dx;] means that dx; is omitted, and v = (vy, -+, v,,) is the unit outward normal
ap \2)V2
vector for the boundary 2Q. If we set |dp| = {( > S+ < 2 > } ,then v can
n
be written
1 (iﬂ R
v |dﬂ| axl ' ’ axn '

Then we have the following:
Theorem 2 (Green’s theorem) Let u be a C* function on Q. Then

o dS ou
f ox; “ Tdpl ~ f ox; av
where dV is the Lebesgue measure in R”.

Proof. We set
dlxly=dxy N\ - N ldxp] N - A dzx,.
Then we obtain

p ﬁ, op 1 ap
LQ ox; * Tdpl _ja'Q ox; |dp|2 Z( D d[x]k

_ [ oo 1 _1yk1 9P
_f ox; " ldpl” 2. (D 2y A2

k#j
+£Q%fcj . |d2|z -1 S—ij_ dlxl;.
Since p = 0 on 9Q, we have
% ;= -2 gil dx;.

i#]
Consequently,

o  dS _ _1)il ._f ou
LQ oz; " ldpl _£9u< D7 dlzl;= o o av.

which completes the proof of Theorem 2.
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2 Proof of the Ohsawa-Takegoshi extension theorem

Let Q C C” be a bounded pseudoconvex domain with C? boundary. Then there exist a

neighborhood U7 of 8Q and a C? plurisubharmonic function p in U such that
UNQ=1{zeU| pz) <0}

We assume that |dp(z)] = 1 for z € 8Q. Further, we assume that ¢ is a C°
plurisubharmonic function in a neighborhood Q of Q. For / € (0, 1), define y € C* (R)
such that

N 1 (¢L1) - 2
= < =
wo={0sh s f
For0< ¢ < % define
=7 (B0
Xe X 2 )
Further, for f € O(Q), define
_ é < X€<Z>f<z)>
Zﬂ

Then gzis a @ closed C*(0, 1) form on Q. We have

f|g<z e @ av(z) f | F(2) |2 ~'<|th >| D IV(2)

Q,=12€Q |l < |zl < e,
and dV is the Lebesgue measure in C”. We choose A > 1 such that
Q CC"'x {zllzl <Ar2t

where

Define
1
7:(2) =— % P n:(2) = log (4% y,(2)).
Then z €Q , and for ¢ €(0, 1/2), n.(z) = log 2. Define
_ el _
G<Z>_log2’ v=0 + 0.

Then we have

N O _ || ? 2
. = >
m(@jzzzl 2,021 (2)w; wr=ne(2) log 2 >l
forz €Q,w € C", ¢ (0, 1/2). Consequently,
(2) E &y Qw; wp=|wl> z€Q, w e (4)
e 0z 0Z), 7Tk )

7.k=1
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For 0 < ¢ < 1/2, define

. 1 (e=0)
Colnet oy (e >0)
We set
H= L0 (Q, w), H'= L{(Q w), H*= Liy (Q, vw),
and

Ta(u)ié(mu) Sg:/aé, T:To, S:SQ.

Then we have
DTC = DT, DSC = Ds, DTC* = DT*.

Now we define a linear operator L, : H' — H' by

n-1 n-1
L <Zv]—déj + Und2j> ZU]dZ] 2+| |2 2 vndz,l
j=1

Then L, : H' — H'is bijective and satisfies
(Le (2),2)1 = 0

for every x € H".
Lemma 1 Let v = X/h0idz; € Cho.1) (Q). Then v € Dy if and only if
n ap
D) 2-(2)=0 (z€2Q).
= 7 oz

Proof. Suppose v = Zv]-déj ECHH(Q)N Dry. Then
=1
(u, T*v)o = (Tu,v)1 (u € Dp),
which means that
o _
s« — w_= oV
T*v Ee 2, (™).

We set

Z v; (z) (z)

Suppose there exists 2°E 8Q such that 7(2) # 0. We may assume that Re > 0 in some
neighborhood W of 2°. We choose a function # € C (C”) with the properties that & > 0,
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72" > 0, supp () C W. Since & € Dy, it follows from Green’s theorem (Theorem 2)
that

(&, T*v) = (Ta, v)o = fz auv,e vav

f ”fe & *de+f P e dS
i Qi1 82]'

= (&, T*v)1 +f ave ¥ dS,
90

f uve " ds = 0.
20

This contradicts the choice of 7 and #. Thus we have 7|50 = 0. Similarly we can prove

which implies that

the sufficiency. This completes the proof of Lemma 1.
For u € D+ and v € D7, we have
(v, Tr wo = (Tev, )1 = (3 (Ja, v), )1 = (v, Ja. T*u)o,
which implies that 7 « = /a, T*u. Hence, for u = Xjupdz, € C%.1)(Q) N Drs,

Tiu = —Ja, e“’Z (u]

Theorem 3 For 0 < ¢ < 1/2and u € C% 1)(Q) N Drx, we have
(Low,u) < || Tull + 1S, ull3
Proof. Using Green'’s theorem, we have
T2 ullg + 11S; ull3
=(a, T*u, T*u)o + (. Su, Su)
= (ye T*u, T*u)o + (y: Su, Su)z + (3 (ne T*u), u)y

ouy, auj) < ouy, au]) N
+| n k2 tE_ 2 vy
L e ]Zq; ( oz, Oz oz; oz ¢ 4
=y T*u, T*w)o + (p:Su, Su)2 + (8 (0. T*u), u)r

auki ou; auk v
+f TTe Z <8Zj oz aZ av

7k=1

= (y, T*u, T*u)o + (p:Su, Su)2 + (3 (5, T*u), u)1
- n a auk a?/t]> _U/} _
_Lj.;l 2z { oz, az) ¢V

auk ou;j\ op
f Ne Z oz; a,?;) oz oz, e " dS.

Jk=1
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Since 2145, az = 0 on 2Q, there exists a C' function ® in a neighborhood of @Q such

that
n
op
w29
“ 7 9z,

Differentiating (5) with respect to z, we have on 2Q

s dp oY )_ 20
Z <8zk o2, " Y ozpaz) TP oz, T O

If we multiply by #, and add, we obtain on 9Q

Consequently,

- Ouj  Ouj ap_ -
,/;Q ’78]; oz, o2/ Tzt TS

n ) au] ap )
2“(3@ oz, faz az] ®Z

(5)

ap_®ap

872/6_ 372;3 (6)

u/@—

_ ouyp auk oV f < auk _ >
f]k oz, oz, AV Z“kaz] Mg, e ) AV

oun
Z”kaz e *k >dV

]}el

Thus if we use a representation

T2 ull§ + 1S allE = (ve T, T*0)0 + (e Su, Su)z + (%),

then

8a
() = (nsTTuuﬁf C

T* (w)itje ¥dV

N O o ou;
—fZ e (G- f’f>e*wmdv
Q57 9% ozZ; Oz

_fz { auk_ a%]'
e oz; oz; oz; Oz

]kl

> eiw} wdV
o auk _
o[ Zud n G ) av
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Since
i} B n a N o
(ne TT"u, u)y —L; neiazk(T w)ie V' dV
_ - v ou; dy ou;\ . _,
_Lngj;1<82j82kdj aZjaZk+ oz; OZp e "V,
we obtain
Me ., " o M ([ Oup au]-) —w
(x) > fz “T*(wue VdV — ‘/S;szl 2, \ 2z, oz e VidV

al’}g auk_> —w
+f;/e21 (nau,uk oz; azk oz; 0zj ) e "dV
o
fz e T (w)wje VdV

M au]) I
f]kZ:l ’78]82 8z;e+ oz, oz e V.

Since u € D7+, we have

o Ouj_ _,
’/;Zl 22, oz e " dV

o o _
f <8z o ujitre ¥ + 81,?' 7(%/36 "’)) dv
j J

n a’/k ap i ~
+ e P ae dS
./;Qj.kz oz; oz "

Therefore,

8’72 s 4 N ﬂ G ¥

(%) zf T (we dV+J; > e 5z, 0z, e " AV
n 82}78 I 8}7 v )
‘L; (vt gy ™)

— 8'75 v f 5 W
= fz az] w)ie VdV + ]kzlng 82]82 — - ujire VdV

- Z o de+fﬁj—a’7"T*—<> e vdv
22,07 wjite 22, u)uje
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n 82’7
f Z e 82 az — Ao e VdV — f 2782182 wige V' dV

]/e 1
+2Refi: e T () ue VdV.
Q=1 8z]-

Using the inequality

53T« s
we obtain
(%) > f Z e az az Ao uiige ' dV — f 82 az wire V' dV
Qjr=1 Qjr=19%
e [y
Consequently,

77 ullg + IS, ulf3

> [0 (T uP + s vav

S'w “
e~ wige V' dV
f]k | azj'azk s

n aZ
—fz 52,07, ujite ' dV

BN - f|T () P oV
Q 52+|Zrz dv - 2+| nlZ av.

It follows from (4) that

T2l + 1Seull3
Sy -
———ujize VdV
f]/e e 9z 02,1
n aZ
—fz 2,07, ujite V' dV
J

lziPlel* -,
_[g;f:va|.zu|Z av
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f Z e az az ————wie VdV

]kl

+Lyg|u,1|2<82 ve — |z e v dv

&2|us| .
f Z 5+ 82+|2 |z>z>e vdv
=(Leu, u),

which completes the proof of Theorem 3.
The following theorem was proved by Hérmander [HR1]. We omit the proof.

Theorem 4 For f = 2% fidz; € D+ Ds, there exists a sequence | f,} with the following
properties:

(a) fi € Lt » (Q, w).

(b) Iff, = Zlefv jdz; then f, ; € C*(Q).

(¢) X1 ko az |oq = 0, that is, f, € D=

@ N F=Al+1SA = SFlla+ | T%f = T*fllo=> 0 (v —o0).

Corollary 1 For g, = 0 (. f/z,), there exists u, H" such that T, u, = g, and

Jluberav < g [ (2elaprsevar

Proof. Using Theorem 3 and Theorem 4, for 0 < ¢ <1/2and « € Ds, N D7+, we have
(Lew, w)y < (| TFullf + 11Scull3.
By Theorem 1, there exists #. € D7 such that
Teue =g, Muello < [(Le'ge. gl
On the other hand we have
4 e+l or: f

La ge = & azﬂ an

which implies that
-1 (52+|Zn|2>2 ~7 |Z;z|2 |Zn|
|<L£ g&vg£>l| g‘/g; &2 X &2

4 2z )? -
<ty J, S rear

“evay

271
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This completes the proof of Corollary 1.
We set

Fs = X&f TV A 2l

Since @ F, = 0, F, is holomorphic in Q. Moreover we have F, |yno = £ We set Q, = { z
€ Q |lz,] < el. Then it follows from Minkowski's inequality that

1/2
1Edo: = ([ 1Epevav)
2
1 1
([ lirtevav) + ( [lePladfevav)
0p Q

1 1
< ([ 1etrperav) + sl /ad ( [lufevav).
Q¢ 2EQ Q

IA

There exists a constant B > 0, such that

AZ
2 —— <
sl < flaPlog (4 -5) +1 <

It follows from Corollary 1 that

(firperav)” < ([ wpisberary @
ZB (f 2\ 2 2~y >%
e o, &+ 1z fPevav ).
The first term in the right side of (7) converges to 0 as ¢ — 0. In order to investigate

the second term in the right side of (7), we need the following lemma.

Lemma 2 For ¢ € C*(Q), we have

lim 0(e) TV = (1-0n f 0@V (),
125,=01NQ

e—0+ JQg <|Zn|2+£

where dV and dV,- are the Lebesgue measures in C" and C" Y, respectively.
Proof. Let 0 <& < 1/2. If we choose ¢ sufficiently small, then there exist a constant
a > 0 and compact sets E @ pl) < "1 with the following properties:

E¥x |Jle<lz,l el CQ, CF¥x Jle < |z,) <ef 8

and
u(F¥ - E9) < ae, 9)
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where u is the Lebesgue measure in C*'. We set 2 = (21, " -+, zp1), 2 = (2, z,).
We define 7 by 1(2) = ¢(z) — (2, 0). Then there exists a constant C > 0 such that
|t (2)] < C |z,|. On the other hand we have

f dx:ndyn _ 2 fg 7,d7,
[£<|Z)z|<8 |Zn|2+8>2 T ﬁé‘ (72+8)2

- O=0r
= et (erp) —A-0m
as ¢ — 0. Hence we obtain
1 T o = 1
lim [ ppdV@ = lim | iV

lim (1- Z)nf 0(z,0)dV,-1(2)

e—0+

(l—l)nf p(2,0)dV,1(2),
12,=01NQ

which completes the proof of Lemma 2.
Since &> ( &%+ |2,/ /2 and ¢ = (e+ |2,/%) /2 in D,, it follows from Lemma 2 that

%f (2+ |z, )2 flPevdV
€ JQ,

IN

| fle ™™
16 ), Terlp??V

L 160-Dn f A2 0) e v 0 qv,
HNQ

< 16(1-Dn sup eig@f | Az, 0)|% " & Vqv,.,.
2EHNQ HNQ

Consequently,

lim supf |FJ2evdV < Cf | £z, 0)Pe v & Oqv, (10)
=0 JQ HNQ
where C = (64B% 1)/ (1~ 1) sup,ernae °%.

The following lemma is well known. So we omit the proof.
Lemma 3 (Montel’s theorem) Let {u} be a sequence of holomorphic functions in Q
which are uniformly bounded on every compact subset of Q. Then there exists a
subsequence { uk; | of | up | which converges uniformly on every compact subset of Q.
Lemma 4 Let Q be a bounded pseudoconvex domain in C" with C? boundary whose
defining function p satisfies |dp| = 1 on dQ. Then there exists a constant C > 0 such that
Jfor every holomorphic function fin H O Q, there exists a holomorphic function F in Q
which satisfies F lyno = fand

f |Fl%evdVv < C f | f(z,0) e Vqy,,.
Q HNQ
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Proof. Lemma 4 follows from Lemma 3 and (10).

In order to prove the Ohsawa-Takegoshi extension theorem we need the following
lemma.
Lemma 5 Let Q CC C” be a strictly pseudoconvex domain with C° boundary. Then there
exist a neighborhood U of 3Q and a C? strictly plurisubharmonic function p in U such that

UNQ=1z€Ul|pl)<0lL |dpiz)|=1z<€2aQ).

Proof. By the definition of the strictly pseudoconvex domain, there exist a neighborhood
Vof 9Q and a strictly plurisubharmonic function p in ¥V such that

VNQ=1{ze V]| ple)<0} dpz) # 0(z€2Q).
We may assume that dp(z) # 0in V. If we set p1(z) = p(2)/ |dp(2)], then for z € 2Q,
wE C"— {0} with 274 3—;’;(2)%: 0, we have
n 2

>, on (2) wjwy, > 0.

) 02 OZ},

For A > 0, we set

p(2) = p1(2) e

where we will determine A later. Then we have |dp| = 1 on 9Q. Let P € 9Q. Then we
obtain

‘ 2
S O _ o1 _ o 9P 2
Pres| azj‘aZk< ) st oz aZk<P>w]wk+ ]:Zl oz; (Pluj| (4+49.
Define
n azpl
X = 1 P <
{a | |l ,ﬂ; az]-azk( )w;ive < 0 |

Then X is compact, and
B n ap1
X Chwllwl =1, D2 P)w; # 01,
= oz;

Hence | Z’]-:l%g(P) w; | has the minimum 7 > 0 in X. We set

. n 2 _
_mll’lwexzj'vkzl %2;0%), (P) Wik
A= ; + 1.
m

Then for w € X,

n azﬁ
—(P)w;iv, = m®> 0.
j,kzz:l 02 OZ), Tk
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In case |w| = 1 and w & X, we have
82p1
0z;0Zp

(P) w;wy > 0.

Hence for |w| = 1, we obtain

o 9D _
—(P) wjiwy > 0. (11
].;1 aZj azk Jk )
For each P € 2Q , there exists A = A(P) > 0 and a neighborhood W(P) of P such that
(11) holds for z € W(P). Thus there exist a constant A and a neighborhood U (U C V)
of 8Q such that for z € Uand |w| = 1,

n azﬁ
— = (2w, > 0,
]-,;;1 02 OZ}, Jk

which implies that p is strictly plurisubharmonic in U. This completes the proof of
Lemma 5.

Now we are going to prove the Ohsawa-Takegoshi extension theorem.
Theorem 5 (Ohsawa—Takegoshi extension theorem /OHT]) Let Q C C” be a bounded
pseudoconvex domain and let H = |z € C" | z, = 0}. Suppose ¢ is plurisubharmonic in
Q . Then there exists a constant C > O such that for every holomorphic function fin H N
Q | there exists a holomorphic function Fin Q which satisfies Flurna = fand

f|F|2e7‘”dV£ Cf | flPed V1.
0 HNQ

Proof. We choose an increasing sequence {Q;} of strictly pseudoconvex domains in C”
with C* boundary such that Q; are compact subsets of Q and U~ Q;= Q . By Lemma
5, we can choose the defining functions p; for Q; with the properties that |d,0j| = 1on
9Q, forj =1 2 ---. Let {p;} be a sequence of C* plurisubharmonic functions on Q;
with ¢; | @. We may assume that fis holomorphic in Q. Suppose

./;IﬂQ|f|267den—1: M < oo,

It follows from Lemma 4 that there exist holomorphic functions F; in Q; such that
Fjlung,= fand

f |Eil%evidv < ¢ f | f(z, 0)|% % Vqv(z) < CM.
Qj HNQ;

Let K CQ be a compact set. Then there exists a positive integer N such that K C Q; for
7> N. Define Ly = mingy ¢ ”". Then Corollary 1.3 shows that

oM = f FPevdV > Ly f FRaV = Ly T supF|
Q; Qn K
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for ;j = N. Hence {F}} is uniformly bounded on every compact subset of Q, and hence by
the Montel theorem (Lemma 3), we can choose a subsequence {Ft of {F;t which
converges uniformly on every compact subset of Q. Define lim F = F. Then F is

Uinds

holomorphic in Q and Flgne = f Moreover we have

f \FPe?dV = lim | |Fyl?edV
K K

j—oo

<lim | |Fpfe”dV < CM.
jrooday,

This completes the proof of Theorem 5.
Remark 1 First Hormander [HRI1] proved the L? estimate for the solutions of the 9
problem in pseudoconvex domains using Theorem 4. Next he [HRZ2] proved the L? estimate
Sor the solutions of the 3 problem in pseudoconvex domains without using Theorem 4. In
his proof [HRZ], instead of Theorem 4 he used C™ functions with compact supports. It
seems to me that Hormander’s latter approach is also applicable to the proof of Ohsawa-
Takegoshi extension theorem.

Berndtsson [BR] improved Ohsawa-Takegoshi extension theorem as follows. We omit
the proof.
Theorem 6 Let Q be a bounded pseudoconvex domain in C" and let ¢ be
plurisubharmonic in Q. Let M = 1z € Q |h(z) = 0} be a hypersurface defined by a
holomorphic function bounded by 1 in Q. Then, for any holomorphic function, f, on M
there is a holomorphic function F in Q such that F = fon M and

-0
f|F|2e"”dV£ 4nf|f|2e—2de,
0 M EXJ

where dVyy is the surface measure on M.
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