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Abstract

In this paper we give an elementary proof of the Ohsawa-Takegoshi extension

theorem [OHT] by applying the method of Jarnicki-Pflug [JP].

1 Preliminaries

Let Ω ⊂⊂ C
n be a pseudoconvex domain and let H＝ { z∈ C

n | zn＝ 0 }. Then Ohsawa

and Takegoshi [OHT] proved that every L2 holomorphic function in H ∩Ω can be

extended to an L2 holomorphic function in Ω. Let Hj, j ＝ 0, 1, 2, be Hilbert spaces. Let

Dj be dense subsets of H
j, j ＝ 0, 1, respectively.

Let

T : D0 → H1, S : D1 → H2

be closed linear operators such that ST ＝ 0. Let L : H1 → H1 be a linear bijection

satisfying

(Lx, x)1B 0 (x ∈ H1). (1)

In this setting we have the following theorem.

Theorem 1 Suppose

*(Lv, v)1* C ** T＊v **20 + ** Sv **
2
2,

for every v ∈ DT＊ ∩ DS. Then for g ∈ Ker S, there exists u ∈ DT such that

Tu ＝ g, ** u **20 C *(L-1g, g)1*.

Proof. It follows from (1) that

(L(x + y), x + y)1 ＝ (x + y, L(x + y))1,

(L(x + iy), x + iy)1 ＝ (x + iy, L(x + iy))1.

Then

(Lx, y)1 + (Ly, x)1 ＝ (x, Ly)1 + (y, Lx)1,

−(Lx, y)1 + (Ly, x)1 ＝ −(x, Ly)1 + (y, Lx)1.
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Thus we obtain

(Lx, y)1 ＝ (x, Ly)1 (x, y ∈ H1).

It follows from (1) that for t ∈ C we obtain

(L(x + ty)1, x + ty)1B 0.

Hence for every real number t,

(L(x + (Lx, y)1ty)1, x + (Lx, y)1ty)1B 0,

which implies that for every real number t,

(Lx, x)1 + 2*(Lx, y)1*
2t + *(Lx, y)1*

2(Ly, y)1t
2
B 0.

Hence we have

*(Lx, y)1*
2
C (Lx, x)1(Ly, y)1 (x, y ∈ H1).

Since L is bijective, there exists g̃ ∈ H1 such that Lg̃ ＝ g. Thus for v ∈ DT＊ ∩ Ker S,

we have

*(v, g)1*
2 ＝ *(v, Lg̃)1*

2
C (Lv, v)1(Lg̃, g̃)1,

C (Lg̃, g̃)1(** T
＊v **20 + ** Sv **22) ＝ (Lg̃, g̃)1 ** T

＊v**2.

Since (v, g)1 ＝ 0 for v ∈ DT＊ ∩ (Ker S)
h, we have

*(v, g)1*
2
C (Lg̃, g̃)1**T

＊v**20 (2)

for v ∈ DT＊. Define a bounded linear functional ϕ : RT＊ → C by ϕ(T＊v) ＝ (v, g)1.

Then by the Hahn-Banach theorem, ϕ is extended to a bounded linear functional on H0.

By the Riesz representaion theorem, there exists u0 ∈ H0 such that

ϕ(w)＝(w, u0)0, **ϕ**＝ **u0**0 (w ∈ H0).

It follows from (2) that

*ϕ(T＊v)*＝ *(g, v)1*C � (Lg̃, g̃)1**T
＊v**0,

which implies that **ϕ**2C (Lg̃, g̃)1. Consequently,

**u0**
2
0 C(Lg̃, g̃)1.

On the other hand we have

ϕ(T＊v)＝(T＊v, u0)0＝(v, g)1 (v ∈ DT＊). (3)

Hence by (3) we have *(T＊v, u0)0 *C**v**1 **g**1 for v ∈ DT＊ , which implies that u0 ∈

DT＊＊＝ DT . By (3) , (v, g)1＝(v, Tu0) for v ∈ DT＊ , which implies that Tu0＝ g. This

completes the proof of Theorem 1.
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Let Ω ⊂⊂ R
n be a domain with C1 boundary and let ρ be a defining funtion for Ω,

that is, ρ is a real-valued C1 function in a neighborhood G of Ω̅ and satisfies

Ω＝ { x ∈ G*ρ(x) < 0 }, dρ(x): ＝6
n

j＝1

∂ρ
∂x j
(x)dxj 4 0 (x ∈∂Ω).

Define the surface element dS by

dS ＝6
n

j＝1

(-1)j-1νjdx1 ∧ · · · ∧ [dxj] ∧ · · · ∧ dxn,

where, [dxj] means that dxj is omitted, and ν＝(ν1, · · · , νn) is the unit outward normal

vector for the boundary ∂Ω. If we set *dρ*＝
⎧
⎨
⎩

⎛
⎝
∂ρ
∂x1

⎞
⎠

2

+ · · · +⎛⎝
∂ρ
∂xn

⎞
⎠

2⎫
⎬
⎭

1/2

, then ν can

be written

ν＝
1

*dρ*
⎛
⎝
∂ρ
∂x1

, · · · ,
∂ρ
∂xn

⎞
⎠.

Then we have the following:

Theorem 2 (Green�s theorem) Let u be a C1 function on Ω̅. Then

@∂Ω
∂ρ
∂x j

u
dS
*dρ*
＝@Ω

∂u
∂x j

dV,

where dV is the Lebesgue measure in R
n.

Proof. We set

d[x]k＝ dx1 ∧ · · · ∧ [dxk] ∧ · · · ∧ dxn.

Then we obtain

@∂Ω
∂ρ
∂x j

u
dS
*dρ*
＝@∂Ω

∂ρ
∂x j

u
1

*dρ*2 6
n

k＝1

(-1)k-1
∂ρ
∂xk

d[x]k

＝@∂Ω
∂ρ
∂x j

u
1

*dρ*2 6k�j

(-1)k-1
∂ρ
∂xk

d[x]k

+@∂Ω
∂ρ
∂x j

u
1

*dρ*2
(-1)j-1

∂ρ
∂x j

d[x]j.

Since ρ＝ 0 on ∂Ω, we have

∂ρ
∂x j

dxj＝−6
i�j

∂ρ
∂x i

dxi.

Consequently,

@∂Ω
∂ρ
∂x j

u
dS
*dρ*
＝@∂Ωu(-1)j-1d[x]j＝@Ω

∂u
∂x j

dV,

which completes the proof of Theorem 2.
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2 Proof of the Ohsawa�Takegoshi extension theorem

Let Ω⊂ C
n be a bounded pseudoconvex domain with C2 boundary. Then there exist a

neighborhood U of ∂Ω and a C2 plurisubharmonic function ρ in U such that

U∩Ω＝ { z∈ U *ρ(z) < 0 }.

We assume that *dρ(z)* ＝ 1 for z ∈ ∂Ω. Further, we assume that ϕ is a C2

plurisubharmonic function in a neighborhood Ω̃ of Ω̅. For l ∈(0, 1), defineχ̃∈ C∞(R)

such that

χ̃(t)＝｛ 1 (tCl)

0 (tBl)
, *χ̃'* C

2
1-l
.

For 0 < ε <
1
2
, define

χε(z)＝χ̃
⎛
⎝

*zn*2

ε2
⎞
⎠.

Further, for f ∈ (Ω̃), define

gε(z)＝∂̅
⎛
⎝
χε(z)f(z)

zn
⎞
⎠.

Then gεis a ∂̅ closed C
y(0, 1) form on Ω̃. We have

@Ω * gε(z)*2e-ϕ(z)dV(z)＝
1
ε4@Ωε* f(z)*

2*χ̃'⎛⎝
*zn*2

ε2
⎞
⎠*
2

e-ϕ(z)dV(z),

where

Ωε＝ { z∈Ω * lε2 C *zn*
2
Cε2 },

and dV is the Lebesgue measure in C
n. We choose A > 1 such that

Ω ⊂ C
n-1× { zn**zn* < A/2 }.

Define

γε(z)＝
1

ε2+*zn*2
, ηε(z)＝ log(A

2γε(z)).

Then z ∈Ω , and for ε∈(0, 1/2), ηε(z) B log 2. Define

σ(z)＝
*z*2

log 2
, ψ＝ϕ +σ.

Then we have

ηε(z)6
n

j, k＝1

∂2σ
∂zj∂̅zk

(z)wj w̅k＝ηε(z)
*w*2

log 2
B*w*2

for z ∈Ω, w ∈ C
n, ε∈(0, 1/2). Consequently,

ηε(z)6
n

j, k＝1

∂2ψ
∂zj∂̅zk

(z)wj w̅kB*w*2 (z ∈Ω, w ∈ C
n). (4)
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For 0 Cε< 1/2, define

aε＝｛ 1 (ε＝ 0)

ηε+γε(ε > 0)
.

We set

H0＝ L2(0,0)(Ω, ψ), H1＝ L2(0,1)(Ω, ψ), H2＝ L2(0,2)(Ω, ψ),

and

Tε(u)＝∂̅(� aεu), Sε＝� aε∂̅, T＝ T0, S＝ S0.

Then we have

DTε＝ DT , DSε＝ DS , DT＊ε＝ DT＊.

Now we define a linear operator Lε: H
1 → H1 by

Lε（6
n-1

j＝1

vjdz̄j + vndz̄j）＝6
n-1

j＝1

vjdz̄j +
ε2

(ε2+*zn*2)2
vndz̄n.

Then Lε: H
1 → H1 is bijective and satisfies

(Lε(x), x)1B 0,

for every x ∈ H1.

Lemma 1 Let v＝6n
j=1vjdz̄j ∈ C2(0,1)(Ω̃). Then v∈ DT＊ε

if and only if

6
n

j＝1

vj(z)
∂ρ
∂zj
(z)＝ 0 (z∈∂Ω).

Proof. Suppose v＝6
n

j＝1

vjdz̄j ∈ C2(0,1)(Ω̃)∩ DT＊ε
. Then

(u, T＊v)0 ＝ (Tu, v)1 (u∈ DT),

which means that

T＊v＝−6
n

j＝1

eψ
∂
∂zj
(vje

-ψ).

We set

ṽ(z)＝6
n

j＝1

vj(z)
∂ρ
∂zj
(z).

Suppose there exists z0∈∂Ω such that ṽ(z0)4 0. We may assume that Re ṽ > 0 in some

neighborhoodW of z0. We choose a function ũ ∈ C*
c (C

n) with the properties that ũ B 0,
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ũ(z0)> 0, supp (ũ) ⊂ W. Since ũ ∈ DT , it follows from Greenʼs theorem (Theorem 2)

that

(ũ, T＊v)1 ＝(Tũ, v)2 ＝@Ω6
n

j＝1

∂ũ
∂̅zj

vje
-ψdV

＝−@Ω ũ6
n

j＝1

eψ
∂(vje-ψ)

∂̅zj
e-ψdV +@∂Ω6

n

j＝1

∂ρ
∂̅zj

ũvje
-ψdS

＝(ũ, T＊v)1 +@∂Ωũṽe-ψdS,
which implies that

@∂Ωũṽe-ψdS＝ 0.
This contradicts the choice of ṽ and ũ . Thus we have ṽ*∂Ω＝ 0. Similarly we can prove

the sufficiency. This completes the proof of Lemma 1.

For u∈ DT＊ and v∈ DT, we have

(v, T＊
ε u)0 ＝(Tεv, u)1 ＝(∂̅(� aε v), u)1 ＝(v, � aεT

＊u)0,

which implies that T＊
ε u＝� aεT

＊u. Hence, for u＝6n
k=1ukdz̄k ∈ C2(0,1)(Ω̃)∩ DT＊ε,

T＊
εu＝−� aε e

ψ6
n

j＝1

∂
∂zj
(uje

-ψ).

Theorem 3 For 0 < ε < 1/2 and u∈ C2(0,1)(Ω̃)∩ DT＊ε , we have

(Lεu, u) C **T＊
εu**

2
0 + **Sεu**

2
2.

Proof. Using Greenʼs theorem, we have

**T＊
εu**

2
0 + **Sεu**

2
2

＝(aεT
＊u, T＊u)0 + (aεSu, Su)2

＝(γεT
＊u, T＊u)0 + (γεSu, Su)2 + (∂̅(ηεT

＊u), u)1

+@Ωηε6j<k
⎛
⎝
∂uk

∂̅zj
−
∂uj

∂̅zk
⎞
⎠
⎛
⎝
￣￣∂uk

∂̅zj
−
￣￣∂uj

∂̅zk
⎞
⎠e-ψdV

＝(γεT
＊u, T＊u)0 + (γεSu, Su)2 + (∂̅(ηεT

＊u), u)1

+@Ωηε6
n

j,k＝1

⎛
⎝
∂uk

∂̅zj
−
∂uj

∂̅zk
⎞
⎠
￣￣∂uk

∂̅zj
e-ψdV

＝(γεT
＊u, T＊u)0 + (γεSu, Su)2 + (∂̅(ηεT

＊u), u)1

−@Ω6
n

j,k＝1

∂
∂zj

⎧
⎨
⎩
ηε
⎛
⎝
∂uk

∂̅zj
−
∂uj

∂̅zk
⎞
⎠e-ψ

⎫
⎬
⎭
ūkdV

+@∂Ωηε6
n

j,k＝1

⎛
⎝
∂uk

∂̅zj
−
∂uj

∂̅zk
⎞
⎠
∂ρ
∂zj

ūke
-ψdS.
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Since 6n
j=1uj

∂ρ
∂zj
＝ 0 on ∂Ω, there exists a C1 function Θ in a neighborhood of ∂Ω such

that

6
n

j＝1

uj
∂ρ
∂zj
＝Θρ. (5)

Differentiating (5) with respect to z̄k, we have on ∂Ω

6
n

j＝1

⎛
⎝
∂uj

∂̅zk

∂ρ
∂zj
+ uj

∂2ρ
∂̅zk∂zj

⎞
⎠＝ρ

∂Θ
∂̅zk

+Θ
∂ρ
∂̅zk
＝Θ

∂ρ
∂̅zk
. (6)

If we multiply by ūk and add, we obtain on ∂Ω

6
n

j,k＝1

ūk
⎛
⎝
∂uj

∂̅zk

∂ρ
∂zj
+ uj

∂2ρ
∂̅zk∂zj

⎞
⎠＝Θ6

n

k＝1

∂ρ
∂zk

uk
￣￣￣￣

＝ 0.

Consequently,

@∂Ωηε6
n

j,k＝1

⎛
⎝
∂uk

∂̅zj
−
∂uj

∂̅zk
⎞
⎠
∂ρ
∂zj

ūke
-ψdS

＝@∂Ωηε6
n

j,k＝1

∂uk

∂̅zj

∂ρ
∂zj

ūke
-ψdS +@∂Ω6

n

j,k＝1

ηε̄ukuj
∂2ρ
∂zj∂̅zk

e-ψdS

B@∂Ωηε6
n

j,k＝1

∂uk

∂̅zj

∂ρ
∂zj

ūke
-ψdS

＝@Ω6
n

j,k＝1

ηε
∂uk

∂̅zj

￣￣∂uk

∂̅zj
e-ψdV +@Ω6

n

j,k＝1

ūk
∂
∂zj

⎛
⎝ηε

∂uk

∂̅zj
e-ψ⎞⎠dV

B@Ω6
n

j,k＝1

ūk
∂
∂zj

⎛
⎝ηε

∂uk

∂̅zj
e-ψ⎞⎠dV.

Thus if we use a representation

**T＊
εu**

2
0 + **Sεu**

2
2 ＝(γεT

＊u, T＊u)0 + (γεSu, Su)2 + (*),

then

(*) B (ηεTT
＊u, u)1 +@Ω6

n

j＝1

∂ηε
∂̅zj

T＊(u)ūje
-ψdV

−@Ω6
n

j,k＝1

∂ηε
∂zj

⎛
⎝
∂uk

∂̅zj
−
∂uj

∂̅zk
⎞
⎠e-ψūkdV

−@Ω6
n

j,k＝1

ηε
∂
∂zj

⎧
⎨
⎩

⎛
⎝
∂uk

∂̅zj
−
∂uj

∂̅zk
⎞
⎠e-ψ

⎫
⎬
⎭
ūkdV

+@Ω6
n

j,k＝1

ūk
∂
∂zj

⎛
⎝ηε

∂uk

∂̅zj
e-ψ⎞⎠dV.
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Since

(ηεTT
＊u, u)1 ＝@Ω6

n

k＝1

ηε
∂
∂̅zk
(T＊u)ūke

-ψdV

＝@Ωηε6
n

j,k＝1

⎛
⎝
∂2ψ
∂zj∂̅zk

uj −
∂2uj

∂zj∂̅zk
+
∂ψ
∂zj

∂uj

∂̅zk
⎞
⎠ūke

-ψdV,

we obtain

(*)B@Ω6
n

j＝1

∂ηε
∂̅zj

T＊(u)ūje
-ψdV−@Ω6

n

j,k＝1

∂ηε
∂zj

⎛
⎝
∂uk

∂̅zj
−
∂uj

∂̅zk
⎞
⎠e-ψūkdV

+@Ω6
n

j,k＝1

⎛
⎝ηεujūk

∂2ψ
∂zj∂̅zk

+
∂ηε
∂zj

∂uk

∂̅zj
ūk
⎞
⎠e-ψdV

＝@Ω6
n

j＝1

∂ηε
∂̅zj

T＊(u)ūje
-ψdV

+@Ω6
n

j,k＝1

⎛
⎝ηεuj

∂2ψ
∂zj∂̅zk

+
∂ηε
∂zj

∂uj

∂̅zk
⎞
⎠ūke

-ψdV.

Since u ∈ DT＊, we have

@Ω6
n

j,k＝1

∂ηε
∂zj

∂uj

∂̅zk
ūke
-ψdV

＝−@Ω6
n

j,k＝1

⎛
⎝
∂2ηε
∂zj∂̅zk

ujūke
-ψ+

∂ηε
∂zj

uj
∂
∂̅zk
(ūke

-ψ)⎞⎠dV

+@∂Ω6
n

j,k＝1

∂ηε
∂zj

∂ρ
∂̅zk

ujūke
-ψdS

＝−@Ω6
n

j,k＝1

⎛
⎝
∂2ηε
∂zj∂̅zk

ujūke
-ψ+

∂ηε
∂zj

uj
∂
∂̅zk
(ūke

-ψ)⎞⎠dV.

Therefore,

(*)B@Ω6
n

j＝1

∂ηε
∂̅zj

T＊(u)ūje
-ψdV +@Ω6

n

j,k＝1

ηε
∂2ψ
∂zj∂̅zk

ujūke
-ψdV

−@Ω6
n

j,k＝1

⎛
⎝
∂2ηε
∂zj∂̅zk

ujūke
-ψ+

∂ηε
∂zj

uj
∂
∂̅zk
(ūke

-ψ)⎞⎠dV

＝@Ω6
n

j＝1

∂ηε
∂̅zj

T＊(u)ūje
-ψdV +@Ω6

n

j,k＝1

ηε
∂2ψ
∂zj∂̅zk

ujūke
-ψdV

−@Ω6
n

j,k＝1

∂2ηε
∂zj∂̅zk

ujūke
-ψdV +@Ω6

n

j＝1

∂ηε
∂zj
￣￣￣T＊(u)uje

-ψdV
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＝−@Ω6
n

j,k＝1

ηε
∂2ψ
∂zj∂̅zk

ujūke
-ψdV−@Ω6

n

j,k＝1

∂2ηε
∂zj∂̅zk

ujūke
-ψdV

+2Re@Ω6
n

j＝1

∂ηε
∂zj
￣￣￣T＊(u)uje

-ψdV.

Using the inequality

*6
n

j＝1

∂ηε
∂zj

uj￣￣￣T＊(u)*＝*− z̅n
ε2+*zn*2

un￣￣￣T＊(u)*C *zn*2*un*2+*T
＊(u)*2

2(ε2+*zn*2)
,

we obtain

(*) B@Ω6
n

j,k＝1

ηε
∂2ψ
∂zj∂̅zk

ujūke
-ψdV−@Ω6

n

j,k＝1

∂2ηε
∂zj∂̅zk

ujūke
-ψdV

−@Ω
*zn*2*un*2

ε2+*zn*2
e-ψdV−@Ω

*T＊(u)*2

ε2+*zn*2
e-ψdV.

Consequently,

**T＊
εu**

2
0 + **Sεu**

2
2

B@Ωγε(*T＊u*2 + *Sεu*
2)e-ψdV

+ @Ω6
n

j,k＝1

ηε
∂2ψ
∂zj∂̅zk

ujūke
-ψdV

−@Ω6
n

j,k＝1

∂2ηε
∂zj∂̅zk

ujūke
-ψdV

−@Ω
*zn*2*un*2

ε2+*zn*2
e-ψdV−@Ω

*T＊(u)*2

ε2+*zn*2
e-ψdV.

It follows from (4) that

**T＊
εu**

2
0 + **Sεu**

2
2

B@Ω6
n

j,k＝1

ηε
∂2ψ
∂zj∂̅zk

ujūke
-ψdV

−@Ω6
n

j,k＝1

∂2ηε
∂zj∂̅zk

ujūke
-ψdV

−@Ω
*zn*2*un*2

ε2+*zn*2
e-ψdV

On the Ohsawa-Takegoshi Extension Theorem 9



＝@Ω6
n

j,k＝1

ηε
∂2ψ
∂zj∂̅zk

ujūke
-ψdV

+@Ωγε*un*2(ε2γε− *zn*
2)e-ψdV

B@Ω（6
n-1

j＝1

u2j +
ε2 *un*2

(ε2+*zn*2)2)e-ψdV
＝(Lεu, u)1,

which completes the proof of Theorem 3.

The following theorem was proved by Hörmander [HR1]. We omit the proof.

Theorem 4 For f＝6n
j=1 fjdz̄j ∈ DT＊∩ DS, there exists a sequence { fν} with the following

properties:

(a) fν∈ L2(0, 1)(Ω, ψ).

(b) If fν＝6n
ν=1 fν, j dz̄j, then fν, j∈ C2(Ω̅).

(c)6n
j=1 fν, j

∂ρ
∂zj

*∂Ω＝ 0, that is, fν∈ DT＊.

(d) ** f− fν**1 + ** Sfν− Sf **2 + ** T＊fν− T＊f **0→ 0 (ν→∞).

Corollary 1 For gε＝∂̅(χεf/zn), there exists uε∈ H1 such that Tεuε＝ gε, and

@Ω * uε*2e-ψdV C
4

(1−l)2ε6 @Ωε(ε
2+ *zn*

2)2* f *2e-ψdV.

Proof. Using Theorem 3 and Theorem 4, for 0 < ε < 1/2 and u ∈ DSε∩ DT＊ε , we have

(Lεu, u)1C **T＊
εu**

2
0 + **Sεu**

2
2.

By Theorem 1, there exists uε∈ DT such that

Tεuε＝ gε, ** uε**0C *(L-1ε gε, gε)1*.

On the other hand we have

L-1ε gε＝
(ε2+*zn*2)2

ε2
∂χε
∂̅zn

f
zn
dz̄n,

which implies that

*(L-1ε gε, gε)1* C@Ω
(ε2+*zn*2)2

ε2 *χ̃'⎛⎝
*zn*2

ε2
⎞
⎠*
2
⎛
⎝

*zn*
ε2

⎞
⎠

2

* fzn*
2

e-ψdV

C
4

(1−l)2 @Ωε
(ε2+*zn*2)2

ε6
* f *2e-ψdV.
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This completes the proof of Corollary 1.

We set

Fε＝χεf −� aε znuε.

Since ∂̅ Fε＝ 0, Fεis holomorphic in Ω. Moreover we have Fε*H∩Ω＝ f. We set Ω̂ε＝ { z

∈Ω **zn* Cε}. Then it follows from Minkowskiʼs inequality that

**Fε**0 : ＝
⎛
⎝@Ω *Fε*2e-ψdV⎞⎠

1/2

C
⎛
⎝@Ω̂ε*χε*

2* f *2e-ψdV⎞⎠
½
+⎛⎝@Ω *zn*2*aε**uε*2e-ψdV⎞⎠

½

C
⎛
⎝@Ω̂ε*χε*

2* f *2e-ψdV⎞⎠
½
+ sup

z∈Ω
*zn*� *aε*

⎛
⎝@Ω *uε*2e-ψdV⎞⎠

½
.

There exists a constant B > 0, such that

*zn*� *aε* C � *zn*2 log r A2

ε2+*zn*2 � + 1 C B.

It follows from Corollary 1 that

⎛
⎝@Ω *Fε*2e-ψdV⎞⎠

1/2

C
⎛
⎝@Ω̂ε*χε*

2* f *2e-ψdV⎞⎠
½

(7)

+
2B

(1−l)ε3
⎛
⎝@Ωε(ε

2+ *zn*
2)2* f *2e-ψdV⎞⎠

½
.

The first term in the right side of (7) converges to 0 as ε→ 0. In order to investigate

the second term in the right side of (7), we need the following lemma.

Lemma 2 For ϕ∈ C*(Ω̅), we have

lim
ε→0+@Ωε

ϕ(z)
(*zn*2+ε)2

dV(z)＝(1−l)π@{zn＝0}∩Ωϕ(z)dVn-1(z),
where dV and dVn-1 are the Lebesgue measures in C

n and C
n-1, respectively.

Proof. Let 0 <εC 1/2. If we choose ε sufficiently small, then there exist a constant

a > 0 and compact sets E(ε), F(ε) ⊂ C
n-1 with the following properties:

E(ε)× {� lεC *zn* Cε} ⊂Ωε⊂ F(ε)× {� lεC *zn* Cε} (8)

and

μ(F(ε)− E(ε)) C aε, (9)

On the Ohsawa-Takegoshi Extension Theorem 11



where μ is the Lebesgue measure in C
n-1. We set z' ＝(z1 , · · · , zn-1) , z ＝(z', zn) .

We define τ by τ(z)＝ϕ(z)−ϕ(z', 0) . Then there exists a constant C > 0 such that

*τ(z)* C C *zn*. On the other hand we have

@
� lεC*zn*Cε

dxndyn
(*zn*2+ε)2

＝ 2π@
ε

� lε

rdr
(r2+ε)2

＝
(1−l)π

(lε+1)(ε+1)
→(1−l)π,

as ε→ 0. Hence we obtain

lim
ε→0+@Ωε

ϕ(z)
(*zn*2+ε)2

dV(z)＝ lim
ε→0+@Ωε

ϕ(z', 0)
(*zn*2+ε)2

dV(z)

＝ lim
ε→0+

(1−l)π@E(ε)ϕ(z', 0)dVn-1(z')

＝(1−l)π@{zn＝0}∩Ωϕ(z', 0)dVn-1(z'),
which completes the proof of Lemma 2.

Since ε2B(ε2+ *zn*
2)/2 and εB(ε+ *zn*

2)/2 in Dε, it follows from Lemma 2 that

1
ε6@Ωε(ε

2+ *zn*
2)2* f *2e-ψdV

C 16@Ωε
* f *2e-ψ

(ε+*zn*2)2
dV

→ 16(1−l)π@H∩Ω* f(z', 0)*2e-ψ(z', 0)dVn-1

C 16(1−l)π sup
z∈H∩Ω

e-σ(z)@H∩Ω* f(z', 0)*2e-ψ(z', 0)dVn-1.

Consequently,

lim sup
ε→0 @Ω *Fε*

2e-ψdV C C@H∩Ω* f(z', 0)*2e-ψ(z', 0)dVn-1, (10)

where C＝(64B2π)/(1−l)supz∈H∩Ωe
-σ(z).

The following lemma is well known. So we omit the proof.

Lemma 3 (Montel�s theorem) Let { uk } be a sequence of holomorphic functions in Ω

which are uniformly bounded on every compact subset of Ω. Then there exists a

subsequence { ukj } of { uk } which converges uniformly on every compact subset of Ω.

Lemma 4 Let Ω be a bounded pseudoconvex domain in C
n with C2 boundary whose

defining function ρ satisfies *dρ*＝ 1 on ∂Ω. Then there exists a constant C > 0 such that

for every holomorphic function f in H ∩Ω, there exists a holomorphic function F in Ω

which satisfies F *H∩Ω＝ f and

@Ω *F*2e-ψdV C C@H∩Ω* f(z', 0)*2e-ψ(z', 0)dVn-1.

Kenzō ADACHI12



Proof. Lemma 4 follows from Lemma 3 and (10).

In order to prove the Ohsawa-Takegoshi extension theorem we need the following

lemma.

Lemma 5 LetΩ⊂⊂ C
n be a strictly pseudoconvex domain with C3 boundary. Then there

exist a neighborhood U of∂Ω and a C2 strictly plurisubharmonic functionρ̃in U such that

U∩Ω＝ { z∈ U *ρ̃(z)< 0 }, * dρ̃(z)*＝ 1(z∈∂Ω).

Proof. By the definition of the strictly pseudoconvex domain, there exist a neighborhood

V of ∂Ω and a strictly plurisubharmonic function ρ in V such that

V∩Ω＝ { z∈ V *ρ(z)< 0 }, dρ(z) 4 0(z∈∂Ω).

We may assume that dρ(z) 4 0 in V. If we set ρ1(z) ＝ ρ(z)/ *dρ(z)*, then for z∈∂Ω,

w∈ C
n− { 0 } with6n

j=1
∂ρ1
∂zj
(z)wj＝ 0, we have

6
n

j,k＝1

∂2ρ1
∂zj∂̅zk

(z)wjwk > 0.

For A > 0, we set

ρ̃(z)＝ρ1(z)e
Aρ1(z),

where we will determine A later. Then we have *dρ̃*＝ 1 on ∂Ω. Let P∈∂Ω. Then we

obtain

6
n

j,k＝1

∂2ρ̃
∂zj∂̅zk

(P)wjw̅k ＝
∂2ρ1
∂zj∂̅zk

(P)wjw̅k +*6
n

j＝1

∂ρ1
∂zj
(P)wj*

2

(A + A2).

Define

X ＝ { w * *w* ＝ 1, 6
n

j,k＝1

∂2ρ1
∂zj∂̅zk

(P)wjw̅k C 0 }.

Then X is compact, and

X ⊂ { w * *w* ＝ 1,6
n

j＝1

∂ρ1
∂zj
(P)wj 4 0 }.

Hence * 6n
j=1
∂ρ1
∂zj
(P)wj * has the minimum m > 0 in X. We set

A ＝
−minw∈X6

n
j,k＝1

∂2ρ1
∂zj∂z̅k

(P)wjw̅k

m2 + 1.

Then for w ∈ X,

6
n

j,k＝1

∂2ρ̃
∂zj∂̅zk

(P)wjw̅k B m2 > 0.

On the Ohsawa-Takegoshi Extension Theorem 13



In case *w* ＝ 1 and w ／∈ X, we have

∂2ρ1
∂zj∂̅zk

(P)wjw̅k > 0.

Hence for *w* ＝ 1, we obtain

6
n

j,k＝1

∂2ρ̃
∂zj∂̅zk

(P)wjw̅k > 0. (11)

For each P ∈ ∂Ω , there exists A ＝ A(P) > 0 and a neighborhood W(P) of P such that

(11) holds for z ∈ W(P). Thus there exist a constant A and a neighborhood U (U ⊂ V)

of ∂Ω such that for z ∈ U and *w* ＝ 1,

6
n

j,k＝1

∂2ρ̃
∂zj∂̅zk

(z)wjw̅k > 0,

which implies that ρ̃ is strictly plurisubharmonic in U. This completes the proof of

Lemma 5.

Now we are going to prove the Ohsawa-Takegoshi extension theorem.

Theorem 5 (Ohsawa�Takegoshi extension theorem [OHT]) Let Ω ⊂ C
n be a bounded

pseudoconvex domain and let H ＝ { z ∈ C
n * zn ＝ 0 }. Suppose ϕ is plurisubharmonic in

Ω . Then there exists a constant C > 0 such that for every holomorphic function f in H ∩

Ω , there exists a holomorphic function F in Ω which satisfies F*H∩Ω＝ f and

@Ω *F*2e-ϕdV C C@H∩Ω* f *2e-ϕdVn-1.

Proof. We choose an increasing sequence {Ωj } of strictly pseudoconvex domains in C
n

with Cy boundary such that Ω̅j are compact subsets of Ω and ∪
y
j＝1 Ωj＝Ω . By Lemma

5, we can choose the defining functions ρj for Ωj with the properties that *dρj * ＝ 1 on

∂Ωj for j ＝ 1, 2, · · · . Let {ϕj } be a sequence of C
y plurisubharmonic functions on Ω̅j

with ϕj ↓ ϕ. We may assume that f is holomorphic in Ω. Suppose

@H∩Ω* f *2e-ϕdVn-1＝ M < ∞.

It follows from Lemma 4 that there exist holomorphic functions Fj in Ωj such that

Fj*H∩Ωj＝ f and

@Ωj

*Fj*
2e-ϕjdV C C@H∩Ωj

* f(z', 0)*2e-ϕj(z', 0)dV(z') C CM.

Let K⊂Ω be a compact set. Then there exists a positive integer N such that K⊂Ωj for

jBN. Define LN ＝minΩ̅N e
-ϕN. Then Corollary 1.3 shows that

CM B@Ωj

*Fj*
2e-ϕjdV B LN@ΩN

*Fj*
2dV B LN C̃ sup

K
*Fj*

Kenzō ADACHI14



for j B N. Hence {Fj} is uniformly bounded on every compact subset of Ω, and hence by

the Montel theorem (Lemma 3) , we can choose a subsequence {Fkj} of {Fj} which

converges uniformly on every compact subset of Ω. Define lim
j→∞

Fkj＝ F. Then F is

holomorphic in Ω and F*H∩Ω＝ f. Moreover we have

@K *F*2e-ϕdV ＝ lim
j→∞@K *Fkj*

2e-ϕkjdV

C lim
j→∞@Ωkj

*Fkj*
2e-ϕkjdV C CM.

This completes the proof of Theorem 5.

Remark 1 First Hörmander [HR1] proved the L2 estimate for the solutions of the ∂̅

problem in pseudoconvex domains using Theorem 4. Next he [HR2] proved the L2 estimate

for the solutions of the ∂̅ problem in pseudoconvex domains without using Theorem 4. In

his proof [HR2], instead of Theorem 4 he used C∞ functions with compact supports. It

seems to me that Hörmanderʼs latter approach is also applicable to the proof of Ohsawa-

Takegoshi extension theorem.

Berndtsson [BR] improved Ohsawa-Takegoshi extension theorem as follows. We omit

the proof.

Theorem 6 Let Ω be a bounded pseudoconvex domain in C
n and let ϕ be

plurisubharmonic in Ω. Let M ＝ {z ∈Ω *h (z)＝ 0} be a hypersurface defined by a

holomorphic function bounded by 1 in Ω. Then, for any holomorphic function, f, on M

there is a holomorphic function F in Ω such that F ＝ f on M and

@Ω *F*2e-ϕdV C 4π@M * f *2
e-ϕ

*∂h*2
dVM,

where dVM is the surface measure on M.
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