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Abstract

In this paper we prove an inequality concerning the exponential function.

1 Introduction and Proof
The purpose of the present paper is to prove the following theorem:
Theorem 1 For0<e <7 and 6 € R,

|1 — 658’0‘ >1—e ",

Proof Since .
[1—e"|? =1 — 279 cos(esin ) + 259,

it is sufficient to show that
f(8) = e cosf _ 250030 (o5(csinfl) — e +2e7° > 0
for 0 < 6 < 27. A simple calculation shows that

F/(8) = 2¢sin e == (M B 1) .

sin fes cos?
We put
sin(f + ¢ sin 6)
)y=—— -
9(6) sin fee cosf
Then

—sin(e sin #) + sin § cos(e sin 6)
g/(0> - in? fee cosd ’
sin” fes cos

First we assume that 0 < 8 < 7. Put t = £sin# and

h(t) =tcost —sint.

Then 0 < ¢ < 7. Since h/(t) = —tsint < 0 and h(0) = 0, we have h{t) <0 (0 <t < 7).
Therefore g'(6) <0 (0 < § < 7) and
sin(f@ +esinf) 1+4¢

g(O):gii% sinfescost es <L
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Hence g(f) <1 for 0 < < w. Then
F1(0) = 2ee* 9 5in (g(0) — 1) < 0.

Therefore, f() is monotonically decreasing for § € [0,x]. Since f(w) = 0, it follows that
f(8) > 0 for 8 € [0,7]. A similar argument tells us that g(6) is monotonically increasing
on 7,27, and g(27) = ¢(0) < 1, and hence g(f) < 1 for § € [x,2x]. Therefore f(8)
is monotonically increasing for 8 € [m, 27| and f(r) = 0. Thus we obtain f() > 0 for
# € [7,2x]. This completes the proof of Theorem 1.



