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abstract

Let D be areal ellipsoid in C". In this paper we give optimal L” estimates for solutions of the P
-problemon D.

1. Introduction

Range[5] obtained Holder estimates for solutions of the equation du = f on complex ellipsoids
when f is a (0, 1)-form. Chen-Krantz-Ma[1] obtained optimal L” estimates for solutions of the equa-
tion du = f on complex ellipsoids when f is a (0, 1)-form. On the other hand, Ho[4] obtained Holder
estimates for solutions of the equation du = f on complex ellipsoids when f is a (0, g )-form. Further,
Diederich-Fornaess-Wiegerinck[2] obtained Holder estimates for solutions of @ on real ellipsoids.
Fleron[3] studied Holder estimates for solutions of the ] problem on the complement of real or

complex ellipsoids. In this paper we study the optimal L’ estimates for solutions of the 8_-equation
on real ellipsoids.

2. Solutions of the @ equation on real ellipsoids
Letli, **+, In, m1, - -+, mx be positive even integers and let D be the real ellipsoid
D={zeC" :r(z)<0},
where
V(Z)Zkil(x,i’? M) =1, 2z =X iy,
We set

m = max min (e, me ).

l<k<n

We may assume 7 < lx. We set ¢x (x)=x"%, ¢ (y)=y™. For some positive constant 7 and

& =& +in we set

P z2)= —2—%(5)4'7(%" @)= (€ (z =5+ (2 =§)m !
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and

0 2)=2P )Y for 25D,

If we choose 7 small enough, then we have for some positive constant ¢ (Diederich-Fornaess-
Wiegerinck[2])

(1) =7 @) +7 (@) +Red (€, 2)= ¢ S @ ) +47 1)z =5+l =5 1)

for(¢, z2)eDxD.

Define
e )2 _ 0B Pz
B=lt-zl’, B 2)="4~ W 2)=Z gy,
W z)=AW (& 2)+(1-A)B (¢ z)
Qi(W)=caWA@uW)" N @ W),
where

(_1)4(4—1)/2 n—1
=TT )" q
is a numerical constant. £2, (W) is defined in the same way, with W instead of W. We define K, =8,

(B). Then we have the following (cf. Range[6]):
LEMMA 1. Let f be a C* (0, q) ~form in D . Define

Tf=[ AR ()= [ fAKees

oD x[0,1]

Then u = T,'f is a solution of the equation du =f .

3. Optimal L” estimates

Using the solution of the Pl equation in lemma 1 and (1), we have the following (Show[7] ob-
tained the optimal L’ estimate for solutions of the d,-problem on D ):
THEOREM 1. For every d-closed (0, q)-form f with coefficients in L’ (D), there exists a (0, g —

1)-form u on D such that du = f and u satisfies the following estimates:

. +2

@) Ifp=1, then lollyrepy< C”f”Ll(m, where Y Z%T-

.. . 1 1 1
Gi) If1<p<mn+2, then lollis py< el FllLe ), where s < qo and qo satisfies E: ;— P

i) If p = mn+2, then |ulls o)< cll fllr ) for all s < oo,

Gv) If p > mn+2, then el seoy< el Fllir o), where @ =1 —(n -i—i)l
m m’ p
PROOF. Define
hO=[ a0, =] FAKe
aD x[0,1] D
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Then J; (f) is a linear combination of ,(0 <j<n—g—1):

L o)y= [ FENGBAPAGP)Y A (F:3:8)" T N (3:9:8)""
! an O (& z)Y B (& z) !

where P = Z;“: 1 Pi dgl .
Define

D (z2)=0 (Lz)—7r (), b&2)=I¢~zl"+7r ()r(z).

Then we have

_ — [8:BAPA@rP) N(8:0:8)" 7" A(8:0:8)!
L(Z)—[)f@)/\a:( e Tt )

where 8 denotes the tangential component of d.Fora neighborhood U of some boundary point, we
may choose a system of local coordinates t = (#,, **, t2) in such a way that

ty =tu-1+ite =2~ (k=1,---,n—1)
trn-1=Im® (§,2)
ton = 7’(?)_7(2)-

Fora>lands (0<s<n—qg—1) we set

I (Z): |(57P (g))s|
) pau (|@ (6.2) b (€, z) D)

au (&)

Define

A =lxy =ty 1|y =t 17 (=t 7+ g =t 7
Bi = {(xj —ty-1)" 2+ (y; =)™ 2t P+ ™

We define t = (¢,, =+, t,_), t = (fz+1, ==+, tea—z), t =(t, t5, 1, t2«). Then we have

H;:IAJ’

I (2)< , —
( ) =1 (lt:n—1|+|t2n |+Z‘kn:llBk)(s+g)alt |(Zn 25s=3)a

dt

dt
= C/\:',gl (J¢7 |7y spa=s=z2|p"|Gn-2=Ba

1
< Cf 7,(2)1»2571§+ms+2m)(17a)d7< OO’
0

provided that
m(s+2)+2n—2s—2 4
m(s+2)+2n—2s—3
Since
_ mn+2

Ao > a1 > > an-2 =
oo 5 mn+1
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we have proved that

[ 1K @ 2)lrde €)< My uniformly z€ D,

where a is any number such that

mn+2

<a< .
1amrH—l

Similarly we have
‘/;IK & 2)1*dp (z2) < M: uniformly &€ D,
Therefore we have proved (i), (ii) and (iii) of theoem 1.The worst term we need to estimate for

grad.I; (,z) is given by

@ a7 (€)™
I, =— .
=15 @ o2

Let ¢ be conjugate to p . Then

1
, : |@rar §))" ‘
(i@ arao) SC(/;|¢(§’z)v(n+l)|§_z|,du(C)

4
S 1 231 «
| 7 (é’ ) | 1—[-(+2)3)
By the Holder inequality, we have

[ lgrad:L; € )1 d@) < el £ I 7 (@)1 H1E8

This proves (iv).

Letl <g<#n—1. Let 4’ be the maximal order of contact of the boundary of the real ellipsoid
D with g-dimensional complex linear subspaces. Suppose that j =m; j=1,---, n) and
m1 < my < -+ <M. Then 47 = Ma-4+1. Using the method of Ho[4], theorem 1 is improved a bit.

Now we define

P (&, zi) (1<si<n—q+1)

Pi (i, zi)= Pi(gi,Zi)+Ei_Ei (n—q-I-ZSiSn).

Define

Q¢ 2)= ;115:‘ (i, 20)(&i—2i),

G-z =v, =&+ G=1 - n)
and
v =(vy, -, Un—q+1), v’ = (Un-g+2, ***, Un)

Then we have the following:
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LEMMA 2. Let m = A7 Then there exists a positive constant ¢ such that

n—q+1

—7(§)+7(z)+Red (¢, 2)=>c¢ 2%(%T&)+%%m0ﬂa~§V+MW“+MWZ,
for (¢, 2)e DxD.

Using the argument of the proof of theorem 1,we have the following:

THEOEREM 2. Let m = A% and p = 1. For every d-closed (0, q)-form f with coefficients in L"

(D), there exists a (0, g — 1) form u on D such that du = f and u satisfies the following estimates:

G) Ifp=1,thenlu

(i) If1<p<mn+2 thenllulr < clflliew), wheres < qo and qo satisfies 1
(iii) If p = mn+2, then|lu|

Gv) If p > mn+2 thenllu

(1]

[2]

mn+2
mn+1

lr-eomn< el fll.i ), where y = and € is any small number.

1 1
g p mn+2°

o=l flerw) forall s <0,

ren=cll fllr o), where @ :mi—(n—}-

2,1
m’p’
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