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abstract

Let U be some finitely connected domain in C and let 1 : U -7 U
be holomorphic. If f(U) has compact closure in U, then there
exists a unique fixed point in [T.

1. Introduction

Let D be the unit disc in C. Using the Poincare metric, Farkas and
Ritt proved that if 1 : D -7 D is a holomorphic function such that I(D)
is a compact subset of D, then there exists a unique fixed point P in D.
Moreover, if fn is the nth iterate of I, then {in} converges uniforrnly to the
constant function P on every compact subset of D (cf. [3]). Let E be a
complex Banach space and let _Y" be a bounded connected open subset of E.
Then Earle and Hamilton[2] proved that if f : 4Y -4 _Y is holomorphic and
.f()() lies strictly inside ~Y, then f has a unique fixed point. In this paper,
using the CaratlH~odorynletric, we extend the above results to some finitely
connected domains in C.

2. The completeness of the Caratheodory metric

DEFINITION. For a E C and r > 0, define

B(a,T)={zECllz-al<T}, B(a,T)={zECllz-alS;r}-.

We denote by D the unit disc B(O,l). Let U be a domain in C. For P E U,
define

(D, U)p = {I If: U -+ D is holomorphic such that f(P) = O}
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and
Fg (P) = sup{I<p'(P) II <p E (D, U)p}.

Fg is called the Caratheodory metric for U.

LEMMA 1. Let U be a domain in C. Then

(1) For all P E U,

(2) Let K be a compact subset of U. Then there exists C\ > 0 such that

(z E ]().

(3) If U is bounded, then there exists C2 > 0 such that

Fg(P) > C2 .

PROOF. (1) By definition, 0 ~ Fg (P). Let r be a positive nUlnber such
that {z liz - PI ~ r} C U. Then Cauchy estimates imply that

1f'(P)1 ~ !
l'

(1 E (D, U)p).

Therefore, we have Fg(P) < l/r < 00.

(2) Let Ii CUbe compact. Then for any P E ](, there exists ro > 0 such
that {z lIz - PI:::; ro} C U. Thus we have

F!j(P) ~ ~ (P E ]().
ro

Fg (P) is bounded on Ii.
Therefore we have proved that Fg (z) < C1 (z E [().

(3) Suppose that U is bounded. That is, there exists R > 0 such that

U C {z E C Ilzl < R}.

For P E U, we set
(-P

<p(() = 2R .

Then we have <p E (D, U)p. By the definition of the Caratheodory metric,
we obtain
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The proof of Lemma 1 is complete.

DEFINITION. Let, : z = ,(t) (a S t S b) be a smooth curve in a
domain in C. We define the length lp(,) of r by the Caratheodory metric
p=F/!:

iph) =t F{5 (-y(t)) iJ"(t) Idt.

DEFINITION. Let Cu(P, Q) be the set of all piecewise s11100th curves in
U which connect P and Q. \Ve define the distance dp(P, Q) of P and Q by
the Caratheodory metric p as follows:

THEOREM 1. Let U1 and U2 be domains in C, and let Pi (j = 1,2) be the
Caratheodory metric in Uj , respectively. If h : U1 -* U2 is holomorphic, then
we have

(1) P2(h(z))lh'(z)1 s pdz) (z E Ud

PROOF. Let P E U1, Q = h(P) and <p E (D, U2 )Q' Then we have
<P 0 h E (D, U1 )p. From the definition of the Caratheodory metric,

Fgl (P) > I(<p 0 h)'(P)1 = 1<p'(Q)llh'(P)I.

Taking the supremum over all <p E (D, [12)Q yields

That is

Pl(P) ~ P2(h(P))/h'(P)I·
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Let J : [0,1] --+ UI be a piecewise smooth curve. Then

1P2 (h 0 J) 10
1

P2 (h 0 J (t) )I(h 0 J)' (t )Idt

< 10
1

PI(J(t))h"(t)ldt

lPl (J).

Using the above inequality, we have

dp2 (h(PI), h(P2 )) inf{lp2(J) IJ E Cu2 (h(Pd, h(P2 ))}

< inf{lp2 (h 0 I) IJ E C U1 (PI, P2 )}

< inf{lpl (1) IJ E CU1 (PI, P2 )}

dP1 (PI, P2 ).

The proof of Theorem 1 is complete.

DEFINITION. Let U1 and U2 be domains in C. We say f : U1 --+ U2 is
biholomorphic if f : U1 --+ U2 is holomorphic and bijective.

COROLLARY. Let VI and U2 be domains in C, and let Pj (j = 1,2) be the
Caratheodory metric in Uj , respectively. If h : U1 --+ U2 is biholomorphic,
then

P2 (h (z))/h' (z)I= PI (Z ) •

PROOF. Since h-1
: U2 --+ U1 is holomorphic, by Theorem 1(1)

PI (h-1 ('W ))I(h-1 )' ( 'W )I :s P2 ('W ).

If we set h- I
( 'W) = z, then

Together with Theorem 1(1), we obtain the desired equality.

LEMMA 2. Let D = {z E C I Izi < I}. Then the Caratheodory metric
Ff! (z) for D is given by
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The right side of the above equality is called the Poincare metric for the unit
disc.

PROOF. We set p(z) = F!](z). Fix Zo E D. Define

h(z)= z+~o.
1 + ZoZ

Then h : D --7 D is holomorphic and bijective. In view of the Corollary of
Theorem 1

p(h(O))lh'(O)1 = p(O).

Therefore,
1

p(zo) = 1 _ Izol2 p(O).

If we set p(O) = c, then
c

p(z)= 1_1 2 '1 - 4-

If <p E (D, D)o, then by the Schwarz lemma, 1<p'(O)1 ~ 1. Hence p(O) ~ l.
On the other hand, if ip(() = (, then ip'(O) = 1. Thus c = p(O) = 1. The
proof of Lemma 2 is complete.

Next we prove the completeness of the Caratheodory metric in a bounded
domain whose boundary consists of finitely many pairwise disjoint, simple
closed C 2 curves. The proof is given in Krantz[2]. But for reader's conve
nience, we give a detailed proof.

THEOREM 2. Let U be a bounded domain in C whose boundary consists of
findely rnany pairwise disjoint, simple closed C 2 curves. Then U i8 complete
in the Caratheodory metric.

PROOF. We set p = Fi! and denote by dp the distance induced by the
Caratheodory metric p. If z E U is sufficiently close to au there exists a
unique point P E au such that Iz - PI =dist(z, aU). Then there exists
TO > 0 and C(P) E C\U such that

B(C(P),ro) n U = {P}, un B(C(P),ro) = (j).

Define ip : U --7 B(C(P), TO), and jp : B(C(P), TO) --7 B(O, 1) by

. () Ci(P) -1'5 . (() _ (-C(P)
lp ( = + ( _ C(pr Jp - TO •



8 Kenzo ADACHI and Siho AIKAWA

By Theorem 1,

On the other hand, if we set 5 = Iz - PI, then, there exists constant L such
that 5 :::; L. Then we have

z - C(P)"

jp(ip(z))' = j~(ip(z)) . i~(z)
-1'0 -1'0

- -
(z-C(P))2 (5+1'0)2·

-1'0 I 1'0
(z-C(p))21 = (5+1'0)2·

1'0

Using Lemma 2, we obtain

11
2 - 1'2

1'0 1 _ 0

1- z-C(P) (5+1'0)2

1 1

- (1 + 1'0 ) (1 _ TO ) - (2 5) ( 5 )
5+ 1'0 5 + 1'0 - 8 + TO 8 + 1'0

1 8 + 1'0 1'0> - >-
2. 5 - 28 - 28·

5 + 1'0

Then

>
(5 + 1'0)2 25

1'0 TO 1
> (L + 1'0)2 . 25 = Co~5'

Fg (z) > Fg(jp 0 ip(z))I(jp 0 ip)'(z) I
TO 1'0

where Co is a positive constant depending only on TO. Therefore we have

(1) U( ) Co
Fe z > dist(z, aU)
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Next, fix Po E U. For E > 0, by the definition of dp , there exists a piecewise
smooth curve r : z = "'((t) (a ~ t < b) in U connecting Po and z such that

(2) dp(Po, z) + E > t ph(t))h'(t)ldt.

On the other hand we have

1t{("'((t) - P)(~ - P)}

\J(t) - Pl2

< 2h'(t)1
h(i) - PI'

Using the above inequality, (1) and (2), we obtain

dp(PO,Z)+E > tPh(t))I-Y'(t)ldt

> C lb
!"Y'(t)/ dt

o (( dist("'((t),aU)

rb h' (i) I
> Co Ja h(t) _ Pl di

1 rb d
> 2Co 1a dt {log h(t) - P12} dt

1 l b
d> -Co -d·{log h(t) - Pl 2 }dt

2 a t

ICo(1og IPo - PI -log Iz - PI) I
Co

> Tilogiz - PII·

In the last inequality, we used the fact that -log Iz - PI is greater than
2/log IPo - PII. Since E > 0 is arbitrary, we obtain

(3) (C = Co/2).

Next we show that U is complete in the Caratheodory metric. Let dp(zj, Zk) --+
o (j, k -+ (0). Then there exists a positive constant 1\([ such that
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Therefore from (3) we obtain

Hence we have
e-t;! ~ dist(Zj, 8U).

Therefore {Zj} is contained in a compact subset I( in U. Since U is bounded,
by Lemma 1, there exists a constant C2 > 0 such that p(z) > C2 • Then

Therefore {Zj} is a Cauchy sequence in the Euclidean metric. Then {Zj}
converges to a point z in I{. Let 'Yo be a segment in I( which connects Zj
and z. From Lemma 1, there exists C1 > 0 such that p(z) ~ C1 (z E I().
Then we have

Thus we obtain dp ( Zj, z) -t O. Therefore U is complete in the Caratheodory
metric. The proof of Theorem 2 is complete.

REMARK. Let D* = {z Eel 0 < Izi < I}. Then D* is not complete
in the Caratheodory metric. Since the boundary of D* is not smooth, This
fact does not contradicts Theorem 2. Now we give the proof. Let {zn} be
a sequence in D* converging to 0 in the Euclidean metric. We may assume
that IZnl < i.
Let 1 : D* -t D be a holomorphic function. Then by the Riemann renlovable
singularities theorem, 1 is holomorphic in D. Using Cauchy estimates,

11'(z)1 ~ 4 (izi ~ 1/4).

Thus, Ip(z)1 ~ 4 (lzi ~ i)·
Let '"'( be a piecewise slllooth curve in D* n {z I IzI ~ i} connecting Zn and
Zm. Let '"'( : z = '"'( (t) (a ~ t < b). Then

dp (zn, zm) S; inf l b

p( '"'( (t) )h'(t) Idt S; 4 infI b

h' (t) Idt = 41 Zn - 2 m I·
~ a ~ a

Thus, {Zn} is a Cauchy sequence in D* in the Caratheodory metric. Suppose
that {zn} converges to z in D* in the Caratheodory metric. Then by Lemma
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1, there exists C2 > 0 such that p( z) > C2 • Let J be a piecewise smooth
curve in D* connecting Zn and z.

dp(zn, z) i~f1b

p([(t))h'(t)ldt

> inf rb

C2 h'(t)ldt
1 Ja

> C2 lZn - zl,

which is a contradictioIl.

3. The fixed point theorem

DEFINITION. Let (E1 , d) be a metric space. f: A ~ E1 is called a
contraction mapping for A C E 1, if there exists Q' (0 ~ Q' < 1) such that

d(f(x),f(y)) ~ Q'd(x,y) (x,y E A).

Then we have the following (d. [1]):

THEOREM 3. Let f be a contraction mapping from a closed subset F of
a complete metric space E into F. Then there exists a unique z E F such
that f (z) = z.

PROOF. There exists Q' (0 ~ a < 1) such that for all x,y E F,

d(f(x),f(y))::; ad(x,y).

Let Xo is an arbitrary point in F. We define Xn = f(xn-d (n = 1,2,·· .),
then

d(Xn+1'Xn ) d(f(xn ),f(xn -1))

< Q'd(xn,xn-d

- ad(!(xn-I),!(Xn-2))

< cid(xn-l' Xn -2) ~ ...

< Q' n d(X1'XO).

We assume m, n E N, m < n, then
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< d(xn, Xn-I) + d(Xn-l' Xn-2) + d(Xn-2' Xm)

< d(xn, Xn-I) + d(Xn-l' Xn-2) + + d(xm+l, Xm)
< O'n-1d(Xl' XO) + O'n-2d(Xl' XO) + + O'md(Xl, XO)

(O'n-I + O'n-2 + ... + O'm)d(Xl, Xo)
O'm (1 _ O'n-m)
-----d(XI,XO)

1-0'
O'm

< --d(xl,Xo).
1-0'

If m -+ 00, then d(xn , xm ) -+ O. Therefore {x n } is a Cauchy sequence. Since
F is a closed subset of a complete metric space, there exists z such that
lim d(xn , z) = O. Then we have

n--+oo

d(f(z),z) < d(f(z),xn)+d(xn,z)

- d(f(z), f(Xn-l)) + d(xn, z)

< d(z, Xn-I) + d(xn, Z) -+ 0 (n -+ 06).

Hence d(f(z),z) = 0, which implies f(z) = z. Thus we have proved that z
is a fixed point. Next we show the uniqueness. We assume f(w) = w, then

d(z,w) = d(f(z), f(w)) ::;; O'd(z,w).

Since 0' < 1, d(z, w) = O. Thus we have proved that z = w. The proof of
Theorem 3 is complete.

THEOREM 4. Let U be a bounded domain in C whose boundary consists
of finitely many pairwise disjoint, simple closed C 2 curves. If f : U -+ U is
holomorphic, and the image 1\11 = {f(z) Iz E U} of f has compact closure in
U, then there exists a unique point P E U such that f (P) = P . Moreover,
if we set .fn = f 0 f 0 ... 0 f, then {fn} converges uniformly on compact sets

'" J

n

to the constant function P.

PROOF. By hypothesis, if m E M, Z tt U, then there exists E > 0 such
that 1m - zi > 2E. Since U is a bounded domain, there exists R > 0 such
that U C B(O, R). Fix Zo E U, we define

c
g(z) = f (z) + R (f (z) - f (Zo )).



A Fixed Point Theorem for Holomorphic Mappings in Planar Domains 13

Then we have
t

Ig(z) - f(z)\ = R1f(z) - f(zo)1 < 2E.

Thus, 9 maps U into U. Since g'(zo) = (1 + ~) f'(zo) we have

g*p(zo) Ii (zo) Ip(g( zo))

11 + ~llf'(zo)lp(f(zo))

(1 + ~) f* p(zo).

Therefore, together with g* p(zo) ::; p( zo), we have

(1 + ~) f* p(zo) :::; p(zo)

We set

( ~ )-1
a= 1+ ~

Then we have

(4) f*p(z) :::; a;p(z) (z E U).

Let P, Q E U and let C : z = "((t) (a ::; t :::; b) be a piecewise smooth curve
in U conecting P and Q. Then, from (4) we obtain

Ip(/."I) t p(f('"y(t)))If'('"y(t))lb'(t)ldt

t f'p('"y(t))b'(t)ldt

< lb a;p("((t))I,'(t)ldt

- a;Zp(').

Thus we obtain

(5)

Since f is a contraction mapping in the Caratheodory metric, by Theorem
3, there exists a unique point P E U such that f(P) = P. Define
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We show that Bp(P, r) is an open set in the Euclidean metric. Let Zo E
Bp(P, r) and dp(zo, P) = s. Then s < r. Let rl be a positive constant such
that

{Z Eel IZ - Zo I< rl} C U.

Set !{ = {z E C liz - zol < rd. Then from Lemma 1, there exists a positive
constant C1 such that p(z) ::; C1 (z E !(). We choose r2 > 0 such that

Let Iz - zol < r2 and let f : z = ')'(t) (a < t ~ b) be a segment connecting z
and zoo Then

dp(z,zol < t ph(tllh'(tlldt:::: Cdz - zol < r - s.

Therefore we obtain

Hence we have
{z Eel Iz - zo I < r2} C B p (P, r).

Therefore Bp(P, r) is an open set in the Euclidean metric. From (5) we obtain

and, more generally,

(6)

Let I{ be a compact subset of U. Since for all positive integer j, Bp(P,j) are
open subsets in U and

00

UBp(P,j) = U,
j=l

there exists j such that
I{ c Bp(P,j).

Together with (6), we obtain
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By Lemma 1, for z E I{, we have

which shows that {fn} converges uniformly on the compact set I( to the
constant function P. Thus the proof of Theorem 4 is complete.

DEFINITION. If E is a compact connected metric space which contains
more than two points, then E is said to be a continuum.

THEOREM 5. Let V be a k-ply connected domain in C such that each
component of C \ V is a continuum, where C = C U {oo} is the Riemann
sphere. Then U is mapped biholomorphically onto a domain which consists of
the unit disc with k - 1 pairwise disjoint smooth closed subdomain removed.

PROOF. Suppose V = G \ C, where G is a simply connected domain in
C such that G f:. C, and C is a continuum in G. By the Riemann mapping
theorem, there exists a biholomorphic map f : G -7 D such that

f(U) = D \ f(C).

By the Riemann nlapping theorem, there exists a biholomorphic map 9 :
C \ f(C) -7 D such that g(.f(V)) = D \ [g(aD)], where [g(8D)] is the
interior of g(8D). Since g(8D) is a smooth Jordan curve, V is mapped bi
holomorphically onto a domain which consists of the unit disc with a smooth
closed subdomain removed. In the general case, Theorern 5 is proved by
repeating the above method. The proof of Theorem 5 is complete.

LEMMA 3. Let VI and U2 be dom,ains in C. Let Pi (j = 1,2) be the
Caratheodory metric on Uj , respectively. If there exists a biholomorphic map
f : VI -7 U2 , then VI is complete in the Caratheodory metric PI if and only
1f U2 is complete in the Caratheodory metric P2.

PROOF. Suppose V2 is complete in the Caratheodory metric P2 and {zn}
is a Cauchy sequence in UI in the Caratheodory metric Pl. By the Corollary
of Theorem 1,



16 KenzQ ADACHI and Siho AIKAWA

Thus {/(zn)} is a Cauchy sequence in the Caratheodory metric P2. Since
(U2 , dp2 ) is complete, there exists w E V2 such that

Thus we obtain
lim dp1 (zn, /-l(W)) = 0

Tl-tOO

Hence, {zn} converges I-I (w) in the Caratheodory lnetric Pl. Thus (U1 , dp1 )

is complete. The proof of Lemma 3 is complete.

LEMMA 4. If V is a bounded domain in C, equipped with the Caratheodory
metric P, then (V, dp ) is a metric space, where dp is the distance induced by
the Caratheodory metric p.

PROOF. We must only show that if dp (Zl' Z2) = 0, then Zl = Z2. By the
definition of the distance,

where the infimum is taken over all piecewise smooth curves "'( in V connecting
Zl and Z2. By Lemma 1, there exists C > 0 such that p("'((t)) 2:: C. Then

Thus we obtain Zl = Z2. The proof of Lemma 4 is complete.

LEMMA 5. If a domain VI is biholomorphically equivalent to a bounded
domain V2 , then (VI, dp1 ) is a metric space, where dp1 is the distance induced
by the Caratheodory metric PI in VI.

PROOF. Let I : U1 -t U2 be a biholomorphic map. From the Corollary
of Theorem 1,

where P2 is the Caratheodory metric in U2 . Hence, if dP1 (Z1' Z2) = 0, then
/(Zl) = /(Z2). Since / is one-to-one, Zl = Z2. Thus, (U1,dpJ is a metric
space. The proof of Lemma 5 is complete.



A Fixed Point Theorem for Holomorphic Mappings in Planar Domains 17

Together with Lemma 3, Lenlma 4 and Lemma 5, using the same method
as the proof of Theorem 4, we obtain the following:

THEOREM 6. Let U be a k-ply connected domain in C such that each
component of C \ U is a continuum,. Let f : U --+ U be a holomorphic
function such that f(U) is a compact subset in U. Then there exists a unique
point P E U such that f (P) = P . Moreover, if U is bounded, then the
iterates f, f 0 f, f 0 f 0 f, ... converge uniformly on compact set.s to the
constant junction P.
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