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abstract

Let D cc C? be a convex domain with real analytic boundary.
We get some Holder estimates for 0 on the domain D.

1. Introduction and statement of the result.

Holder estimates for du = f on strongly pseudoconvex domains were ob-
tained by Kerzman(3] and Henkin and Romanov[2]. Range[5] obtained Holder
estimates for @ on convex domains in C? with real analytic boundary. Also,
there are several results about Holder estimates for @ in the case of dimension
2 ([8],[9]). In the higher dimensional case, Polking[4] studied the & problem
in convex domains. Bruna and Castillo[1] obtained Holder estimates for 0 in
some convex domains in C" with real analytic boundary which contain com-
plex ellipsoids. However, it is an open problem to obtain Holder estimates
for 8 on convex domains in C™(n > 3) with real analytic boundary. In this

paper, we obtain some Hélder estimates for 6 on convex domains in C3 with
real analytic boundary.

Let D CC C" be a convex domain with C? defining function r. We define
¢(C,2) =< 0r((),( — 2z >. Let T : Co1(D) — C(D) be the Henkin solution

operator for & and assume that f is a d-closed (0,1) form. One has

T(f) = H(f) + K(f),

where

(1.1)
-9 _ _ o
_ X O¢c|¢ — 2|2 A or(Q) A (9r(C))* A (90| — 2|?)F2
H(f)(z) = :/;6 Ck /bD F(ONA &(C, 2)FHI[C — 2[2n—F-D)
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and K(f) is given by integrating f against the Bochner-Martinelli kernel over
D. We denote by A,(D) the classical Lipschitz space of order a. It is well
known that |K(f)|a, < Calf|re for 0 < a < 1, so that it is enough to
consider H(f).

Let D cc C"™ be a convex domain with real analytic boundary. By
Rangel6], there are a positive number € > 0 and a positive even integer m > 2
such that

(L.2) 16(C,2)| R | Im ¢(C, 2)| + dist (2,6D) +[¢ — 2|™

for (¢, z) € bDx D with |(—2| < €. If m = 2, then by Henkin and Romanov|2],
for f € L®°(D) we have T'f € A%(D). Hence we assume that m > 4. Now we
state our main result.

‘THEOREM. Let D CC C3 be a convex domain with real analytic boundary.
Let T : Cp1(D) — C(D) be the Henkin solution operator for & on D. For
1- 2 <a<lif feAu(D), then Tf € Ag(D), where f=a— 1+ 2.

Remark. In particular, the result gives a useful sufficient condition for the
continuity on D of the solution u = T'f for the equation du = f.

2. Some lemmas.

LEMMA 1. For 8> 2,6 > 0, and a positive integer m > 4,

/ dz < 5-h+E
weB (6+ [2]™)P]a] ‘

PROOF. By using the polar coordinates, we get
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The following lemma is well known(cf. Range[7]):

LEMMA 2. Let D cC C™ be a bounded domain with C? defining function
r. Suppose that f € CY(D) and that for some 0 < a < 1 there is a constant
Cy, such that

|df (2)] < Cylr()|*™!, ze D.
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Then f € Aua(D).

We now show that Im ¢(, z) can be used as a local coordinate on bD. This

can be proved by Range ([7], V-3). But for the reader’s convenience, we give
the proof.

LEMMA 3. There are positive constants M, a, andn < €, and, for each z with
dist(z,bD)< a, there is a C*® local coordinate system (tq,...,tg)=1 = t(, 2)
on B(z,n) such that the following hold:

0(6,2) =r(C), #z2) = (1(2),0,---,0) and 1s(C,2) = Im §(C, 2),
lt(¢,2)| <1 for (€ B(z,n),
R < M, |detdg(t(,2)| > -

M
Proor. Fix z € bD. Since
¢(C,2) = Z (&G — 2),
1 0G5
it follows that
(2.1) ded(z,z) = O¢r(2).
Thus, at the point { = z, one obtains
deImp Ader = 517—;(8(7“ — 5(7‘) N (O¢r + 5(7“)
= %81‘ A Or # 0.

Hence, we have the result.

3. Proof of the theorem.

By differentiating under the integral in (1.1) one obtains

H(f)(z) = 1hf(2) + Lf (2) + I3f(2) + 11 f(2),

where
L) = / 7N CAl)(fC’ 2
A ,
_ A3(<,Z)
Lf(z) = / FON S S
A4(C,Z)

I4f(Z) = /bD f(C)/\ (b(C’Z)B'C—ZI.
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The expressions A;(¢, z) are smooth double forms on D x D, of degree 1 in
z and type (3,1) in . Let v > 0 be the smaller of the constants a and 7 in
Lemma 3. By using Lemma 2, the compactness of D, and a partiton of unity,
the estimation of I;f(z) is reduced to proving the estimates

\L(x)(2)] < Calflaalr(z)|*t =2 for ze D,

where x is a compactly supported cut off function in B(z,v). We have

< dU(C)
L@ S | floe /bDﬂB(m) ST
< dt’
Iz /t,:(t;,;’;ﬁ;,ts,tﬁ) (2l + P @)D

< -
S Calflr=lr(2)| P, 0<p< L.
We decompose

(8.1) f(t) =[f(t1,t2,t3,t4,t5,t6) — £(0,0,t3,t4,t5,t6)] + f(0, 0,13, t4,t5,16).

Corresponding to (3.1), we have Ix(xf)(2) = I21(2) + Ie(2) with ¢ =
(t2,t3,t4,t5, tﬁ),

< dt’
Li(2)] = a3
[121(2)] |f|Aa(bD) <1 |p|2—2|t/|2

Ia-l

<
S| flaa@ep)|T(2)
and

B f(0,0,13,t4,t5,t6)x(t) A2(t', 2) .,
(3.2) Ia(z) = /{t - s dt'.

In order to estimate (3.2), we first integrate by parts in ¢3. From (2.1) one
also obtain that 2 d¢ Re¢ = d¢r at { = 2, therefore we have

d¢Re¢ N deIme # 0.
If we choose coordinates ¢t; = r(() and t2 = Im¢((, z) as in Lemma 3, then we
have ORed Hlme
m
ot 0 an Bty
Thus, it follows that
0¢
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Therefore we have 5
-2 . -1
¢ “=i—I(¢ ).
S

Since in (3.2) the term involving f is independent of f2, and since x has
compact support in B(z,~), by integration by parts, one obtains

_ f(0,0,t3,t4,t5,16) O [x(t)As(t,2)
I(z) = z/]t,'<1 . s [——it’l.z

| at,

which leads to

< dt’
@ S e [ GG

S Cplfleelr(2)| P, 0<p<1.

As in the case of I5(x f), we have I3(xf)(z) = Is1(2) + I32(2), where

- dt’
G Y =
[ 131(2)] |f|Aa@eD) 1<t [GE— T

S/ |a—1

|flaa@D)|T(2)

and

f(O) 0) t3a t4’ t57 tG)X(t,)A3(t,1 Z) /
I = dt'.
For I39(z), it follows that
Isa(2)| S Colf|zer(z)| %, 0<p<1.

For I4(xf), we have I4(x f)(z) = Is1(z) + Is2(z), where

< dt/
I = / ek
[ 141(2)] IfIAa(bD) iv]<1 |¢|3_°‘|t'|

_ f(Oa 0) t3, t4, t51 tG)X(t,)All(t,’ Z) /
Lip(2) = /It’|<1 ¢3lt1| dat’.

By using Lemma 1, it follows that

/ dt’ < / / dt" dt,
i<t |3 —elt!| 1r=(bo s ts.16) (2] + 1(2)] + [£7]m)3=|¢"]

A

/ dts
0 (Jta] + Ir(2)])>m

[r(z)|otm 2,

N
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Hence we have < \
[La1] = | flaampylr(2)[*Tm 2.

Taking account of the relation

1 82
-3 _. _ = -1
it follows that
1 £(0,0,t3,t4,t5,t5) O [x(t')A4(t',z) } )
I == at'.
22 =73 " o1 7]

Thus we have

< dt/
[La2(2)] ~ |flpee /lt’ISIW

A

ar’
516 [ e T T IR
<
S| floee.

Hence we have the result.
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