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abstract

Let Dec C3 be a convex domain with real analytic boundary.
We get some Holder estimates for 8 on the domain D.

1. Introduction and statement of the result.

Holder estimates for &u = f on strongly pseudoconvex domains were ob­
tained by Kerzman[3] and Henkin and Romanov[2]. Range[5] obtained Holder
estimates for & on convex domains in e2 with real analytic boundary. Also,
there are several results about Holder estimates for ain the case of dimension
2 ([8],[9]). In the higher dimensional case, Polking[4] studied the aproblem
in convex domains. Bruna and Castillo[1] obtained Holder estimates for a in
some convex domains in en with real analytic boundary which contain com­
plex ellipsoids. However, it is an open problem to obtain Holder estimates
for aon convex domains in Cn(n 2:: 3) with real analytic boundary. In this
paper, we obtain some Holder estimates for aon convex domains in C3 with
real analytic boundary.

Let Dec en be a convex domain with 0 2 defining function r. We define
1>((, z) ==< ar((), (- z >. Let T : CO,l(D) --7 C(D) be the Henkin solution
operator for aand assume that f is a a-closed (0,1) form. One has

T(f) = H(f) + K(f),

where
(1.1)
H(f)(z) =~ Ok ( f(()/\ a,l( - zl2 /\ ar(() /\ (&8r(())k /\ (&al( - zI2)n-k-2

~ lbD 4>((, z)k+l /( - zI2(n-k-l)
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ZED.

and K (/) is given by integrating f against the Bochner-Martinelli kernel over
D. We denote by Aa (D) the classical Lipschitz space of order Q. It is well
known that IK(/) IAa < Cal/lvXl for 0 < a < 1, so that it is enough to
consider H(/).

Let Dec en be a convex domain with real analytic boundary. By
Range[6] , there are a positive number E > 0 and a positive even integer m > 2
such that

(1.2) 14>((, z)1 ~ I 1m 4>((, z)1 + dist (z, bD) + I( - zlm

for ((,z) E bDxD with I(-zl < E. Ifm = 2, then by Henkin and Romanov[2] ,
for / E LOO(D) we have T/ E Al(D). Hence we assume that m 2: 4. Now we

2

state our main result.

THEOREM. Let D cc e 3 be a convex domain with real analytic boundary.
Let T : CO,l(D) ---7 C(D) be the Henkin solution operator for a on D. For
1 - ~ < a < 1 if f E Aa (D), then T f E A{3(D), where {3 = Q - 1+ ~.

Remark. In particular, the result gives a useful sufficient condition for the
continuity on D of the solution u = Tf for the equation au = /.

2. Some lemmas.

LEMMA 1. For {3 > 2,8> 0, and a positive integer m > 4,

f dx < -f3+~
Ji;I~~ (8 + Ixlm)f3lxl r-..J 8 1n.

The following lemma is well known(cf. Range[7]):

LEMMA 2. Let D cc en be a bounded domain with C 2 defining function
r. Suppose that / E C 1(D) and that for some 0 < ex < 1 there is a constant
Cf' such that
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Then f E Aa(D).

We now show that 1m ¢((, z) can be used as a local coordinate on bD. This
can be proved by Range ([7], V-3). But for the reader's convenience, we give
the proof.

LEMMA 3. There are positive constants M, a, and TJ < f, and, for each z with
dist(z, bD)< a, there is a Coo local coordinate system (tl, . .. , t6)= t = t((, z)
on B(z, "l) such that the following hold:

tl((,z)=r((), t(z,z)==(r(z),O,"',O) and t2((,Z)==Im¢((,z),

It((, z)1 < 1 for (E B(z, TJ),
1

IJR(t(·, z»)1 < M, IdetJR(t(·, z))l ~ M'

PROOF. Fix z E bD. Since

it follows that

(2.1) d(¢(z, z) = a(r(z).

Thus, at the point ( = z, one obtains

d(Im¢/\ d(r

Hence, we have the result.

3. Proof of the theorem.

1 - -
2i (aC r - a,r) /\ (a(r + a,r)

1 -
~ar /\ or f=- O.
'l

By differentiating under the integral in (1.1) one obtains

where
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The expressions A j ( (, z) are smooth double forms on D x D, of degree 1 in
z and type (3,1) in (. Let T > °be the smaller of the constants a and 'TJ in
Lemma 3. By using Lemma 2, the compactness of bD, and a partiton of unity,
the estimation of Ijf(z) is reduced to proving the estimates

IIj(xf)(z)1 < CalfIAQlr(z)la+~-2 for zED,

where X is a compactly supported cut off function in B(z, "(). We have

Ih(xf)(z)/

We decompose

(3.1) f(t) = [f(tI, t2, t3, t4, t5, t6) - f(O, 0, t3, t4, t5, t6)] + f(O, 0, t3, t4, t5, t6)'

Corresponding to (3.1), we have 12(xf)(z) = 12l(z) + 122(z) with t'
(t2, t3, t4, t5, t6),

and

(3.2)

In order to estimate (3.2), we first integrate by parts in t2. From (2.1) one
also obtain that 2 d( Re4> = d(r at ( = z, therefore we have

H we choose coordinates tl = r(() and t2 = Im4>((, z) as in Lemma 3, then we
have

8~'" = 0 and 8:;:'" = 1.

Thus, it follows that
84> .
8t2 = z.
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Therefore we have

c/>-2 = i ~2 (c/>- 1
).

Since in (3.2) the term involving f is independent of t2, and since X has
compact support in B(z, ,), by integration by parts, one obtains

which leads to

~ IflvX ) f dt'
JIt'I~l (/t21 + Ir(z)I)lt'1 3

~ C{3lflvXl lr(z)I-,6, °< (3 < 1.

As in the case of I2(X!), we have I3(X!)(Z) = I31(Z) + 132(z), where

and
I32(z) = ( f(O, 0, t3, t4, t5, t6)x(t')k(t', z) dt'.

Jltll~l ¢2It'13

For I32(z), it follows that

II32(z)1 ~ C,6lfILoolr(z)I-,6, °< (3 < 1.

For I4(X!), we have 14(X!)(z) = 141(Z) + 142(z), where

< f dt'
1141 (Z)1 rv IfIAa(bD) JWI5:.1 /¢13-alt'l

and
I42(z) = f f(O, 0, t3, t4, t5, t6)X(t')~(t', z) dt'.

JIt'I~l ¢Jlt'l
By using Lemma 1, it follows that
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Hence we have
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II411 ;S IfIAa(bD)lr(z)la+~-2.

Taking account of the relation

-3 1 a2
-1

¢ = - 2" at~ (¢ ),

it follows that

Thus we have

Hence we have the result.
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