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abstract

Let D be a complex ellipsoid in en. In this paper we study Holder
estimates for solutions of the a-problem in D.

1. Introduction.

Let D be a complex ellipsoid in en. Then D can be written in the following
form.

D=={z:r(z)<O},
n

r(z) == :L IZil 2mi
- 1,

i=1

where mi(i == 1,"',n) are positive integers. We denote by C(o,q)(D) the
space of all C 1 (0, q)-forrns on D. We also denote by Aa,(o,q)(D) the space of
all (0, q)-forrns in D whose coefficients are Lipschitz functions of order a. Let
M == max{2mi}. Let f he a C 1(0, I)-form in D with af == O. Then Range(2]
proved that there exists a Lipschitz function u of order a(a < 11M) in D such
that au == f. On the other hand, Diederich-Fornaess-Wiegerinck[l] obtained
Lipschitz solutions of the a-problem in real ellipsoids. In their paper they
pointed out that Range's result is still valid in the case where a == 1/M. In
the present paper we shall prove the following:

THEOREM. Let D be the complex ellipsoid defined as above. For f E
1 - -

C(o,q)(D),l < q < n, with of == 0, there exists u E A1/ M ,(O,q-l)(D) such
that au == f.

2. Some lemmas.

Define
ar

rj(z) == -a(z),
z'J

*Ilri High School

n

<1>((, z) == L Tj(()((j - Zj).
j=l
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Further we set
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~ rj(()
W = f:t <I>((, z) d(j,

For W=,\W + (1- '\)B, we define

where cq,n are numerical constants. Now we define for a continuous (0, q)-form
f(l < q < n) on D

T'f f = ( f 1\ Rq- 1(W) - ( f /\ nq_ 1(B).
~DXI JD

Then T'{ f satisfies aTrf = f·
H we set nq- 1(W) = d,\ 1\ 0.(1) + 0.(0), then after integrating with respect

to d,\ we have

where 0.(2) is written by using a symbol P = LJ=l rj(()d(j, Q = L~=l d(k 1\

d(k,

Range[2) proved the following:

LEMMA 1. Let M = IDaXi(2mi). Then it holds that for ((, z) E aD x D,

n

(2.1) 14>(, z)1 2: IImq,(, z)\ + Ir(z)l + L l(iI2mi-2Izi - (i1 2 + Iz - (1 M
.

i=l

Let ( E aD. Then ri(() i= 0 for some i. We may assume without loss of
generality that i = n. Then we can choose a small ball fl with center (. We
denote by U a ball with center ( such that U cc fl. By using the partition
of unity argument it is sufficient to estimate JaDnu f 1\ n(2). Now we have the
following.

LEMMA 2. For z, (' E U, we define X2j-1(() = Re((j - Zj), X2j(() =
Im((j - Zj).,j = 1,"',n -1, y(() = Im<P((,z), tee) = r(() + Ir(z)l, then
t, y, Xl, •.• ,X2n-2 constitute coordinates system in U.
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PROOF. In view of the equality

11

we have
8(xl,"', X2n-2, y, t) = -21 aT 1

2
# O.

8(Xl,"', X2n) aCn

This completes the proof of Lemma 2.

We need the following (cf. [1)):

LEMMA 3. Let R be a positive constant and j a non-negative integer. For
A > 0, q ~ 1 and z = x + iy it holds that

( Iz + wljdxdy _ {O(A1-Q) (q > 1)
J'zl<R (A + Iz + wIJlzl 2 )Q - O(logA) (q = 1).

PROOF. We divide the domain of integration into three parts.

{z: Izi < R} =

We only estimate

1
{z : Izi < R, Izi < 2"!wl}

1 1
U{z: lzl < R, Izi > 2!wl, Iz + wi < 21wl}

1 1
U{z: Izi < R, Izi ~ 21wl , Iz + wi ~ 2!w/}.

I - { Iz + wl j
d d

1 - Jlzl<R,lzl<~lwl (A + Iz + wl j lzl 2 )Q X y.

Using polar coordinates we have

Thus we have

{
O(AI-Q) (q > 1)

11 = o(log A) (q = 1).

Using similar methods, we can prove the other cases. This completes the
proof of Lemma 3.

In order to prove our theorem we use the following Hardy-Littlewood argu
ment.



12 Kenz6 ADACHI and Hikaru HORI

LEMMA 4. Let D be a bounded domain in R n with smooth boundary. Then
there exists a positive constant C with the following property: If 9 is a C1

function in D such that for some K > 0 and 0 < Q < 1

Ildg(x)11 ~ Kldist(x, 8D)I-O(x ED),

then it holds that

Ig(x) - g(y)1 < CKlx - yI1-o(x, Y ED).

3. Proof of the theorem.

We set

Then we have
dg = f f 1\ dn(2) .

laD
Thus it is sufficient to estimate the following two integrals:

I - f 8(/3/\ P /\ (a,p)j
1 - laD ipj+2/3n-j-1 '

We set x = (t, y, Xl,"', X2n-2) and x' = (X2j+1, "', X2n-2). Then we have
by using (2.1)

11 ;s f 1(1!2ml -2 .. ·1(jI2mj -
2dydx 1... dX2n-2

l,xj<c (Iyl + t + L:~11(iI2mi-2Izi - (i12+ Iz - (I M )j+21( - zI2n-2j-3

;s f 1(112ml - 2 .. ·1(jI2mj -
2dydx1·· ·dX2n-2

l'xl<c (Iyl + t + L:{=11(iI2mi-2Izi - (i1 2 + Ix'I M )j+2Ix'12n-2j-3

;s f \(11 2ml - 2 .• ·1(jI2mj - 2dx1·· ·dX2n-2

l'xl<c (t + L:{=11(iI2mi-2Izi - (i!2 + Ix'I M )j+1Ix'12n-2j-3'

We set (i - Zi . Wi. Using Lemma 3 we have

11 ;s f IZ1 + wll 2ml - 2 .. '\Zj + Wjl2m j
- 2dx1... dX2n-2

llxl<c (t + L:{=llzi + wil2mi-2lwil2 + Ix'lm)j+llx'1 2n-2j-3

;s f IZ2 +W2!2m2-2 .• ·Izj +WjI2mj - 2dx3'" dX2n-2

l\xl<c (t + L:{=2Izi + wil2mi-2lwil2 + !x'I M )j+1Ix,\2n-2j-3

;s f dX2j+1 ... dX2n-2
ljxl<c (t + !x'I M )lx'12n-2j-3

;s I C dr
10 (t + r M )'
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We set t- I /M r = u. Then we have

< fooo t l
/
M

-
1 < .h '" 1 M du '" (dist(z, 8D))I/M-I.

o +u

Next we estimate 12. Following the estimate of II, we obtain

12 ;s f 11og(t + Ix'IM)ldx2j+l. ... dX2n-2 ;S fC 11og(t + rM)1 dr
J'x'I<c (t + /x'I)2n-2J-2 Jo r + t

< foc 1
10g t

l d < (1 )2'" t r '" og t .
o r+

This completes the proof of the theorem.
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