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PlaneCoutte-PoiseuilleFlowofPower-LawNon-NewtonianFluids

by

GanbatDAVAA',ToruSHIGECHr'andSatoruMOMOKr +

Thefullydevelopd laminarnowofanon-Newtonian fluidflowingbetweentwoparallelplateswith

onemovingplatewasstudiedanalytically.Applyingtheshearstressdescribedbythepower-law model,the

exactsolutionsforthemomentumequationwereobtained.

Theeffectsofthevelocityofamovlngplateandtheflowindexofanon-Newtonianpower-lawfluid

onthevelocitydistributionandfrictionfactorhavebeendiscussed.

I.Introduction

Problemsinvolvingfluidflow andheattrans-

ferwithanaxiallymovingcoreofsolidbodyor

fluidinanannulargeometrycanbefoundin

manymanufacturingprocesses,such asextru-

sion,drawingandhotrolling,etc.Ⅰnsuchproc-

esses,ahotplateorcylindricalrodcontinuously

exchangesheatwiththesurroundingenviron-

ment.Forsuchcases,thefluidinvolvedmaybe

Newtonianornon-Newtonianandtheflowsitua-

tionsencounteredcanbeeitherlaminarortur-

bulent.

Inthepreviousreport(1),fullydevelopedlami-

narheattransferofaNewtonianfluidflowing

betweentwoparallelplateswith onemoving

platewasanalyzedtakingintoaccountthevis-

cousdissipationoftheflowingfluid.

Inengineeringapplicationssuchasmanufac-

turingprocesses,manylmpOrtantfluidsarenon-

Newtonianintheirflow characteristics.

Inthispaper,anexactsolutionofthemomen-

tum equation isobtained forfully developed

laminarflow ofanon-Newtonianfluidflowing

betweentwoparallelplateswith onemoving

plate.Theconstitutiveequation (i.e.,theshear

stress-shearraterelation)foranon-Newtonian

fluidisdescribedbythepower-law modelmost

frequentlyusedinnon-Newtonianfluidflowand

heattransfer.Theeffectsoftherelativevelocity

ofamovingplateandtheflowindexofapower-

1awfluidonthevelocitydistributionandfric-

tionfactorhavebeendiscussed.

Nomenclature

C integrationconstant

p pressure

〟 axialvelocityoffluid

u.dimensionlessvelocity … u/um
um averagevelocityoffluid

Ⅳ axialvelocityofthemovingplate

U● relativevelocityofthemovingplate

y coordinatenormaltothefixedplate

y' dimensionlesscoordinate= y/L
z axialcoordinate

p density

エ channelwidth

m consistencyindex

n flow index

′ frictionfactor

F dimensionlessparameter

Re'generalizedReynoldsnumber

Subscripts

Ofixedplate
L movingplate

2.Analysis

Thephysicalmodelfortheanalysisisshown

inFig.1.Theassumptionsandconditionsused
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intheanalysisare:

1.Theflow isincompressibleand steady-

1aminar,andhydrodynamicallyfullydeve1-

oped.

2.Thefluidisnon-Newtonianandtheshear

stressmaybedescribedbythepoweトlaw

model,and physicalpropertiesare con-

stant.

3.Eitheroftwoparallelplatesisaxiallymov-

ingataconstantvelocity.

Thegoverningmomentum equation together

Withtheassumptionsdescribedaboveis

dT= dp
dy dz

Theboundaryconditionsare:

(:
0aty- 0

Uaty-L

(1)

(2)

TheshearstressonthelefthandsideofEq.(1)

T,isgivenbythepower-lawmodel.

dur-lduT=-m (3)

ForaNewtonianfluid,n-Iandm coincides

withtheordinaryviscosity.

Thefrictionfactor,∫,andgeneralizedReynolds

number.Re',aredefinedas

I - 意 (一豊)

Re'=pu㌃乃(2L)A
〝l

Theaveragefluidvelocity,um,isdefinedas

1

u桝 = 7 LL udy (6)

Thefollowingdimensionlessparametersarein-

troduced:
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Forthecasewithamovingplate,twokindsof

velocityprofilesacrosstheparallelplates'passage

maybeassumedasillustratedinFigs.1and2.The

velocityprofileshowninFig.1hasamaximumat

y-L棚J Whereasithasnomaximum pointin
Fig.2.Thetwocasesarerespectivelyreferredtoas

CaseIandCaseII.

CaseI:Theshearstressiscalculatedas

ド --(普 )n(o≦訂≦L- )

7-- ト 音 )n (L- ≦y≦L)

(a) 0≦y≦Lw O≦y●≦L'W
Themomentum equationanditsboundarycon-

ditionsarereducedto

意 (普 )～- - F (13)

u:-0aty' -0
whereF isaparameterdefinedas

〃 +1f･Ret _-
2 m･u:

(14)

(-% ) -F (15)

Sincethevelocitygradientiszeroatthelocation

ofmaximumvelocity,

普 -oaty'-L㌫ ∫ (16)

TheintegrationofEq.(13)togetherwithEq.(16)

glVeS

豊 郷 (LL -yり言 (17)

1 1

ⅠntegratingEq.(17)togetherwithEq.(14),we

have

a:-蓋 貢[L孟宗 -(LL -y･)竿] (18)

(b) L加工≦y≦L (LL,I≦y事≦ l)

Themomentum equationanditsboundarycon-

ditionsarereducedto

意 (一豊 )A-F (19)

u言-U'aty'-l (20)

Sincethevelocitygradientiszeroattheloca-

tionofmaximum velocity,

普 -oat y･-LL

Fjxedplate

Non-NOwtonianL FluidFlow■一一■■ー tyーu Lmax
-_ a

Movingplate

(21)

Fig.1Schematicofparallelplateswithonemov-
ingplateforthecaseofvelocityprofilesas-
sumedinthisanalysis(Casei)
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TheintegrationofEq.(19)togetherwithEq.(21)

glVeS

座星ニ ーF;(y-LLw)71 1

dy' (22)

IntegratingEq.(22)togetherwith Eq.(20),we

have

ub･-U･.荒 Fi l(1-LL u )豊

-(y- L㍍ y誓 ]
(23)

ThevaluesofF and L㌫Jremain unknown.
Theyaredeterminedbelow.

From thecontinuityofvelocitiesattheloca-

tionofmaximum velocity:

ua'-ub'aty'-LLar (24)

Wehavethefirstrelationshipbetween F and

U'

Lニ;{-(1-LLar) (25)

From themassbalancebetweentwoplates:

Llu･dy･-LL㌔ =dy･･ILLub･dy･-I (26)
wehavethesecondrelationshipbetweenF and

LLZr.

1-(I-L㌫ェ)U'
L㌃ +(I-LLS

CombiningEq.(25)andEq.(27),wehavethefor

lowingrelationshipamong U',L㌫Jandn.

U･-[L憲 一(卜 LL.)T]/
[L憲 1荒 くL憲 吐+(I-LL=)響)]

(28)

CaseII:Theshearstressiscalculatedas

T=-m
(i )A(0≦y≦L) (29)

Themomentum equationanditsboundarycon-

ditionsarereducedto

d

dy'

(
(ddS ru'-Oaty'-0
u'-U'aty'-l

IntegratingEq.(30),wehave

du+ I I

面 = F;(C~y')言
(32)

31

TheintegrationofEq.(32)gives

u書-荒 Fi [C誓 - (C-y り崇 ] (33)

whereC isanintegralconstant.Applyingthe

boundaryconditionsofEq.(31)toEq(33),we

have

U･-荒 Fi[C豊 - (C-I)豊 ] (34)

From themassbalancebetweentwoplates:

fl[了宝FH c豊 -(C-打つ誓 )]dy･-1
(35)

IntegratingEq.(35),wehave

荒 Filc誓 一十荒 く(C-1)豊 -C豊 )]-1

(36)

thus,F isobtainedas

F-[l島 [C誓 +1荒 く(C-1)響-C苛 ]r
(37)

CombiningEq.(34)andEq.(37),wehavethefoL

lowingrelationshipamongC,n,and U'.

U･-[C誓 -(C-I)Jil]/

[C誓 .了荒 く(C- 1)豊 -C豊 )]
(38)

ThenumericalvaluesofLLLrfortheCaseIand

C fortheCaseIIarecalculatedandgiven,re-

spectively,inTablesIand2.Uq'isacritical
valuethatshowstheborderbetweenCaseIand

CaseII,andgiven,fromEq.(28)withL㌫J-1as

U3-
1+2n

l+n

Fixedplate

Non-Newtonian ーy

L FluidFlow U二:コ
Movingplate

(39)

Fig.2Velocityprofileassumedinthisanalysis
(CaseII)
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Teble1 Dimensionlesslocationatthemaximum velocity,L㌫ェ

CASEI:L㌫J

n U.
-2.0 -1.5 -1.0 -0.5 0.0 0.5 1.0 1.5 US

0.1 0.4776 0.4812 0.4857 0.4916 0.5000 0.5143 0.5681 1.0909
0.2 0.4621 0.4681 0.4756 0.4856 0.5000 0.5244 0.5987 1.1667
0.3 0.4509 0.4585 0.4681 0.4811 0.5000 0.5319 0.6178 1.2308
0.4 0.4424 0.4511 0.4624 0.4777 0.5000 0.5376 0.6311 1.2857
0.5 0.4358 0.4454 0.4578. 0.4749 0.5000 0.5422 0.6409 1.3333
0.6 0.4305 0.4407 0.4542 0.4726 0.5000 0.5458 0.6484 1.3750
0.7 0.4261 0.4369 0.4511 0.4708 0.5000 0.5489 0.6544 1.4118
0.8 0.4224 0.4337 0.4485 0.4692 0.5000 0.5515 0.6592 1.4444
0.9 0.4193 0.4309 0.4463 0.4678 0.5000 0.5537 0.6633 1.4737
1.0 0.4167 0.4286 0.4444 0.4667 0.5000 0.5556 0.6667 1.0000 1.5000
1.1 0.4144 0.4265 0.4428 0.4656 0.5000 0.5572 0.6696 0.9719 1.5238
1.2 0.4123 0.4247 0.4413 0.4647 0.5000 0.5587 0.6721 0.9521 1.5455
1.3 0.4106 0.4231 0.4401 0.4639 0.5000 0.5599 0.6743 0.9378 1.5652
1.4 0.4090 0.4217 0.4389 0.4632 0.5000 0.5611 0.6762 0.9270 1.5833
1.5 0.4076 0.4205 0.4379 0.4626 0.5000 0.5621 0.6780 0.9187 1.6000
1.6 0.4063 0.4193 0.4370 0.4620 0.5000 0.5630 0.6795 0.9121 1.6154
1.7 0.4051 0.4183 0.4361. 0.4615 0.5000 0.5639 0.6809 0.9068 1.6296
1.8 0.4041 0.4174 0.4354 0.4610 0.5000 0.5646 0.6822 0.9024 1.6429
1.9 0.4031 0.4165 0.4347 0.4606 0.5000 0.5653 0.6833 0.8987 1.6552
2.0 0.4022 0.4157 0.4340 0.4601 0.5000 0.5660 0.6843 0.8956 1.6667

Teble2 IntegrationconstantC forCaseII

CASEII:C

n U+
1.5 1.6 1.7 1.8 1.9 1.99

0.1 5.0905 6.8662 9.7352 15.3693 32.1050 332.1608
0.2 2.7738 3.6681 5.1075 7.9285 16.2996 166.3301
0.3 2.0082 2.6071 3.5685 5.4504 ll.0322 111.0533
0.4 1.6306 2.0805 2.8016 4.2130 8.3993 83.4150
0.5 1.4082 1.7676 2.3437 3.4720 6.8201 66.8321
0.6 1.2637 1.5617 2.0402 2.9790 5.7679 55.7768
0.7 1.1638 1.4169 1.8250 2.6279 5.0168 47.8803
0.8 1.0920 1.3104 1.6650 2.3654 4.4538 41.9579
0.9 1.0391 1.2295 1.5418 2.1620 4.0163 37.3516
1.0 1.0000 1.1667 1.4444 2.0000 3.6667 33.6667

3.ResultsandDiscussion

Figure3Showstheeffectsoftherelativeve-

locityofthemovingplate U'Onthevelocity

profilesacrosstheparallelplatesforthecases

ofn-0.2,0.5,I.0and1.5.Thecaseofn-l

correspondstothatofaNewtonianfluid.Itis

seenclearlyinthefiguresthattheprofilesof

thefluidvelocityaredeformedbythemoving

platewitharelativevelocity U' .

Figure4Showstheeffectsoftheflowindex

nofthepower-lawfluidonthevelocityprofiles

acrosstheparallelplatesforthecasesofU'-

-I.5,0,I.0andI.5.ThecaseofU'- Ocorre-

spondstothatofbothplatesfixed.Itisseenin

thefiguresthatforU'<0thevelocityprofileis
parabolichavingalargermaximum valuewith

increasingvaluesofn.Thevelocityprofilesare

stronglyaffectedbytheflowindexn.For U'

>0thevelocityprofilesbecomelinearastheef-
fectoftheaxialpressuregradientinthefluid

diminishesandthefluidflow isgovernedonly

bytheshearnowinduced bythemovingplate.

Inthiscase,theeffectofn isratherweak.

Thepredictedfrictionfactorsintermsof,
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fRe'areshowninFig.5.Theeffectofn isto

increasethevalueofJRe'withanincreasein

n.

Figure6showstheeffectofnonfRe',nor-

0.1 0.5 1.0 1.5 2_0

n

Fig.5Frictionfactor

35

malizedbythevalueoffRe'(U･-o)forthecase

ofU'-0.ForU'>0,theratioJ72e'/J伊e'(U･=o)
isalwayslessthanunity.TheeffectofU' be-

comesstrongerinthereglOnOflargervaluesof
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Fig.6Frictionfactorratio

Teble3 NumericalvaluesoffRe'

n U*
-2.0 -1.5 -1.0 -0.5 0.0 0.5 1.0 1.5

0.1 3.1241 3.0919 3.0540 3.0073 2.9455 2.8495 2.5503 0.2480
0.2 4.4048 4.3075 4.1959 4.0629 3.8946 3.6527 3.1007 0.5378
0.3 6.0599 5.8503 5.6146 5.3416 5.0090 4.5605 3.7205 0.8858
0.4 8.2406 7.8496 7.4181 6.9300 6.3553 5.6218 4.4333 1.3037
0.5 ll.1321 10.4591 9.7291 8.9218 8.0000 6.8795 5.2599 1.8042
0.6 14.9754 13.8747 12.7006 ll.4294 10.0191 8.3793 6.2228 2.4003
0.7 20.0886 18.3505 16.5268 14.5924 12.5041 10.1735 7.3471 3.1057
0.8 26.8932 24.2185 21.4569 18.5856 15.5663 12.3238 8.6615 3.9336
0.9 35.9491 31.9124 27.8108 23.6291 19.3423 14.9035 10.1995 4.8958
1.0 48.0000 ･42.0000 36.0000 30.0000 24.0000 18.0000 12.0000 6.0000
1.1 64.0339 55.2245 46.5538 38.0477 29.7460 21.7181 14.1085 7.2492
1.2 85.3638 72.5590 60.1535 48.2129 36.8349 26.1833 16.5782 8.6596
1.3 113.7338 95.2770 77.6759 61.0515 45.5801 31.5462 19.4712 10.2619
1.4 151.4617125.0460100.2492 77.2647 56.3679 37.9873 22.8602 12.0926
1.5 201.6265164.0486129.3253 97.7373 69.6744 45.7234 26.8305 14.1928
1.6 268.3184215.1240166.7728123.5849 86.0861 55.0145 31.4818 16.6084
1.7 356.9710282.0658214.9959156.2151106.3257 66.1727 36.9308 19.3912
1.8 474.8019369.7145277.0880197.4031131.2839 79.5726 43.3143 22.6007
1.9 631.3978484.4938357.0297249.3883162.0580 95.6637 50.7923 26.3046
2.0 839.4918634.7873459.9420314.9947 200.000 114.9855 59.5522 30.5810
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n(n>I.0).ThenumericalvaluesofJ72e'are
glVeninTable3.

4.Conclusion

TheplaneCoutte-Poiseuilleflowofpower-law

non-Newtonianfluidwasanalysed.

Thepresentstudyshowedthatforequalcon-

ditions:

1.Thevelocityprofilesarestronglyaffectedby

theflowindex,n,forthecaseofU'<0.
1nthiscase,thevelocityprofileisparabolic

havingalargermaximum valuewith in-

creaslngValuesofn.ForthecaseofU'>
0,theeffectofn onthevelocityissmall

andtheprofilebecomeslinear.

2.Thefriction factorin termsofJRe' de-

CreaseswithincreasingvaluesofU'.
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