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Consideration is given to the effects of viscous dissipation on the developing heat transfer between
a fully developed laminar non-Newtonian Huid How and a concentric annular geometry with a moving
heated core. In this report, the results with the third and fourth kinds of thermal boundary condition
are presented. Applying the shear stress described by the modified power-law model, the energy
equation including the viscous dissipation term is solved numerically. The effects of radius ratio, How
index, relative core velocity, dimensionless shear rate parameter and Brinkman number on temperature
distribution and Nusselt numbers are discussed.

1. Introduction

In the previous report(l), numerical solutions
the heat transfer of a non-Newtonian Huid in a
concentric annulus with an axially moving core
were obtained for thermal entrance region with
first and second boundary conditions.

In this paper, the entrance-region heat transfer
between a fully developed laminar fluid flow and
a concentric annular geometry with a moving
heated core is studied numerically. Applying
the fully developed velocity profile reported for
the modified power-law model in the previous
report(2) , the energy equation including the
viscous dissipation term is solved numerically
using the finite difference method for the thermal
boundary conditions of third kind and fourth
kind. The effects of the radius ratio, relative
velocity of the core, the flow index and dimen­
sionless shear rate parameter and Brinkman
number on the temperature distribution and
Nusselt numbers are discussed.

Nomenclature

Br Brinkman number
Cp specific heat at constant pressure
Db hydraulic diameter == 2(Ro - Ri)
k thermal conductivity
m consistency index
n How index
Pe Peclet number
r radial coordinate
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r* dimensionless radial coordinate == r / Dh
R radius
q wall heat flux
T temperature
Urn average velocity of the fluid
u* dimensionless velocity == u/urn

U* dimensionless relative velocity of the
moving core == U/ Urn

Z axial coordinate
z* dimensionless axial coordinate

= Z/(PeDh)

Greek Symbols

a radius ratio == RdRo
/3 dimensionless shear rate parameter
""a apparent viscosity
.,.,: dimensionless apparent viscosity == ""a/""*
.,.,* reference viscosity
p density
~ transformed dimensionless radial

coordinate == [2(1 - a)r* - 0]/(1 - a)

Subscripts

b bulk
e inlet

inner tube
ii at the inner wall with the inner heated
o outer tube
oi at the outer wall with the inner heated

2. Analysis

The physical model for the analysis is shown in
Fig.l. The inner core tube is moves axially at a
constant velocity, U. The assumptions used in the
analysis are:
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1. The flow is incompressible, steady-laminar,
and fully developed hydrodynamically.

2. The fluid is non-Newtonian and the shear
stress may be described by the modified
power-law model(3), and the physical prop­
erties are constant except viscosity.

3. The body forces and axial heat conduction
are neglected.

Heat transfer

The energy equation together with the assump­
tions above is written as

Fixed tube

o
.... a::

Moving Core

Fig.l Schematic of a concentric annulus with an
axially moving core
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Thus, the various Nusselt numbers are calcu­
lated as:

1 8 (*8()) B * (du*)2 _ *8() (15)-- r - + r· '" - - U -r* 8r* 8r* a dr* 8z*

k [T(4) - Te]
()(4) == ----= _=_

qjDh

the energy equation and the boundary conditions
may be expressed in the dimensionless forms as

Introducing a dimensionless temperature, (), de­
fined as

(1) The boundary condition of the third kind:

{

()(3) = 1 at r* = 2(lC:a )

88(S) * 1 (16)
a;:;r = 0 at r = 2(1-a)

(2) The boundary condition of the fourth kind:

{
d:C:) = -1 at r* a

r = 2(1-a) (17)

()(4) = 0 at r* = 12(1-a)

(1)

(7)

(6)

(k = 3 or 4) (4)

for k = 3 or 4 (5)

k!~ (r8T) + T (dU) = ()Cpu 8Tb.
r 8r 8r dr 8z

z = 0: T(k) = T e

for Rj:5 r :5 Ro

The velocity, u, and its gradient, t, the shear
stress, T, have been evaluated and reported in the
previous report (2) •

The thermal boundary conditions:
(1) The third kind (constant wall temperature at
the moving core with the outer tube insulated):

{

T(3) = Ii(3) at r = Rj
<lfT'(S) (2)
9r,:- = 0 at r = Ro

(2) The fourth kind (constant heat flux at the
moving core and the temperature of the outer tube
is kept equal to the uniform entering fluid temper­
ature):

{
_k8'Jj~4) = qj at r = Rj (3)

T(4) = T e at r = Ro

The initial condition is:

where the heat transfer coefficients are defined as:

k 8T(S) I
(3) _ - ar R;

hii = T(3) 1'J"l(3)
j - ~b

The Nusselt numbers are defined as:

(k) h~.k) . Dh
N U.. = -=:..11-:--_

11 k

(4) h(~) • Dh
Nu. = ~Ol_---:;:;,.

01 k

(8)

(9)

The initial condition is:

z* = 0: ()(k) = 0

a 1
for 2(1 _ a) ~ r* ~ 2(1 _ a) (k = 3 or 4)(18)
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where The effects of the relative velocity, U*, on the
development of temperature profiles are demon­
strated in Figs.2a and 2c for the third kind of
boundary condition (k = 3). It is seen that the
fluid temperature increase is less rapid for larger
values of the core velocity.

The effects of viscous dissipation on the devel­
opment of temperature profiles for Q = 0.5, n =
0.5, f3 = 105 and U* = 1.0 for the third kind of
boundary condition (k = 3) are shown in Fig.2a
and 2d.

The effect of the moving core velocity on Nus­
selt number at the tube walls are shown in Figs.3a
to 3c at given values of Br = 0.0 and a = 0.5 for
three different fluids (n < 1.0 pseudoplastic, n =
1.0 Newtonian and n > 1.0 dilatant).

The calculation results of the particular case of
Newtonian fluids (n = 1.0) with neglected viscous
dissipation (Br = 0.0) are compared with the pre­
dictions by Shah and London(4) for the stationary
core (U* = 0) and by Shigechi and Araki(5) for
the moving core (U* = 1.0), respectively. Even at
small values of z*, it can be seen in Figs.3a, 3b
and 3c that the agreement is excellent. The effect
of the relative velocity of the moving core tube
is always to increase the values of Nusselt num­
bers, N 'Uii and to decrease the values of Nusselt
numbers, N Uoi, for the given conditions of a and
Br.

The viscous dissipation effects on Nusselt num­
ber are shown in Figs.4 to 6 for two different flu­
ids. With an increase in Brinkman number NUii

decreases for U* = 0.0 and N'Uoi increases for U*
= 0.0 and U* = 1.0.

For the third kind of boundary condition Br
effects strongly on N Uii in both the thermally de­
veloping and developed regions when the core is
fixed. N Uii decreases with an increase in Br. For
the moving core in the thermal entrance region
the effect of the Br on NUii is almost negligible
but in the fully developed region N Uii increases
with an increase in Br.

For the fourth kind of boundary condition, Br
has a strong effect on N Uii at the thermally fully
developed region while the core is fixed. But
for the case of the moving core the .effect of the
Brinkman number is very small at both the ther­
mal entrance region and the fully developed re­
gion.

4. Conclusions

The heat transfer between a fully developed
laminar fluid flow and concentric annular geom-

(19)
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(23)

(24)

~z* = 10-9

~z* = 10-3

NU~.4)
11

1
2(1-",)

O(k) - 8(1-a) I * o(k) *d *
b - U r r

l+a
2(1~0<)

* 2Br(4) == TJ Urn

Dhqi

The dimensionless apparent viscosity, TJ~, and ref­
erence viscosity, TJ*, have been reported in the pre­
vious report(2).
Nusselt numbers at the tube walls:

(3) 1 ao(3) I
N uii = - 1 _ 0(3) ar* 0<

b 2(1-"')

(4) 1 00(4) I
NUoi = 0(4) _ (J(4) ar* 1

o b 2(1-0<)

where the dimensionless bulk temperature, ~, is
defined as

3. Results and discussion

The calculation has been carried out by using
the finite difference method. The range of param­
eters considered are:

The radius ratio: 0.2 ~ a ~ 1.0
The relative velocity: 0 ~ U* ~ 1.0
The flow index: 0.5 ~ n ~ 1.5
Dimensionless shear rate parameter:

10-5 ~ f3 ~ 105
Brinkman number: 0.0,0.01, 0.05 and 0.1.

The mesh sizes used in the numerical calculation
are shown below.
a. Axial direction (~z*):

0< z* ~ 10-3 :

10-3 < z* ~ 1 :
b. Radial direction (~~)

~~ = 1/100.
The development of the non-dimensional temper­
ature profiles in the thermal entrance region of a
concentric annulus with a heated core for the two
kinds of the boundary conditions (k = 3 and 4)
are presented in Fig.2a and Fig.2b, respectively,
for the same condition ( a = 0.5, n = 0.5, power
law fluid (f3 = 105) and U* = 1.0). The figures
illustrate clearly how the temperature profiles de­
velop for the two different boundary conditions.
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Fig.2.a Development of temperature profiles
(3rd kind)
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For equal conditions, increasing U*, an increase
in Nusselt numbers N'Uii as NUoi decreases for all
the cases of 1st, 2nd, 3rd and 4th kind. Br affects
strongly on Nusselt number at the unheated fixed
tube.

Fig.2.b Development of temperature profiles
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Fig.4.a Nusselt numbers, NUii, for n = 0.5, U· = 0.0 and 1.0 (3rd kind)
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Fig.5.a Nusselt numbers, NUii, for n = 0.5, U· = 0.0 and 1.0 (4th kind)
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Fig.6.a Nusselt numbers, NUoh for n = 0.5, U· = 0.0 and 1.0 (4th kind)
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Fig.6.b Nusselt numbers, NUoi, for n = 1.0, U· = 0.0 and 1.0 (4th kind)
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