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Effects of viscous dissipation and fluid axial heat conduction on
entrance-region heat transfer in parallel plates

(Part II: The thermal boundary condition of the second kind)

by
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In the present paper, the extension of the work on the combined effects of viscous dissipation, fluid
axial heat conduction and moving boundary to cover the thermal boundary condition of constant wall
heat flux is considered. The laminar forced convection in parallel plates is investigated under the
assumptions of hydrodynamically fully developed non-Newtonian fluid flow, the uniform temperature
at upstream infinity and a step change in wall heat flux at z = O. The temperature distribution of the
fluid for -00 < z < 00 is determined and the effects of relative velocity of the moving plate, Brinkman
number and Peclet number on developing temperature distribution and Nusselt number are discussed.

1. Introduction
The analysis of thermally developing heat transfer
in parallel plates has been considered for the
boundary conditions of constant heat flux and
this is an extension of the previous report (1) . This
paper is concerned with the laminar heat transfer
of non-Newtonian fluids in parallel plates of
infinite extend. The aim of this paper is to clarify
the combined effects of viscous dissipation of the
flowing fluid, relative velocity of the moving plate
and fluid axial heat conduction on the developing
heat transfer.
Nomenclature

Br modified Brinkman number
cp specific heat at constant pressure,

[JI (kg· K)]
Dh hydraulic diameter, Dh = 2L [m]
E constant of the axial transformation
f friction factor
h heat transfer coefficient [WI (K m2) ]

k thermal conductivity, [W I (m· K)]
L distance between the parallel plates, [m]
m fluid consistency [N sn I m2 ]

n flow index
NuNusselt number
Pe Peclet number
ReM modified Reynolds number
PrM modified Prandtl number
T temperature, [K]
u fully developed velocity profile, [m/s]
Urn average velocity of the fluid

Urn == t Jo£ udy [m/s]
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u* dimensionless velocity == ulum

U axial velocity of the moving plate, [m/s]
U* dimensionless relative velocity of the

moving plate == UIUrn

y coordinate normal to the fixed plate, [m]
y* dimensionless coordinate
z axial coordinate, [m]
z* dimensionless axial coordinate
Zt transformed axial coordinate

Greek Symbols

f3 dimensionless shear rate parameter
TJa apparent viscosity, [kg/(m· s)]
TJ~ dimensionless apparent viscosity == TJal TJ
TJo viscosity at zero shear rate, [kg/(m· s)]
TJ reference viscosity, [kg/(m· s)]
p density, [kg/m 3 ]

T shear stress, [N/m2]

() dimensionless temperature

Subscripts

I I the second kind of boundary condition
b bulk
e entrance or inlet
f d fully developed
lw lower plate
uw upper plate

2. Analysis
The physical model for the analysis is shown in
Fig.1. The lower plate moves axially at a constant
velocity, U. The assumptions and conditions used
in the analysis are:
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(1)

o The flow is incompressible, steady-laminar,
and fully developed hydrodynamically.

\!) The fluid is non-Newtonian and the shear
stress may be described by the modified
power-law model(2), and physical properties
are constant except viscosity.

e The body forces are neglected.

o The entering fluid temperature, Te , is uni
form at upstream infinity (z -----+ -00) and the
upper wall is insulated. Constant heat flux
at the lower wall for 0 :s; z, whereas for 0 < z
the lower wall is insulated.

The energy equation together with the assump
tions above is written as

in 0 :s; y :s; L, and -00 :s; z :s; 00 UmDh
Pe = ReM' PrM = -

a
(10)

With the substitution of the above quantities into
the dimensional formulation, the dimensionless
energy equation and boundary conditions are ob..,
tained as

k 8T=0 at y=O, O:S;z8y
8T at y=L, O:S;zk 8y=qlw

8T at y=O, z<Ok 8y =0

k~;=O at y=L z<o, ,

lim T=Te , O<y<L
z·..... -oo

lim T=Tjd(y, z), 0< y < L.
2-++00

(2)

Cpr]
PrM==

k
(11)

From the solutions of Eq.(1) with Eq.(2), some
thermal quantities are obtained as

@ bulk temperature, n:
in 0 :s; y* :s; ~ and -00 :s; z* :s; 00

_ foL
uTdy

Tb = ~L"---
fa udy

El Nusselt number, Nu:

hDh
Nn ==--. k

c heat transfer coefficient, h:

h = qlw

Tlw-n

(3)

(4)

(5)

.M.-O at y*=O, o:s; z*8y·-

.M.-1 at y*=1/2, o:s; z*8y·-

.M.-O at y*=O, z* < 08y·-
8() at y*=1/2, z* < 08y·=0

lim 8=0, 0< y* < 1/2
z*---+-ex::

lim 8=8jd(y*,Z*), 0< y* < 1/2.
z*---++oo

(13)

For infinitely large values of the axial distance
(z* -----+ (0), thermally fully developed region is
reached. In the thermally fully developed region,
the temperature solution is a linear function of the
axial coordinate. Therefore the solution is sought
in the form:

The following dimensionless quantities are intro
duced

y*
y * z (6)z =--

D h PeDh

( )l-n1l*
U (3 = r]0 Urn (7)

'Um m Dh

8jd = Cz* + 'ljJ(y*) (14)
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V = BrIIrJ~ (~~:) 2 (17)

On the other hand, in the thermally developed
region

(25)

Substitution of Eq.(14) into Eq.(12) yields

d
2

'l/J = Cu* - V
dy*2

{
fF?=0 at y*=O,

~-1 at y*=1/2dy*-

where

(15)

(16)

The coefficient C was obtained from Eqs.(15) and
(24) as

(
0.5 )

C = 2 1 +!Vdy'

'l/J(y*) was calculated from Eq.(15) with Eq.(16)
by the finite difference method. ()jd(y*, z*) was
obtained by calculating Eq.(14) and used as a
boundary condition to solve the problem.

In order to convert the upstream and down
stream infinities, the dimensionless axial coordi
nate z* is transformed according to the relation
employed by Verhoff and Fisher(3) as follows:

dTb/dz in Eq.(18) is evaluated, from an energy
balance, as

(26)

(27)

1 z*
Zt = -; arctan Eor

III 0 ::; y* ::; ! and -0.5 ::; Zt ::; 0.5

z* = E tan 7rZt

By introducing the transformed coordinate Zt, the
energy equation Eq.(12) and the boundary condi
tions Eq.(13) become

8() 82
() 82

() (dU* ) 2

A 8zt = 8y*2 + B 8z1 + rJ~BrII dy*

(18)

(19)
{

B~£d=O at y=O

k BTjd LBy =qlw at y=

(20)

Substitution of the above balance into Eq.(18)
gives,

where

A = COS27rZt (* _1_ sin 27rZt)
7rE U + Pe2 E

B = _1_ (cos
2

7rZt ) 2

Pe2 7rE

(28)

(29)

By introducing the relevant dimensionless quanti
ties the above equation becomes

k 82Tjd (du)2 _ 2qlwu [ trJa(~~rdY]-- + rJa - - -- 1 + ..=.....-----
8 y2 dy UmDh Qlw

(21)

~:!2d = 2u' (1 + l'VdY') - V

According to Eq. (14)

82()jd d2'l/J
8y*2 = dy*2

Thus

2 (0.5)
:Y~ = 2u' 1+! V dy' - V

(22)

(23)

(24)

::*=0 at y*=O, o::; Zt

~-1 at y*=1/2, o::; ZtBy*-
Be -0 at y*=O, Zt < 0By*-

::*=0 at y*=1/2, Zt < 0
(30)

lim ()=O, 0< y* < 1/2
Zt--->-0.5

lim ()=()jd, 0< y* < 1/2.
Zt--->+O.5

N U at the lower wall is

(31)

3. Results and discussion
In the previous report (1) , the analysis of the ther
mally developing laminar forced convection in par
allel plates with one plate moving had been per
formed by taking into account viscous dissipation
of flowing non-Newtonian fluids and fluid axial
heat conduction. In this paper the work presented
previously(1) for constant wall temperature
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Fig.2 \Vall temperatures and N u for various Pe
(U* = 0 and U* = 1 )

has been extended to the case of constant wall
heat flux. The results are discussed in terms of
temperature profiles and N u numbers for differ
ent relative velocity of the lower wall and fluid
properties. The results are presented graphically
in dimensionless form and the effects of relative
velocity of the moving plate, viscous dissipation

and fluid axial heat conduction are demonstrated.

The range of parameters considered and the cal
culation technique are the same as in the counter
part reported in the previous report(l). In order
to verify the accuracy of the present calculation,
the results are compared for the special cases and
shown in Fig.2. Temperature of a Newtonian fluid
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at the upper and lower walls and N u at the heated
lower wall are shown for Br = 0.0 and for various
Pe number in Fig. 2 for the relative velocity of
U* 0.0 and 1.0. It is shown the Nusselt number
and the temperature at the walls corresponding to
Pe -+ 00 agree excellently with those obtained by
Shah and London(4), and Shigechi and Araki(5),
who analyzed the corresponding problem by as
suming negligible fluid axial heat conduction and
viscous dissipation. From the N u curves demon
strating the effect of fluid axial heat conduction
for a Newtonian fluid, it is seen the effect of fluid
axial heat conduction is considerable for small val
ues of Pe and in the fully developed region there
is no fluid axial heat conduction effect.

Figure 3 illustrates the variation of local fluid
temperature profiles for the cases of U* 0.0 and
1.0. These results, which are for Br = 0.0; 0.05;
0.1 and, for Pe = 10 and Pe -+ 00 show the
combined effects of viscous dissipation and fluid
axial heat conduction on the developing temper
ature profiles with regard to U*. The solid and
dashed lines stand for the results for negligible
(Pe -+ 00) and considerable (Pe = 10) fluid axial
heat conduction cases, respectively. In the insu
lated wall region (z* < 0) the fluid temperature is
seen to be sufficiently large for large Br and small
Pe. In fact, it can be seen that the fluid tempera
ture increases significantly before the fluid reaches
the heated wall because of the heat generated by
viscous dissipation and the heat conducted up
stream.

That is not the case for Pe -+ 00 and Br =

0.0. The fluid temperature does not increase in
z* < O. As soon as z* becomes positive, the fluid
temperature profile undergoes rather rapid change
because of the wall heat flux, causing a relatively
abrupt decrease of N u at the wall as it is seen in
Nu curves.

It is also seen if the channel is infinitely long,
there may be generated a significant amount of
heat due to viscous shear heating (Br > 0) when
the walls are insulated. Thus the value of the fluid
temperature increases sufficiently.

From the developing temperature profiles it is
seen for the second kind of boundary condition,
the wall-to-fluid temperature difference is small,
whereas the effect of viscous dissipation on hyat
transfer is more significant.

Figures 4-6 present the calculation results on
the N u number, defined with respect to the tem
perature difference of bulk to wall temperature
for a pseudoplastic fluid whose n = 0.5 and f3 =

1. These curves clearly exhibit the trend of N u in
the thermal entrance region by comparison them
with the relative velocity U*.

It can be observed that, from the Nu curves
(Figs.2 , 4-6), Nu tends to decrease near z*=O.O
as Pe reduces below 100. This tendency is ex
actly identical to that found in a paper(6) by pre
vious researchers who studied heat transfer with
neglected viscous dissipation in a fixed concentric
annuli. The Nusselt curves for various Pe num
bers, however, cross each other and reverse their
orders of magnitude before reaching the fully de
veloped values. It can also be noted that, for
a fixed value of z*, N u at the moving wall is
larger than the corresponding N u at the station
ary wall. It is seen that N u remains almost con
stant throughout the thermal entrance region if
Pe is small. This trend also had been observed
for the thermal boundary condition of the first
kind.

In Fig. 7 the combined effect of viscous dissipa
tion and fluid axial heat conduction is shown by
comparing them with the relative velocity of the
lower plate. From Fig.7 it is seen that the effect of
Br on Nusselt number is different depending on
the relative velocity, U*. In the fully developed
region, viscous dissipation has a definite effect for
both cases of a fixed walls (U* = 0.0) and a mov
ing wall (U* = 1.0). Nu decreases with an increase
in Br for a fixed wall (U* = 0.0) and vice versa
for a moving wall (U* = 1.0). These behaviors of
Nu due to viscous dissipation are comprehended
as follows.

The value of Nu is calculated using the dimen
sionless temperature difference (lhw - Bb ) as is
shown by Eq.(31). Both of B1w and Bb increases
in the flow direction of z*. In terms of the incre
ments of B1w and Bb due to viscous dissipation, the
increment of B1w is larger than that of Bb for U*
= 0.0 and vice versa for U* = 1.0.

The effect of fluid axial heat conduction (Pe =

10) accounts for the change in the curve shape in
the thermal entrance region.

4. Conclusions
The problem of thermally developing heat transfer
of Couette-Poiseuille laminar flow including vis
cous dissipation of the flowing fluid and fluid ax
ial heat conduction with the boundary condition
of constant heat flux is analyzed by considering
an infinite axial domain.

The sample results to demonstrate the com
bined effects of relative velocity of the moving
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plate, viscous dissipation and fluid axial heat con
duction are presented graphically in dimensionless
form. The temperature solutions corresponding to
the limiting cases Pe ---+ 00, and Br = 0.0 show
excellent agreement with those reported in(4) for
U* = 0.0 and in(5) for U* = 1.0, who analyzed
the developing heat transfer by neglecting viscous
dissipation and fluid axial heat conduction.

For thermally developing flow viscous dissipa
tion effect on N 1L is different depending on U*.

From the developing temperature profiles it is
seen for the second kind of boundary condition,
the wall-to-fluid temperature difference is small,
whereas the effect of viscous dissipation on heat
transfer is more significant.

A comparison of developing temperature pro
files for the different boundary conditions reveals
that the increase in fluid temperature due to vis
cous heating for the second kind of boundary con
dition is much higher than for the first kind of
boundary condition.

For constant heat flux boundary condition, in
cluding the effect of fluid axial heat conduction
in the analyses results in lesser values of the N 1L

number near z* = 0 (where the wall heat flux com
mences) compare to the case without axial heat
conduction.

It may also be concluded that, the moving
boundary may make less increase in the fluid tem
perature compared to the stationary wall bound
ary case and in turn it results higher values of
Nusselt number at the wall as U* increases.
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