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Fullerene Thermochemical Stability: Accurate Heats of Formation for Small 

Fullerenes, the Importance of Structural Deformation on Reactivity, and the 
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Bun Chan* 

ABSTRACT:  We have used quantum chemistry computations, in conjunction with isodesmic-

type reactions, to obtain accurate heats of formation (HoFs) for the small fullerenes C20, 

(2358.2 ± 8.0 kJ mol–1), C24 (2566.2 ± 7.6), and the lowest-energy isomers of C32 (2461.1 ± 

15.4), C42 (2629.0 ± 20.5) and C54 (2686.2 ± 25.3).  As part of this endeavor, we have also 

obtained accurate HoFs for several medium-sized molecules, namely 216.6 ± 1.4 for fulvene, 

375.5 ± 1.5 for pentalene, 670.8 ± 2.9 for acepentalene, and 262.7 ± 2.5 for acenaphthylene.  

We combine the energies of the small fullerenes and previously obtained energies for larger 

fullerenes (from C60 to C6000) into a full picture of fullerene thermochemical stability.  In 

general, the per-carbon energies can be reasonably approximated by the “R+D” model that 

we have previously developed (J. Chem. Theory Comput. 2019, 15, 1255–1264), which takes 

into account Resonance and structural Deformation factors.  In a case study on C54, we find 

that most of the high-deformation-energy atoms correspond to the sites of C–Cl bond in the 

experimentally captured C54Cl8.  In another case study, we find that C60 has the lowest value 

for the maximum local-deformation-energy when compared with similar-sized fullerenes, 

which is consistent with its “special stability”.  These results are indicative of structural 

deformation playing an important role in the reactivity of fullerenes. 
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INTRODUCTION 

Fullerenes are a poster child of modern chemistry. 1   As a “new” allotrope of carbon 

discovered after diamond and graphite, it has expanded the horizon of what is possible with 

just one element.  Unlike diamond and graphite, fullerenes are individual molecules; there is 

potentially infinite number of discrete fullerenes, each has its own unique properties.  The 

scale of possibilities associated with fullerenes has led to abundant researches in their 

fundamental chemistry and physics,2,3 as well as in their applications to various fields of 

technology.4,5  To this day, fullerenes continue to be a focus of active scientific research.6 

Our own interest in fullerenes involves research into their thermochemistry.  In a series of 

studies,7–9 we have used large-scale computational quantum chemistry to obtain accurate 

heats of formation (HoFs) for fullerenes ranging from C60 to C320.  The large number of these 

accurate data has enabled us to subsequently devise and validate a theoretically motivated 

model (termed “R+D”) for rapid estimation of fullerene HoFs.10  We have shown that this 

nearly-cost-free model provides good accuracy for the estimated HoFs for ~3500 fullerenes 

up to C6000.  Notably, our model reveals that the thermochemical stability of medium-sized 

fullerenes (from C60 to ~C100) depends on a delicate balance of resonance and deformation 

factors.  This finding suggests the possibility of tuning the isomeric structure of fullerenes for 

different applications.  In another study, we have also briefly extended our investigation to 

cover both thermochemical and kinetic stabilities of fullerenes.9  In passing, we note some 

closely related contributions to this area by others.11–15 

While our studies have provided a practical means for estimating HoFs for C60 and larger 

fullerenes, we have yet to undertake a detail investigation into a series of fullerenes that are 

smaller than C60, nor are we aware of any study to this effect.  At this point, let us recall that 

the discovery of C60 is aided by it having substantially higher stability than both larger and 

smaller fullerenes.16  If we look at this fact from another angle, it implies that both larger and 

smaller fullerenes exhibit higher reactivity than C60, and these higher reactivities may be 

advantageous in some chemical applications. 

In the present study, we use a range of computational chemistry methods, from high-order 

coupled cluster to the R+D model, to examine in detail the HoFs of small fullerenes from C20 

onwards.  Our aim is to first provide reliable HoFs for these systems, and to use these values 

together with chemical models to uncover the underlying components for the 

thermochemical stability of these fullerenes.  By comparing their thermochemistry with those 
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of medium-sized and large fullerenes, we hope to gain new insights that may in due course 

contribute to new fullerene chemistry. 

COMPUTATIONAL METHODS 

Standard quantum chemistry calculations were carried out with Gaussian 16, 17  Molpro 

2019, 18  MRCC, 19  and Q-Chem 5. 20   Lists of fullerenes and their initial structures were 

generated with the FULLERENE program,21 which was also employed to obtain topological 

resonance energies.22,23  We used a local implementation of the local-curvature model of ref 

24  to obtain energies of deformation of the fullerenes, as we did previously.10  Unless 

otherwise noted, geometries, zero-point vibrational energies (ZPVE), and thermal corrections 

for 298 K enthalpies (ΔH298–0), were obtained with the B3-LYP25 density functional theory (DFT) 

method in conjunction with the cc-pVTZ basis set, 26  as specified in high-level WnX-type 

protocols.27–31  Vibrational frequencies were examined to affirm the nature of the optimized 

geometries as minima on the potential energy surfaces.  Literature scale factors were applied 

to the frequencies in the calculation of ZPVE (0.9886) and ΔH298–0 (0.9926).32,33  Improved 

single-point energies were computed using a variety of methods that include, notably, the 

high-level W1X-127 and W3X-L29 composite protocols, and the B97M-V34 and MN1535 DFT 

methods (with the maug-cc-pVTZ36 basis set).  Other methods that are discussed in the text 

include the W1X-2,27 WG,31 G4(MP2)-6X,37,38 and CBS-QB339 composite procedures, as well as 

the DuT-D3 40  double-hybrid DFT method.  Unless otherwise noted, energies in the text 

represent 298 K enthalpies in kJ mol–1. 

RESULTS AND DISCUSSION 

Preparation for Obtaining Heat of Formation for C20.  The caged C20 molecule is the 

smallest fullerene, i.e., the smallest carbon cage that includes twelve pentagon rings.  While 

each carbon atom in C20 is formally sp2 hybridized, the small-caged geometry causes 

significant deformation from the ideal planar structure for sp2 carbon.  One may then expect 

considerable partial breaking of the π-bonds in C20.  This could in turn lead to substantial 

“multi-reference” character and thus pose considerable challenges to even high-level 

quantum chemistry methods such as the “gold standard” CCSD(T)41 at the complete-basis-set 

(CBS) limit.  Indeed, this has been suggested in a recent investigation.42  On the other hand, 

another study argues that the C20 cage does not possess significant multi-reference character 

so long as its structure is not in the icosahedral (Ih) symmetry.43  In that study, the energies 

for several non-Ih C20 structures are found to be similar, and all of them are lower in energy 
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than Ih C20.  The observation that the non-Ih C20 molecules have similar energies is consistent 

with a study44 in which a CCSD(T)/CBS-type method is used.  In the present study, we also find 

that our geometry optimization leads to a non-Ih structure, specifically, C2h. 

While some of the aforementioned studies hint that good energy for C20 can be obtained 

using a generally good method such as CCSD(T)/CBS, no higher-level method has been applied 

to C20 to definitively put an end to this matter.  With the prohibitive cost of post-CCSD(T) 

computations, which generally limits their application to systems with just a hand-full of 

atoms, we do not envisage that we can tackle this issue head-on using existing resources.  

Nonetheless, it would be reassuring to gain further confidence in methods that are applicable 

to C20.  As we have discussed earlier, we perceive that a potential source of complication for 

quantum chemistry methods is the structural deformation to the formally sp2 carbon atoms 

in C20 cage.  We have thus investigated this issue using small model systems. 

Coping with Structural Deformation.  We first examine ethene as the smallest prototypical 

system with a formal C=C double bond.  Specifically, we have systematically probed the 

energetic consequence for distorting its geometry from planarity.  The structures that we 

used are obtained from a series of constrained optimizations (Figure 1).  As an example, for 

ethene, we define two dummy atoms (X) and constrain the X–C–H angles to be 90°.  Thus, X–

C is perpendicular to the corresponding plane of H–C–H.  We then vary the X–C–C angle from 

90°, which corresponds to the equilibrium structure, to 160°, in 10° intervals.  This leads to 

increasingly distorted “bowl-shaped” structures that resemble those in C20 cage.  All other 

geometrical parameters are fully optimized. 

 
Figure 1.  Systems used to assess quantum chemistry methods for coping with structural 

deformations similar to those in caged C20, with X representing a dummy atom.  As an example, 
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for ethene, the X–C–H angles are held constant at 90° such that each X–C is perpendicular to 

the relevant H–C–H plane.  The X–C–C angles are widened from 90° in 10° intervals. 

The highest-level protocol that we use to obtain the energies is, in the spirit of the W4 

method45 that is among the most accurate quantum chemistry procedures, a composite 

method (CM) that includes post-CCSD(T) contributions up to CCSDTQ(5).  It is defined by: 

 ECM = EHF/A′V[5,6]Z + ΔECCSD/A′V[5,6]Z + ΔECCSD(T)/A′V[Q,5]Z 

  + ΔECCSDT/V[T,Q]Z* + ΔECCSDT(Q)/V[D,T]Z* 

  + ΔECCSDTQ/V[D,T]Z* + ΔECCSDTQ(5)/VDZ* 

  + ΔCRCCSD(T)/CV[Q,5]Z 

in which ΔECCSD indicates the energy of CCSD minus that for its immediately lower-level 

method, which is Hartree–Fork (HF) in the case of CCSD, and so on.  Unless otherwise noted, 

we apply the frozen-core approximation to all correlation computations.  The notation [D,T]Z 

signifies CBS extrapolation using the DZ (double-ζ) and TZ (triple-ζ) basis sets, and so on.  In 

all cases, we use the extrapolation formula EL = ECBS + A L–α,46 in which L corresponds to the 

basis set such that L = 2 for DZ, etc.  The value of α is 5 for extrapolating HF energies, and it is 

3 for all other components. 

The generic “*” designation indicates reduced-sized basis sets in line with our 

computational resources.  For the applicable components, they are defined as: 

 ΔECCSDT/V[T,Q]Z*: VTZ* includes sp functions for H and spd functions for C 

  VQZ* includes spd functions for H and spdf functions for C 

 ΔECCSDT(Q)/V[D,T]Z*: standard VDZ and VTZ* as above 

 ΔECCSDTQ/V[D,T]Z*: VDZ* includes s functions for H and sp functions for C 

  VTZ* includes VTZ s functions and VDZ p functions for H, 

  and VTZ sp functions and VDZ d functions for C 

 ΔECCSDTQ(5)/VDZ*: VDZ s functions for H and standard VDZ for C 

Finally, the ΔCR term represents a single component for the combined core-correlation plus 

scalar-relativistic effects.  It is defined as the energy from an all-electron Douglas-Kroll-

Hess47,48 computation minus the energy from the corresponding frozen-core non-relativistic 

calculation. 

The benchmark energies for ethene relative to the equilibrium structure (i.e., deformation 

= 0°) are shown in Figure 2 (top), together with those obtained with several progressively 



 6

lower-level methods.  These methods include W3X-L, which is a cost-effective high-level 

protocol that contains post-CCSD(T) effects up to CCSDT(Q), the W1X-1, WG and G4(MP2)-6X 

methods, which are progressively more economical approximations to CCSD(T)/CBS, and DuT-

D3, a double-hybrid density functional theory (DH-DFT) method designed to be used in 

conjunction with a moderate triple-ζ basis set.  They represent a set of more efficient methods 

that may serve as a secondary benchmark. 

 

 
Figure 2.  Ethene and butadiene energies relative to those at equilibrium structures for those 

with increasingly deformed geometries according to Figure 1.  The designation “best” refers 

to our highest-level protocol defined in the “Coping with Structural Deformation” section. 
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We can see that all methods yield relative energies that are fairly comparable to one 

another for the entire range of distorted structures, which include a maximum deformation 

angle of 70° and an associated relative energy of +264.2 kJ mol–1 at our benchmark level.  The 

deviations from benchmark energies are somewhat larger for DuT-D3 than those for other 

methods.  In all cases, the point of largest deformation shows the largest deviations, with 

values of +0.3 [W3X-L], –0.2 [W1X-1], –0.3 [WG], –1.2 [G4(MP2)-6X] and +10.9 [DuT-D3] kJ 

mol–1, respectively.  Overall, it is (pleasantly) surprising that these lower-level methods all 

handle such deformations reasonably well, even at the furthest end of the scale. 

For butadiene, the most deformed structure corresponds to a deformation angle of just 

40° (versus 70° for ethene); larger deformations would lead to steric crowding of the 

hydrogen atoms.  Nonetheless, at the W3X-L level, which represents our highest-level method 

that is computationally feasible, the most deformed structure has a relative energy of +615.1 

kJ mol–1, which more than doubles that for ethene (+264.2 kJ mol–1).  We again see that all 

methods cope with such structural deformations reasonably well.  The deviations from the 

W3X-L benchmark energies at the deformation angle of 40° are +0.3 [W1X-1], –2.1 [WG], –

8.6 [G4(MP2)-6X], and +31.4 [DuT-D3] kJ mol–1.  While many of these deviations are more 

substantial than those for ethene, W1X-1 still holds up well with sub-kJ mol–1 deviations 

throughout the entire range of distorted structures.  We thus deem both W3X-L and W1X-1 

to be adequate in handling structural deformations like the ones in C20 fullerene. 

Heat of Formation for C20.  We now proceed to the computation of the HoF for C20 using 

isodesmic-type reactions.  In order to maximize the accuracy in the computed reaction 

energies, one would ideally use large molecular motifs of C20 in the isodesmic-type reactions.  

This would provide better cancelation of systematic errors, as well as minimization of the 

number of species involved in the reactions, and hence minimization of associated 

uncertainties.  In practice, however, large molecular species are often associated with large 

uncertainties in their HoF values.  For the computation of unknown HoF values, this would 

erode the improved accuracies associated with the calculated reaction energies. 

For C20, a key structural motif is represented by acepentalene (C10H6), which is bowl-

shaped and consists of three fused five-membered rings that resemble faces of C20.  However, 

we are not aware of an accurately known HoF value for acepentalene.  Smaller fragments of 

C20 can be described with pentalene (C8H6, two fused five-membered ring) and fulvene (C6H6, 

a five-membered ring plus an exocyclic =CH2 group).  In a recent study,42 the HoFs for 
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pentalene and fulvene have been obtained using a combination of high-level quantum 

chemistry composite protocols, bond-separation reactions, and statistically derived empirical 

corrections.  The values are 374.9 ± 5.4 (pentalene) and 215.5 ± 4.2 (fulvene) kJ mol–1. 

While the uncertainties associated with the pentalene and fulvene HoFs are not excessive, 

they are still notably larger than those for smaller fragments for which highly accurate HoFs 

from Active Thermochemical Tables (ATcT)49 are available.  For example, applying bond-

separation reactions to C20 would require ethene (H2C=CH2), ethane (H3C–CH3) and methane 

(CH4), and their ATcT HoF values are 52.36 ± 0.12, –83.97 ± 0.13, and –74.526 ± 0.055 kJ mol–

1, respectively.  Notably, ATcT HoF is also available for the larger butadiene molecule (C4H6, 

110.83 ± 0.37 kJ mol–1), which can also be used in isodesmic-type reactions for C20.  We note 

that ATcT HoF is available for benzene, which shares the same molecular formula with fulvene.  

However, the six-membered benzene ring does not represents a structural motif of C20, and 

we deem its use for C20 isodesmic-type reactions not satisfactory.  To obtain the C20 HoF, we 

thus come down to the two bond-separation-type reactions: 

 C20 + 40 CH4 ⟶ 10 C2H4 + 20 C2H6 

 C20 + 30 CH4 ⟶ 5 C4H6 + 15 C2H6 

Let us briefly digress and consider the likely uncertainties associated with the HoFs 

obtained from these two reactions.  In each case, the total uncertainty in the C20 HoF has two 

components, namely the uncertainty in the calculated reaction energy and the uncertainties 

associated with the HoFs of the constituent species.  The latter can be obtained 

straightforwardly using the quoted ATcT uncertainties together with standard error-

propagation principle.50  Regarding the former, in our previous study,8 we have examined the 

works of Wheeler et al.51 on a large set of isodesmic-type reactions.  We have inferred that a 

conservative estimate of uncertainty would be 0.2 kJ mol–1 per species when the energy for 

a well-balanced isodesmic-type reaction is obtained using a high-level method such as 

CCSD(T)/CBS.  The two components can then be combined using error propagation to yield 

the total uncertainty. 

If we now apply the W1X-1 method to the two bond-separation reactions together with 

the method for estimating errors as detailed above, we obtain C20 HoF values of 2364.5 ± 14.2 

kJ mol–1 for the “ethene reaction” and 2355.9 ± 10.3 kJ mol–1 for the “butadiene reaction”.  In 

comparison, if we use the atomization approach to calculate C20 HoF, we arrive at a value of 

2366.2 kJ mol–1.  In general, the atomization approach is testing for quantum chemistry 
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methods, such that low-level methods often yield significantly different HoFs when compared 

with those obtained using isodesmic-type reactions.51  The reasonable agreement between 

our “atomization HoF” and the two “isodesmic HoFs” provides additional support to the 

adequacy of W1X-1 used in our calculations. 

To further substantiate our computed C20 HoF, we turn to recent literature.  In ref 42, a 

value of 2359.8 ± 15.9 kJ mol–1 has been obtained, and both of our values, with the associated 

uncertainties, overlap with this reported HoF.  We also note that, their quoted uncertainty is 

obtained on the basis of analyzing an independent set of bond-separation reactions.  The 

agreement between our uncertainty of 14.2 kJ mol–1 and the reported value of 15.9 kJ mol–1 

provides a cross validation in the methods for error estimation.  Finally, the availability of our 

two values enables us to bracket the C20 HoF.  By this means, we arrive at our recommended 

value of 2358.2 ± 8.0 kJ mol–1. 

Choosing a Method for the Computation of Larger Fullerenes.  For fullerenes that are 

larger than C20, the application of the high-level W1X-1 protocol would rapidly become 

unfeasible.  We have thus assessed a series of less-costly methods in order to achieve 

adequate accuracies in the computation of HoFs for larger fullerenes.  Our assessment 

employs a series of relevant isodesmic-type reactions of small unsaturated hydrocarbons.  

Specifically, they include the following bond-separation reactions: 

 C4H6 (butadiene) + 2 CH4 ⟶ 2 C2H4 + 1 C2H6 

 C6H6 (fulvene) + 6 CH4 ⟶ 3 C2H4 + 3 C2H6 

 C8H6 (pentalene) + 10 CH4 ⟶ 4 C2H4 + 5 C2H6 

 C10H6 (acepentalene) + 14 CH4 ⟶ 5 C2H4 + 7 C2H6 

 C20 + 40 CH4 ⟶ 10 C2H4 + 20 C2H6 

as well as bond-separation-type reactions using progressively larger molecular fragments, 

such as C8H6 + 6 CH4 ⟶ 2 C4H6 + 3 C2H6 and C8H6 + 4 CH4 ⟶ 1 C6H6 + 1 C2H4 + 2 C2H6.  In 

addition, we are able to compute the C24 fullerene with W1X-1, and have included in our test 

set the two bond-separation-type reactions: 

 C24 + 8 CH4 ⟶ 1 C20 + 2 C2H4 + 4 C2H6 

 C24 + 6 CH4 ⟶ 1 C20 + 1 C4H6 + 3 C2H6 

In total, there are 17 bond-separation-type reactions in our test set, which we will refer to 

as the BSR17 set (signifying Bond-Separation Reaction).  We have used BSR17 to evaluate the 

accuracy of a collection of 18 lower-level methods.  Selected statistical results are shown in 
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Table 1, while the full set of statistical indicators are provided in the Supporting Information.  

We can see that, the W1X-2 method, which is closely related to W1X-1, performs quite well.  

Its mean absolute deviation (MAD) for this set of reactions is just 2.9 kJ mol–1.  If we divide 

each absolute deviation by the number of species involved in the reaction, and consider all 

reactions, we can arrive at an average MAD per species (MAD/n) of 0.1 kJ mol–1.  The largest 

deviation of +8.5 kJ mol–1 occurs for the reaction C20 + 40 CH4 ⟶ 10 C2H4 + 20 C2H6.  It involves 

a total of 71 species and thus corresponds to an absolute deviation per species of 0.1 kJ mol–

1, which coincides with the MAD/n value. 

Table 1.  Mean Absolute Deviation (MAD, kJ mol–1) from Benchmark W1X-1 Values, Mean 

Deviation (MD), Standard Deviation of the Deviations (SD), and Largest Deviation (LD), for 

the BSR17 Set of 17 Bond-Separation-Type Reactions of Unsaturated Hydrocarbons 

method MAD MD SD LD 

B97M-V 13.6 –0.5 16.9 –33.3 

MN15a 13.8 –7.6 19.2 –41.5 

DuT-D3 13.5 +4.4 18.2 +38.0 

CBS-QB3 23.2 +21.6 28.1 +75.8 

G4(MP2)-6X 12.1 +12.1 12.8 +36.4 

WG 10.0 +10.0 10.8 +32.8 

W1X-2 2.9 +2.9 2.1 +8.5 
a The maug-cc-pVTZ basis set is used. 

In comparison with W1X-2, lower-level methods are considerably less accurate for this set 

of systems.  Notably, the WG, G4(MP2)-6X and CBS-QB3 methods all represent reasonably 

high-level composite protocols that are generally quite accurate.  For instance, for a set of 

over 800 diverse thermochemical quantities, the MADs for W1X-2, WG and G4(MP2)-6X are 

2.2, 2.3 and 3.6 kJ mol–1, respectively.31  A key difference between W1X-1 and W1X-2 on the 

one hand, and the lower-level composite protocols on the other hand, is that the two W1X 

methods employ larger basis sets for the CCSD(T) computations.  We thus infer that the 

reactions in the BSR17 set have fairly strong requirements for the basis sets in the high-level 

wavefunction correlation calculations. 

Having seen MADs of more than 10 kJ mol–1 for the lower-level composite protocols, the 

performance for the B97M-V, MN15, and DuT-D3 methods then comes as a pleasant surprise.  
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The MADs for the three methods are 13.6 (B97M-V), 13.8 (MN15), and 13.5 (DuT-D3) kJ mol–

1, which are comparable with that for the G4(MP2)-6X method (12.1 kJ mol–1).  With that 

being said, there are also cases with large deviations (LD ~40 kJ mol–1 in magnitude).  Further 

analysis shows that B97M-V and MN15 perform comparably with one another, while DuT-D3 

is somewhat less reliable for the relevant C20 and C24 species (Supporting Information, Table 

S2).  We find that averaging the B97M-V and MN15 reaction energies produces more robust 

results, especially for the fullerene reactions (Table S2).  In addition, the B97M-V and MN15 

methods also fall under the class of computationally most efficient methods that we have 

examined, and they can be straightforwardly applied to fairly large systems.  We thus deem 

it most appropriate to use these two methods as a cost-effective means for calculating 

energies of the larger fullerenes in the present study. 

Managing Uncertainties for Larger Fullerenes.  Between C20 and C60, there are 18 distinct-

sized sets of fullerenes, with C24 being the smallest one.  Rather than exhaustively sample all 

of them, we have investigated C24, C32, C42 and C54 as a set that coarsely spans the range 

between C20 and C60.  As noted earlier, we have obtained W1X-1 energy for C24, and this is 

used to obtain C24 HoF in conjunction with the two previously mentioned bond-separation-

type reactions in the BSR17 set, i.e., C24 + 8 CH4 ⟶ 1 C20 + 2 C2H4 + 4 C2H6 and C24 + 6 CH4 ⟶ 

1 C20 + 1 C4H6 + 3 C2H6.  The HoF values are 2567.2 ± 8.6 kJ mol–1 for the former and 2565.5 ± 

8.3 kJ mol–1 for the latter reactions, which lead to our recommended valued of 2566.2 ± 7.6 

kJ mol–1 by bracketing the ranges spanned by the two values and their uncertainties. 

For those larger fullerenes, we find that the use of both W1X-1 and W1X-2 methods to be 

computationally unattainable.  We thus apply the average of B97M-V and MN15 to the 

computation of their HoFs.  Because the use of the lower-level DFT methods will inevitably 

contribute to larger uncertainty, we have adjusted the approach that we use in the isodesmic-

type reaction scheme.  We recall that, for C20 and C24, we use bond-separation-type reactions 

to compute their HoFs.  In those cases, even though there are a large number of species 

involved in the reactions, the use of the high-level W1X-1 method puts a lid on the total 

uncertainties (8.0 kJ mol–1 for C20 and 7.6 kJ mol–1 for C24).  For the average of B97M-V and 

MN15, the uncertainty relative to W1X-1 reference is 0.7 kJ mol–1 per species for the fullerene 

isodesmic-type reactions used in the present study (Table S2).  With this additional 

uncertainty associated with the use of the DFT energies, the total uncertainty would rapidly 

balloon with increasing number of species involved in an isodesmic-type reaction. 
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To reduce the nominal uncertainty in a computed DFT reaction energy, a straightforward 

means is to decrease the number of species in the equation.  This would necessitate the use 

of larger species in the reaction.  As mentioned earlier, for species that are of relevance as 

structural motifs of small fullerenes, highly accurate ATcT HoF values are available only for 

ethene and butadiene.  Despite this, for somewhat larger species such as fulvene, pentalene, 

and acepentalene in the BSR17 set, we have calculated W1X-1 HoFs and the associated 

uncertainties using bond-separate-type reactions with ethene and butadiene.  We have also 

obtained W1X-1 HoF values for acenaphthylene (C12H8), which is relevant to the calculation 

of C54 HoF.  In each case, our final recommended value is obtained by bracketing the HoFs 

obtained with the “ethene reaction” and “butadiene reaction”, as we did with C20 and C24.  

The thus obtained HoFs are 216.6 ± 1.4 (fulvene), 375.5 ± 1.5 (pentalene), 670.8 ± 2.9 

(acepentalene), and 262.7 ± 2.5 (acenaphthylene) kJ mol–1.  In comparison, the reported 

values in ref 42 are 215.5 ± 4.2 (fulvene), 374.9 ± 5.4 (pentalene), and 262.3 ± 8.8 

(acenaphthylene) kJ mol–1. 

Let us now examine the uncertainties associated with the use of these larger molecules for 

computing HoFs of larger fullerenes, and compared them with those for reactions using 

smaller molecules.  For C32, an isodesmic-type reaction that employs C24 and pentalene is: 

 C32 + 6 CH4 ⟶ 1 C24 + 1 C8H6 + 3 C2H6 

The combined uncertainty related to the uncertainties in the HoFs for methane (0.055 kJ mol–

1), ethane (0.13), pentalene (1.5), and C24 (7.6) is 7.8 kJ mol–1.  If we instead replace pentalene 

with ethene, a balanced isodesmic-type reaction would be: 

 C32 + 16 CH4 ⟶ 1 C24 + 4 C2H4 + 8 C2H6 

The uncertainties related to the HoFs of the components amount to 7.6 kJ mol–1, which is 

comparable to that for the pentalene reaction despite that pentalene has an uncertainty of 

1.5 kJ mol–1, which is about an order of magnitude larger than that for ethene (0.12 kJ mol–1).  

The similarity between the uncertainty of 7.8 kJ mol–1 for the pentalene reaction and 7.6 kJ 

mol–1 for the ethene reaction mainly comes down to that both of them are dominated by the 

uncertainty of 7.6 kJ mol–1 for C24. 

We now turn our attention to the uncertainty associated with the average of B97M-V and 

MN15 reaction energies.  For the pentalene reaction, which involves a total of 12 species, the 

presumed uncertainty for the reaction energy is 10.2 kJ mol–1.  Thus, by propagating this with 

the uncertainty of 7.8 kJ mol–1 for the component HoFs, we arrive at a total uncertainty of 
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12.8 kJ mol–1 for the C32 HoF.  For the ethene reaction, the total number of species involved 

is 30, which more than doubles that for the pentalene reaction.  As a result, the nominal 

uncertainty for the ethene reaction is 25.5 kJ mol–1, and this dominates the total uncertainty 

of 26.6 kJ mol–1.  The results thus show that it is more favourable to use larger structural 

motifs in the calculation of HoFs for the larger fullerenes. 

Heats of Formation for Larger Fullerenes.  In addition to constructing appropriate 

isodemstic-type reactions to reduce the uncertainties, for the larger fullerenes, another 

aspect to explore is the space of their structural isomers.  Specifically, while there is only one 

isomer for C20 and C24, there are six for C32, 45 for C42, and the number of isomers then grows 

rapidly to 580 for C54.  For C32 and C42 with manageable number of isomers, we have 

determined the lowest-energy isomer in each case using the average of B97M-V/maug-cc-

pVTZ and MN15/maug-cc-pVTZ energies.  Notably, for both fullerenes, the lowest-energy 

isomers are lower in energy than the second-lowest-energy isomers by ~100 kJ mol–1 (109.6 

and 94.2 kJ mol–1, respectively, for C32 and C42). 

For C54, the large number of isomers poses significant computational cost for the 

determination of the lowest-energy isomer, and the use of an adequate lower-level method 

would be desirable.  In our previous study, we find B3-LYP/6-31G(d) to be quite accurate for 

determining relative energies of fullerenes.10  To further validate this finding, we compare the 

B3-LYP/6-31G(d) relative energies to those obtained with the average of B97M-V and MN15 

for the isomers of C42.  We find a good correlation between the two sets of relative energies, 

with a coefficient of determination (R2) of 1.000; quantitatively, the MAD value is 9.6 kJ mol–

1.  Thus, we deem B3-LYP/6-31G(d) to be adequate for determining the lowest-energy isomer 

for C54.  It is noteworthy that, at this level, we find the lowest-energy isomer for C54 to be 

significantly lower in energy than the second-lowest-energy one by 53.5 kJ mol–1. 

With the considerations on uncertainty in mind (see Managing Uncertainties for Larger 

Fullerene section), we use the following isodesmic-type reactions to obtain the HoFs for C32, 

C42 and C54: 

 C32 + 6 CH4 ⟶ 1 C24 + 1 C8H6 + 3 C2H6 

 C32 + 10 CH4 ⟶ 1 C24 + 1 C6H6 + 1 C2H4 + 5 C2H6 

 C42 + 6 CH4 ⟶ 1 C24 + 1 C10H6 + 3 C2H6 

 C42 + 10 CH4 ⟶ 1 C24 + 1 C8H6 + 1 C2H4 + 5 C2H6 

 C54 + 8 CH4 ⟶ 1 C24 + 1 C12H8 + 4 C2H6 
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 C54 + 10 CH4 ⟶ 1 C24 + 1 C10H6 + 1 C2H4 + 5 C2H6 

For each fullerene, the first reaction employs a single species to provide the extra unsaturated 

carbon atoms to the immediately smaller fullerene.  For example, there is a gap of eight 

unsaturated carbon atoms between C32 and C24, and we use pentalene (C8H6) to fill this gap.  

The second reaction for each fullerene replaces this “filler molecule” with an immediately 

smaller one plus a ethene, e.g., pentalene (C8H6) ⟶ fulvene (C6H6) + ethene (C2H4).  This 

second reaction serves as a somewhat independent means for obtaining the target HoF.  We 

note that, for each fullerene, the two values obtained from the two reactions are generally 

quite similar, with a difference that is usually less than 10 kJ mol–1. 

Table 2.  Best Estimate for Heats of Formation (HoF, kJ mol–1) Obtained in the Present Study 

for the Unsaturated Hydrocarbons and Fullerenes, and Comparison with Literature Values 

where Data are Available 

speciesa HoF literatureb 

C6H6 (fulvene) 216.6 ± 1.4 215.5 ± 4.2, 224c 

C8H6 (pentalene) 375.5 ± 1.5 374.9 ± 5.4, 330.1d 

C10H6 (acepentalene) 670.8 ± 2.9  

C12H8 (acenaphthylene) 262.7 ± 2.5 262.3 ± 8.8, 263.2 ± 3.7c 

C20 2358.2 ± 8.0 2359.8 ± 15.9 

C24 2566.2 ± 7.6  

C32 2461.1 ± 15.4  

C42 2629.0 ± 20.5  

C54 2686.2 ± 25.3  
a For C32, C42 and C54, the HoF values represent those for the lowest-energy isomers.  b 

Literature values from ref 42 unless otherwise noted.  c NIST Chemistry Webbook.52  d Ref 53. 

Using the combination of the two-types of isodesmic reactions and the two DFT methods 

(B97M-V and MN15), our proposed HoF for each of the larger fullerene is calculated as the 

average of four values.  They are 2461.1 ± 15.4 (C32), 2629.0 ± 20.5 (C42), and 2686.2 ± 25.3 

(C54) kJ mol–1.  We have in several recent investigations applied statistical approaches to the 

assessment and development of DFT methods.54–56  Using a similar concept, in the present 

study, we have briefly examined the use of a completely independent (statistical) approach 

to obtain C32, C42 and C54 HoFs (Supporting Information).  The results are similar to the above 
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recommended values, which further support the perceived accuracy of our proposed values.  

For the convenience of the readers, we summarize in Table 2 our best estimate of all the HoF 

values obtained in the present study.  The optimized structures of these species are provided 

in the Supporting Information. 

Trends in Fullerene Relative Energies.  With the newly obtained energies for the small 

fullerenes from C20 to C54, we can now put together a complete picture of fullerene energies 

by integrating them with the ones obtained previously for larger ones from C60 to C6000.  The 

energies for C60 and medium-sized fullerenes up to C320 are taken from our previous 

studies,8,10 whereas those for the larger ones are from ref 57.  In accord with our previous 

work, we normalize the energies on a per-carbon basis to enable a direct comparison of the 

values for fullerenes of difference sizes.  In the present study, we use Ih C60 as the reference, 

for which we assign a relative energy of zero.  The results are shown in Figure 3. 

 
Figure 3.  Relative energy per carbon (kJ mol–1) for fullerenes from C20 to C6000 obtained using 

quantum chemistry computations, the R+D model, and a modified R+D model.  Inset shows 

the region between C20 and C96.  See text and ref 10 for details of the R+D model. 

We can see a smooth decrease of the relative energy from C20 (+75.9 kJ mol–1) to C6000 (–

37.3 kJ mol–1).  The trend can be approximated with the formula: E = 2338.5 N–1.01 – 37.0 kJ 

mol–1, where N is the number of carbon atoms.  This represents a refined power formula than 

the one we previously reported8 on the basis of fitting to a subset of medium-sized fullerenes 

(from C60 to C320).  We have previously shown in ref 10 that, for a large set of fullerene isomers 
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from C60 to C6000, the relative energy per carbon can be accurately described by the R+D model, 

which contains a Resonance term and a Deformation term.  Such an agreement is displayed 

in Figure 3. 

For the smaller fullerenes examined in the present study, however, the agreement 

between the computed relative energies and the ones estimated by the R+D model is not as 

good.  In particular, the discrepancy becomes larger as the size of the fullerene decreases.  

This observation may indicate the existence of additional factors that stabilizes progressively 

smaller fullerenes.  However, we reason that the relative energies for the smaller fullerenes 

can be accounted for with the concept behind the R+D model. 

The resonance energy term in R+D is obtained as the topological resonance energy within 

the framework of the Hückel theory.22  It describes the intrinsic differences between 

fullerenes of different sizes and isomeric structures that possess different connectivities of 

the π-bond networks in hypothetically planar fullerenes.  The deformation term is derived 

using continuum elasticity theory and treats the total energy due to deformation from 

planarity as sum of local deformation energies at each carbon atom.24  The final form of this 

deformation term includes several approximations to facilitate straightforward calculation of 

the local deformations.  However, if one goes back to the basis of its derivation, and make an 

alternative assumption that fullerenes are perfect spheres with all atoms being evenly 

distributed on the surface, then the deformation energy per carbon would take a simple form 

of E = 4πD(1 + α)/N.  In this equation, both D and α are constants, and as a result the per-

carbon deformation energy is inversely proportionally to the number of carbon atoms N. 

We have examined the deformation energy component of the relative R+D energies in 

Figure 3, and find that it fits to the equation: E = 3962.6 N–1.19 – 29.0 kJ mol–1.  Thus, it has a 

steeper inverse-power scaling with respect to N than the simple inverse scaling suggested 

above.  Let us now devise an alternative equation for the deformation energy.  First, we put 

in place the constraint of N–1 scaling, which then leaves the pre-factor and the constant to be 

determined.  As the R+D model provides good estimate of the trend in relative energies for 

C60 to C6000, we fit the equation to those data points, which leads to E = 1792.9 N–1 – 29.5 kJ 

mol–1.  Using this formula in conjunction with the resonance term, we obtain modified R+D 

energies as shown in Figure 3, with notably better agreement with the computed relative 

energies.  Thus, a conceivable explanation for the deteriorated agreement between our 
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original R+D model and the calculated energies is that the simplifications made in the 

derivation of the deformation term become less valid as the fullerene becomes smaller. 

To further refine the protocol for determining deformation energy and substantiate our 

hypothesis is beyond the scope of the present study.  We also note that, the deformation 

term in the modified R+D model does not distinguish different isomers of a given-sized 

fullerene.  We do not intent for it to be a practical alternative to the original R+D model, which 

performs well for a large range of medium-sized to large fullerenes, with shortcomings 

occurring only for the smallest fullerenes.  The modified R+D model is used in the present 

study solely as a diagnostic tool to rationalize the limitation of the original model. 

Case Study 1: Reactivity of Small Fullerenes.  At this point, our results suggest that the 

relative energy (and hence relative thermochemical stability) of the small fullerenes, like 

those for the larger ones, are mostly determined by the intrinsic π-bond connectivity and the 

degree of deformation from planarity.  For fullerenes as small as ~C32, the magnitudes of these 

effects can be adequately estimated using our previously proposed R+D model.  With the 

clearer understanding of the underlying factors that determine the energies of small 

fullerenes, we now briefly investigate their chemistry using the R+D model. 

In our previous study, we have examined the variations in the resonance and deformation 

terms for a given-sized fullerene.  We find that, for medium-sized fullerenes that satisfied the 

“isolated pentagon rule” (IPR), 58  the two types of energies vary to similar degrees, as 

indicated by their similar standard deviation (SD) values for the per-carbon resonance 

energies and the per-carbon deformation energies (Table 3).  However, if we include non-IPR 

fullerenes (denoted “gen”, which signifies “general”), the deformation term shows notably 

larger variations (SDs) than those for resonance, for which the SD values are similar to those 

for the IPR fullerenes. 

All fullerenes that are smaller than C60 belong to the non-IPR family, and we can see that, 

for C42 and C54 with statistically significant number of isomers (45 and 580, respectively), the 

SDs are similar to those for the general sets of larger fullerenes.  Thus, the degree of structural 

deformation is the major factor that determines the relative thermochemical stabilities of 

isomers for a given-sized small fullerene.  Because the deformation term in the R+D model is 

a sum of local deformations at all atomic sites, we deem it reasonable to anticipate that the 

difference in these local deformations within a given fullerene isomer would lead to 
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difference in local thermochemical stability, and hence a variation in reactivity.  Indeed, this 

have been suggested in the original derivation of the formula for deformation energy.24 

Table 3.  Standard Deviations (kJ mol–1) Between the Per-Carbon Relative Energies Obtained 

using the R+D model and its Components for Various Fullerene Isomersa 

fullereneb R+D resonance deformation 

C32 4.1 1.7 2.5 

C42 2.9 0.7 2.9 

C54 3.3 0.6 2.9 

C60 (gen) 3.1 0.6 2.8 

C86 (gen) 2.9 0.4 2.7 

C96 (gen) 3.5 0.6 3.2 

C120 (gen) 2.3 0.3 2.2 

C150 (gen) 1.9 0.2 1.8 

C86 (IPR) 0.5 0.6 0.6 

C96 (IPR) 0.6 0.5 0.8 

C120 (IPR) 0.6 0.3 0.7 

C150 (IPR) 0.7 0.2 0.7 
a Data for C60 to C150 from ref 10.  b “gen” signifies a general set of isomers with both IPR 

(isolated pentagon rule) and non-IPR isomers. 

Let us now use C54 as a case study on this hypothesis.  For this fullerene, an isomer has 

been experimentally isolated by trapping with chlorine atoms, forming C54Cl8.59  The structure 

of the fullerene core corresponds to the lowest-energy isomer that we have found in the 

present study.  As mentioned earlier, the second-lowest-energy C54 isomer is higher in energy 

by 53.5 kJ mol–1, and this substantial difference in thermochemical stability is presumably a 

key factor in the experimental isolation of just one isomer.  The structure of the isolated C54Cl8 

has been determined by crystallography, and this is shown in Figure 4. 

In the same figure, we also show C54 and our calculated local deformation energy 

expressed as a spectrum of colors, with bright red indicating atoms with the largest 

deformation, going through darker-colored regions towards bright green that signifies atoms 

with the lowest deformation energies.  There are eight atoms with notably larger deformation 

energies than the rest.  At the other end of the scale, two atoms have significantly smaller 
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deformation energies than the other carbons.  In this picture, we have also highlighted the 

eight atomic sites that correspond to the C–Cl carbons in the experimentally isolated C54Cl8, 

and they are shown as balls, as opposed to tubes for the rest of the structure. 

 
Figure 4.  Crystal structure for the experimentally isolated C54Cl8 [(a), ref 59], and the 

corresponding C54 obtained in the present study (b).  The colors in C54 represent calculated 

local deformation energies in the R+D model, with bright red indicating large deformations 

and bright green being sites of low deformation.  The atoms in C54 that corresponds to the C–

Cl bonding sites in C54Cl8 are shown as balls. 

We can see that six of the eight C–Cl bonding sites in C54Cl8 correspond to the carbons with 

the largest deformation energies.  This supports the notion that sites that are most deformed 

are also those with the highest reactivity.  Nonetheless, two remaining high-deformation sites 

in C54 do not correspond to the two remaining C–Cl bonds in C54Cl8.  A possible contributing 

factor to this observation could be significant repulsion between the Cl atoms if the additional 

Cl atoms were to occupy the remaining sites on those two five-membered rings.  Interestingly, 

the actual sites of the last two C–Cl bonds occur at C54 carbons next to the two with the lowest 

deformation energies.  It is unclear if these low-deformation sites facilitate reactions at their 

neighboring atoms, or this observation is the result of a mere coincidence. 

Case Study 2: Stability of C60.  Let us now apply deformation energies to another case study.  

In the Introduction section, we note that Ih C60 appears to have higher stability than both 

larger and smaller fullerenes.  In our case study on C54, we highlight that sites with high 
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deformation energies seem to be a reasonable indicator for high reactivities.  We now apply 

this concept to rationalize the “special stability” of C60.  For each of the fullerenes that we 

have examined in Figure 3, we have obtained the deformation energy for the site with the 

largest deformation.  These maximum local-deformation-energies are shown in Figure 5, 

together with the corresponding average local-deformation-energies. 

First of all, we note that, for C20 and C60, the maximum and average values are essentially 

the same.  This is because, in both of these fullerenes, all atoms are essentially identical.  What 

is more interesting is the general trend for the maximum deformation energy to decrease 

from C20 to C60, and then it climbs from that point onwards, eventually reaching convergence 

of ~45 kJ mol–1.  Within this set of data, an exception to such a trend is C540.  For the general 

trend, one can rationalize this by noting the perfectly spherical structure of C60, such that for 

fullerenes that are similar in size to C60, deviations from the spherical geometry introduce 

sites with larger deformations (Figure 6, see also ref 10).  Presumably, these high-

deformation-energy sites render fullerenes on both sides of C60 more reactive than C60, 

leading to eventual accumulation of C60 as the major product in typical fullerene syntheses. 

 
Figure 5.  Average local-deformation-energy (kJ mol–1) in the R+D model for fullerenes from 

C20 to C6000, and the corresponding maximum local-deformation-energy. 

The C540 fullerene represents another interesting case in this set of fullerenes.  Its 

maximum deformation energy is in fact lower than that for C60.  However, it is conceivable 

that, under typical high-energy conditions in fullerene syntheses, entropic effect would favor 
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the production of smaller fullerenes, ultimately yielding mostly C60; downsizing from C60 

would lead to non-IPR fullerenes that are substantially less stable, both in terms of overall 

thermochemical stability as well as presence of high-energy local regions.  Nonetheless, the 

relatively low value for the maximum deformation energy of C540 hints at the possibility of 

producing fullerenes of such sizes if an optimal experimental condition can be achieved.  If 

realized, such fullerenes may further the prospect of using them as, e.g., large “nano-flasks”60 

for chemical and technological applications. 

 
Figure 6.  Structures of selected fullerenes illustrating, notably, the perfectly spherical 

structure of Ih C60 and the pentagon vertices of giant Ih fullerenes (C6000). 

At the limit of giant Ih fullerenes, their structures are typically characterized by sphere-like 

geometries with pentagon vertices and graphene-like faces (Figure 6).  The sites of maximum 

deformation would correspond to pentagon carbons with essentially identical deformation 

(and hence converged maximum-deformation-energy), with differences between different 

giant Ih fullerenes being the size of the graphene-like faces.  From this point of view, such 

giant fullerenes may be susceptible to downsizing, to a point where the high-energy sites can 

be structurally stabilized.  Finally, we reiterate that our discussion is on the basis of 
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deformation energy within thermochemical stability, which seems to be consistent with 

experimental observations discussed in our case studies.  The mechanism for the formation 

of those eventual products in fullerene syntheses is not within the scope of the present study, 

but has been a subject of numerous studies (e.g., refs 61–65). 

CONCLUDING REMARKS 

In the present study, we have used quantum chemistry computations, in conjunction with 

isodesmic-type reactions, to obtain accurate heats of formation (HoFs) for several small 

fullerenes.  Specifically, they are 2358.2 ± 8.0 kJ mol–1 for C20, 2566.2 ± 7.6 kJ mol–1 for C24, 

and, for the lowest-energy isomers of C32, C42 and C54, 2461.1 ± 15.4, 2629.0 ± 20.5 and 2686.2 

± 25.3 kJ mol–1, respectively. 

The good accuracy in our calculated HoFs results from several key factors.  In comparison 

with high-level composite protocol with post-CCSD(T) terms up to CCSDTQ(5), we find the 

moderate W1X-1 method [an approximation to CCSD(T) at the complete-basis-set limit] 

capable of accurately treating the type of structural deformations in small fullerenes; we have 

applied W1X-1 to C20 and C24.  Our benchmark against W1X-1 reference shows that the B97M-

V and MN15 density functionals, especially when used together as an average, provide 

adequate reaction energies for the kind of isodesmic-type reactions that we use for larger 

fullerenes; they are used for C32, C42 and C54.  To minimize uncertainties in the HoFs, for these 

larger fullerenes, we employ medium-sized structural motifs in the isodesmic-type reactions.  

Accurate HoFs for these medium-sized molecules are obtained at the W1X-1 level, the specific 

values are 216.6 ± 1.4 (fulvene, C6H6), 375.5 ± 1.5 (pentalene, C8H6), 670.8 ± 2.9 (acepentalene, 

C10H6), and 262.7 ± 2.5 (acenaphthylene, C12H8) kJ mol–1. 

We combine the HoFs of the small fullerenes and those previously obtained for larger 

fullerenes (from C60 to C6000) into a full picture of fullerene HoFs.  The normalized (per-carbon) 

HoFs show an inversely proportional trend to the number of carbon atoms.  The trend can be 

reasonably approximated by the “R+D” model that we have previously developed, which 

takes into account the Resonance in the π-bond networks and Deformation from planarity.  

While R+D generally approximates the HoFs well, for the smallest fullerenes (C20, C24), there 

are notable deviations from the actual values.  We have tentatively attributed the deviations 

to simplifications made in the derivation of the deformation term. 
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Fullerenes that are smaller than C60 are formally “non-IPR”, i.e., they do no satisfy the 

isolated pentagon rule (IPR).  For these small fullerenes, the energy associated with structural 

deformation can be expected to play an important role in their reactivity.  The R+D model, 

where applicable, enables straightforward estimation of the local deformation energy at each 

atomic site of a given fullerene, and thus prediction of the local reactivity.  In a brief case 

study, we find that, for C54, most of the high-deformation-energy carbon atoms indeed 

correspond to the sites of C–Cl bond in the experimentally captured C54Cl8.  There are, 

however, other factors such as repulsion between Cl atoms that also seems to influence 

stability of the product. 

In another case study, we find that, for the series of fullerenes from C20 to C6000, C60 has 

the lowest value for the maximum local-deformation-energy.  This is consistent with the 

experimentally observed “special stability” for C60.  Our analysis also suggests that giant 

fullerenes (from ~C1000 onwards) would be prone to downsizing because they contain sites 

with considerable local deformations.  On the other hand, the medium-size region (~C500) may 

contain fullerenes that are fairly stable, with the possibility of being produced in prospective 

experimental studies. 
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