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Abstract

Let us take at random three points F, T and E in the earth's atmosphere,

and a point O′ on its surface. Define a system of rectangular coordinates X1,

Y1, Z1 with its center at F, with X1 axis drawn towards the Sun. Let us

resolve the direct insolation reaching F into two plane polarized rays : the one

travels to X, and oscillates in Z, direction, which is named by (1), the other

travels to X1 and oscillates in Y1, which is named by (2). The primarily

scattered ray generated at T when (1) encounters one air particle at T tarvels

to FT direction and oscillates in a direction normal to it. FT direction is

named by X2. This direction of oscillation is named by Z2 and determined

by X1, Y1, Z1 and the positions of F and T. This scattering is named by E1.

The primarily scattered ray generated at T when (2) encounters one air

particle at T travels to FT direction and oscillates in a direction normal to

FT. This direction is named by Z'2 and determined by X1, Y1, Z1 and F1

T. This scattering is named by E'1.

E1 travels to TE direction and oscillates in a direction normal to it at the

point T. This direction of oscillation is named by Z3. E1 scattering gener-

ates a secondarily scattered ray at E when it encounters one air partticle at E.

This secondary scattering is named by E2. In the same way, E'1 travels to TE

direction and oscillates in a direction normal to it at the point T. This direc-

tion of oscillation is named by Z'3. E', scattering generates a secondarily

scattered ray at E when it encounters one air particle at E. This secondary

scattering is named by E'2.

Further, E2 and E'2 will generate tertiary scattering at O' when they reach

at O' and encounter one air particle at O'.

Let ω1, ω1', ω2, ω2', ω3, ω3' be respectively the angle between FT

and Z1, FT and Y1, TE and Z2, TE and Z2', EO' and Z3, EO' and Z3', then

the phase function in the tertiary scattering is expressed by
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Let O be the earth's center. Define a system of rectangular coordinate X′

Y′Z′ with its center at O′. Z is drawn towards OO′, X′ is in the vertical

plane containing the Sun' centre and in the Sun's side. Let E, T and F be in

the plane X′ Z′ in the Sun's side and use the notation ∠E O′ X′ θ, ∠TEO

=θ1, ∠EOT = θ2, ∠OTF=θ3, h=the Sun's altitude. Then the phase

function are calculated as follows in the case when E approaches infinitely to

O′ with a definite value of θ. D+D'=1 +〓sin2(θ+θ1), here 〓 being a

function of

θ1θ2θ3h.

1. Introduction The scattering phenomena of the Sun's ray by the

earth's atmosphere is the original cause of the blue sky in the day time and

the yellowish and reddish sky in the morning and evening. In the scattering

problem the terms scattering and absorption are in general used separately as

if they were different from each other, but the latter is originated from the

former in the Rayleigh atmospherre. Hence we can reasonably say that the

color of the sky is caused only by scattering with no suspision. The scatter-

ing phenomena has been solved at first by Rayleigh by the consideration of

dimension (Ref. 1 ). Then, Max Planck has established the theory of electro-

magnetic wave and made the theoretical formula of the primary scattering

intensity basing on the field equation (Ref. 2 ).

The author has expanded his resarch and established the theoretical for-

mula giving the phase function in the secondary scattering and the method of

computation and moreover executed the computation precisely (Ref. 3 ).

2. Theoretical formula Take three points F, T and E in the atmosphere

and a point O′ on the earth's surface (see fig. 1 ). Define a system of rec-

tangular coordinates X,YiZ, with its centre at F, Xt axis drawn towards

the Sun. zi axis is in the vertical plane passing through the Sun's centre at

O'Let (r,d,」,) be the coordinates of T of this system. Now, if iλ be

the direct insolation reaching F, we can resolve it into two plane polarized

rays, the one is

ECZI) -j/-^i-exp(int+imx) ( 1 )

which travels to X, and oscillates in Zi direction, the other is

ECY,)^享exp(int+i-x) ( 2 )
travelling to X,and oscillating in Y, direction.

Here FT-Rl and e be the dielectric constant of air particles. Then the

equation of wave generated at T when the former ie E(Z ,) encounters one air

particle qt T is expressed by
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Fig. I Explanation of the polarization angle in the tertiary scattering. 

Eia - i 1 11T e A~)TRllc_~ Iexp(int-imR,) 
2 Rt A 

Eiy 1// ~; R1:: ~2e(A~)6LR/~ texp(mt rmR ) ( 5 ) 

Ei. - i , 71 T e (A~) T~~ 6 exp(mt ImR ) 
2 Rl A 

in which A and T are the wave length and the volume of particle. This wave 

will proceed into the direction FT and have a direction of oscillation normal to 

it, and the direction cosine of the direction of oscillation are as follows : 

1 1 rlx* 1 61Jlel r~+6~ . 

Sincoa R21 ' I Rl t R~ sin co sm co 
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in which sinw -lT~+6~ 

' R, ' 
i, e. w t is the angle between FT and Z1 axrs ' . The intensity can be obtained 

by squaring the amplitude, which is 

, V' E = il 7TT e(AI )srna' (5) 2 R1 A 2 

In the same way, the plane polarized light generated at T by E (Y,) is 

E'I'= i , 7T T e (A~) r R6. ,exp(int-imR1) 
2 R1 A 

= E'iy - 7CT e (~l) r~+/~,exp(mt rmR ) , ( 6) 1, 

2 R1 A 2 e R~ 

E'I'= i ~ 7r T e (~~) 6 !JRJ: ,exp(int-imR,) 
2 R, A 

This will also proceed into FT directron and osclllate normal to it the 

amplitude being 

,, / 2 E = i , 77T e(AI )slna' (7) 2 Rt A 
in which co', is the angle between FT and Y, axis. In the following discus-

sion, Iet the amplitude E, and E't also be the notation of their corresponding 

polarizatio_Ls. 

Now take the origin at T, X2 axis in TF direction, Z2 axis in the direction 

of oscillation of E,, Y2 axis normal to X2Z2' In the same way, define X'2Y'2 

Z'= with respect to E',, in which X'2 being identical with Xa' 

Now, take a point E, and let TE=R= and the angular distan-L,es of TE 

from Za and Z'z axes be co2 and a"=. Then, E* at T will also generate one 

plane polarized light at E. Letting the coordinates of E referred to X2Y2Z2 

system be ( r a 6 = Jc a), then this new plane polarized light will be 

7tT I T2x e (~-) aexp(int-imR2) E2. = Et R2 A 2 e R~ 

16l~ E2 =E, ~ T~e(A-) 2 2exp(int-imR2) (8) 
R2 A . e R~ 

E2 =Et 7rT I r'+6' e (~-) ' ' exp(int-imRa) 
E2 A 2 e R~ 

whose amplitude being 

= e ~~)simQ) 2 1 R2 A 

In the san~e way, the plane pola,rlzed li~ht gener2~ted by E'I at E point can be 
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expressed by substituting E2'Ef' r2'62'J!~2'a'2' for EaEf r262J~aa'2 in the 

above expressions with respect to X2'Ya'Z2' system. Here, both directions of 

oscillation of E2 and E2' are naturally normal to TE. Now, taking the origin 

at E, X3 axis in ET direction, Z3' in the direction of oscillation of Ea, Y3 

normal to them, X3f in ET direction, Z3' in the direction of oscillation of E2' 

Y3' normal to them, and letting the coordinates of O' with respect to these 

3' r 3' 6 3' x 3" EO'=Rs and the angular distances of EO' systems be T 3 6 3 x 

from Z3 and Z3' be co 3 and a' 3" then the plane polarized' Iight generated at O' 

by E2 is expressed by referring X3 Y3 Z3 

7CT I r lc Es" E e (~-) 3 3exp(int-imR3) ~ 

1 68x3 E3y=E2 7r T e (A-) exp(int-imR3) (10) 
R3 A 2 e R~ 

7r T I r'+ 6' E3'=- E2Ra I e (~~) 3 3exp(int-imR3) 
2 e R~ 

whose amplitude being 

7rT 1 E =E2R8A2e (~.)simco3 (11) 
In the same way, the plane polarired light generated by E'2 at O' point 

can be expressed by substituting E'2 r'8 6 '3 I;'3a"3 for E2 r 3 6 3 Ji3a'3 in the 

above expressions with respect to X'3Y'3Z's System 

Eventually we can get 

/ )3 ' , E = ' i i /7rTe(Al) smco . sin(02 . sin(os 
3 

(1 2) 

, ~ )3 ' ,' E = i i ( 7r T e (~i) smco . sina'2' . sinco3' 
3 

Now, Iet the number of partocles in unit volume at F, T and E be rF, FT 

and l'ffl respectively and put 

k,~- 8 7r3T31'~e (l~l ) (15) = /4 
(n=F, T, E) 
As the energy is the square of the amplitude, so the intensity of tertiary 

scattering generated at O' by unit volume of F, T and E will be 

i,[7rT I'T I'l~ / 'F 1 6 ) . 2 ¥ 12 R~ '~R'(sin2a' sm co sm co +sm a' sm (o sm a' ) e (~~) R ~ 

_ il 3 1 . 1 1 . ( ; sin2 co ^,+ Ir sin2 co ,,') k.Fk*Tk.1!' 
~ R~' R * ~=1 ~=1 

If we consider the effect of absorption on the optical way, we must only 
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multiply the absorption terms. 

5. Practical method of calculation. Let O be the earth's centre and O' 

a point on its surface. Take a coordinate system X Y Z with its origin at O, 

Z axis being directed to'Nards OO', X axis normal to Z axis and towards the 

Sun's side on the plane containing OO' and its centre, Y axis normal to X and 

Z. 

Take a point E in the atmosphere seen from O' and let the coordinates 

referred to X Y Z system be 

X esmrcosA Y=esinTSinA, Z =ecosr (15) 
in which 

71 

O <T~~ O <A< 2 7c 

Let X' Y' Z' system be the parallel translation of X Y Z system by the 

transformation of the origin O to O', and put (see fig. 2 ) 

X Rcos6cosA Y'=Rcos6sinA, Z'=Rsm6 (16) 

Z' 

o e ' 

Flg 2 X Y'Z' coordinate system and angles A, 

Letting the coordinates of E referred to this new system 

get 

X=X', Y=Y', Z=Z'+a' 
hare a' being the earth's raduis. 

The relation of (x. y2 z.) coordinate system to (X Y Z) 

as follows 

x2 y2 

C. 

be X' Y'Z', so we 

(1 7) 

system is defined 

(see 

X cos T cos A - sin A sin T cos A 

Y cos r sinA COSA sin r sinA 

-sin r cos T 
Now let the coordinates of T refered to (x2 y2 z2) system be 

x2T=0Tsin6 acosA,, y2T=0Tsin 6 sinA*, Z2Tn=0Tcos6 2 
fig. 5 ) 

(1 8) 

(19) 
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Flg 3 Relatron of x2y2z2 system to X Y Z and 
defmrtron of angles T 6 6 1 , 6 2,At' 

Let (x2' y2' z2') system be the palallel transformation pf (x2 y2 z2) system 

by the translation of the origin O to E, and put ~EOT 6 2' l~~0ET 6 l, 

then 

2~OT 
and the coordinates of T referred to (x2' y2' z2') will be 

(21 ) x2'=ETsin6 IcosA1, y2'=ETsino tsinA1 , z2'= -ETCOS 6 1 

Giving ET, 6 t' AI we can get OT, so o 2 can be found, and eventually 

x2T' yaT' z2T i. e. the coordinate of T referriiug to (x2 yg z2) system. 

Moreover, Iet the polar coordinates of T referred to (X Y Z) svstem be 

(22) XT=0Tsin r'cosA'. YT=0Tsin r'sinA', ZT=0Tcos r' 
(see fig. 4 ) 
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Flg. 4 Relation of x . y * z = system to. XY Z system 
and definition of angles A' T'. 

combination of the relation between X Y Z and x= y= z. systems (18) 

polar coordinates of x. y2 z2 system will generate the following formu-
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sin r 'cosA' =cos r cosAsin 6 aCOSAI -sinAsin 6 aSinA, +sin T COSACOS 6 2 

sin T 'sinA' =cos T sinAsin 6 2COSAI +cosAsin 6 2sinA1 +sin r sinAcos 6 2 (25) 

-sin r sin 6 2cosA! cos T ' = +cos T cos 6 2 

From this we can find T ' and A' if the right sides are known. 

Define a new systen of coordinates x3 y* Z3 by the next relation, here zs 

is directed to OT (see fig. 4 ) . 

xs y3 
X cos r 'cosA' -sinA' sin r 'cosA' 

Y cos r 'sinA' cosA' sin T 'sinA' 

Z -sin r ' cos r ' O 

Now, Iet the coordinates of F referred to (x3 y3 z3) system 

x3F=0Fsin6 +cosA2' y3F=0Fsin6 4SinA2' Z3F=0Fcos6 4 
fig. 5 ) 
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Fig. 5 Relation of x.'y ' z system to x*y.z. system 
and definition of the angles A., 6 *, e +. 

Further, Iet x*'y3'Z3' be the parallel translation of x3 y3 Z3 System by the 

translation of O to T (see flg 6 ), and the coordinates of F referred to this 

new system be 

=TFsin6 scosA2' y3 F=TFsin6 *sinA2' z3'F=TFcos6 3 

So, if 6 3, A2 are given and TF are calculated, the position of F are deter-

mined, and in the same way as in T, its height OF can be obtained. From 

this and 

FT sm 6 * = 

we can get O + and so x3FyeF z3", i. e. the coordinate of F referring to (x* y3 
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z3) system, can be determined. 

However the coordinates of T referred to x3 y3 z3 System are -

x3'T=y3T=0, Z3T=0T (28) 
By giving these values we are get the coordinates of F, T referred to X Y 

Z system XF, YF, ZF, XT, YT. ZT and so 

XF'=XF, YF'=YF, ZF'=ZF-ao' Xp'=X;, YT'=YT. ZT~ZT-ao (29) 
can be determined. 

Therfore, the coordinates of T referred to X,. Yl, Z, system can be ob 

tained as follows : 

r I = ( XT' -XF')cosh + (ZT' --ZF')sinh = (XT -XF)cosh + (ZT -ZF)sinh 

6 1 =YT'-YF' =YT-YF (50) x I = (ZT'- ZF')cQsh- (XT' - XF')sinh = (ZT- ZF)cosh- (XT - XF)sinh 

Here, h is the Sun's altitude and the relation between (Xt Y, Z1) system 

and (X' Y' Z') system is 

X' ' Z' Y 
X , cosh O Sinh 

51 ) 

Y: O I O 
Z I -sinh O cosh 

The drrection cosmes of FT referred to X1, Y,, Z1, axis are 

- 61 coscot" - r t x I (52) , cosco ,' coso) -~ T' 
in whicho'l" is the angle between FT and Xt axis. 

r ,, 8 t' x I are linear functions of x3T-xaF' y3T-y8F' Z3T-ZSF by. 

(1 7), (24) and (50), and they are expressed as follows by (25) 

x3T- x3T = x3'T -x3'F = 3cosA2 - s'F = - Fsin 6 

y3T - ysF = y3'T - y3'F = sinAa (55) - Fsin 6 8 - eF = 
z3T - z3F =0T - OFCOS 6 4 =TFCOS 6 3 

and by (24) 

XT - XF = cos r 'cosA'(x3T - x3F) - sinA'(ysT ~ ysF) + sin r 'cosA'(z3T - z:~F) 

YT -YF = cos r 'sinA'(xsT ~ xsF) +cosA'(y3T - yaF) + sin r 'sinA'(z3T - z8F) 

ZT - ZF = - sin r '(xaT~ x3F) +cos r '(z3T -Z3F) (54) 
Therefore, cos CQ I ' cosco I , cos (Q I ", can be evaluated by sine and cosine of 

r ' A' 6 8 A2' The coordinates of E referred to X' Yf Z' system are 

X , E = (X E' - X F')cosh + (ZE' - ZF')sinh 

Y I E = YE' - YF' (55) Zl E =(ZE'- ZF')cosh- (XE'- XF')sinh 

T he n 

XtE- 6 1 ;(XE X )cosh+(ZE Z )smh (Xl~l X )cosh+(Z1~ Z )smh 
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(56) YIE- 6 , =YE'-YT'=YE-YT 

ZI E - Jc I = (ZE' - ZT')cosh- (XE' - XT')sinh = (ZE- ZT)cosh- (XE- XT)sinh 

The direction cosines of x2 y2z2 axes with respect to X Y Z system given in 

(18) shall be written for brevity by al, a2' a3bt' b2' b3' c,, c2' c3' then 

XE-XT=a{(xaE'~x2T')+a2(y2E'-y2T')+a3(z2E'-z2T') 
( 57 ) YE - YT = b I (x2E' - x2T') + b2(yaE' ~ y2T') + b3(z2E' - z2T') 

ZE - ZT = c I (x2E' - x2T') + c2(y2E' - y2T') + c3(zaE' ~ z2T') 

here xaE' yaE' z2E' being zero by the definition of (x2' y2' z2') system. Eventu-

ally, we get by (18) and (21) 

XE-XT = -cos r cosASin6 COSA +sinASin6 sinA +sin r COSACOSO 

YE - YT _ E T ~ ~cos r smASrn6 cosAt -cosAsin 6 IsinAl +sin r sinAcos 6 1 (58) 

ZE-ZT ET =sin r sm6 COSA +cosrcos6 t 
From this the drrectron cosmes of TE line referred to x yl Zt system i. e. 

XIE- r t Y,E- 6 1 Z IE- x 1 

TE ' TE ' TE 
can be evaluated from (56) by sine and cosine of r A, 6 1 . A 1, For abridge 

ment we will write them by I, m, n. 

_ XtE- r I _ Z tE- xl l m- YtE- 6 1 n (59) ~ E ' ~ 

Further, Iet the direction cosines of Za and Z'2 axes referred to Xl Y, Z, 

system be 12 m3 nz and 12' m2' n2" so we have from (52) and (4) 

r t I~ I =cosQ, Icosa' IP=1 smco I =Ll 

R~ 

6 1 x I =cosQ, cosco m smw M (40) Rf 

r~+6 =_(cos Q, +cos co ) 1+cos a' n sma' N 
~ ~ 
These three quantities shall be notated by L M and N 

I, , 
cos co 2 =1la + mma +nna (41 ) 

And , from (52) and (6) we get 

r t 6 t =cosQ, t "cosQ, I'=13sinQ' l'~~La' 

R~ 

r~+x] _ ,=m2'sina' ~= = cos2a'l+cos2(o ) 1+cos (o l' M2, (42) ~ ~ 
6 Ixt =coso' cosa' t =n2'sina'l'~~N2' 
R~ 

Three quantities in (42) shall be notated by L2' M8 and Na' 
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As Q, 2' is the angle between TE and Z2' 

cos (o 2' =112' + mrn2' + nna" 

From (40) and (41) 

cos w 2sin a' I = ILI +mM, +nN1 

sm (o sm a' sm co (lL +mM +nNt)2=2~ 
The expression of (45) shall be for brevity written by z~1 . 

In the same way 

sinzQ, 1'sin2a' '= 2 sin2a' 1'-(lL +mM +nN2)2=2~L' 

The direction cosines of Xa axis referred to XI Yt ZI system are 

6, 
Rt ' Rt ' Rf 

and that of Za axis lamgna, then that of Y can be determmed 

A ,P , v , then we get 

Xt Y, Zl 

(45) 

(44) 

(45) 

(46) 

(47) 

Xa 

Ya 

za 

Let them be 

rt 
R, 

61 

A 

R, 

X1 
RI 

p 

v 

la 

ma 

ra 

The result of computation is as follows 

/=:1: 6, . 1 
sin (o t R , 

p=:F . T1 1 
sm a' I R t 

v=0 
We will explain this result. 

It is clear that 

A T1+p 6t+ v xl= O 

A12 +pm2+v n2=0 
From (50)xl2-(51)x r 1, we get 

p ( 6 I12- r tm2)+ v ( x ll2-n2 T ')= O 

From (50)xm2-(51)x r ,, we get 
A ( r Imz~ 6 I12)+ v ( x ,m2- 6 ,n2)= O 

From (50)xn2-(51)x lc 1, we get 

A ( r tn2- x tl2)+ p(6 ,na~ x ,m ) a =0 
From (52), (55) and (54), we get 

k 

(48) 

(49) 

(50) 

(51 ) 

(52) 

(55) 

(54) 

61 Xl 

m2 n a 

t xt 

n2 

T, 

13 

l 

T1 

la 

6 t 

m2 

Rl (55) 



6t x, 
m~' n2' 

And from (42) we get 

- 1 6 tn2 - It Ima'~ R~sinQ' 

- 1 x tla ~ r In2 - R~sinw 

,- 1 r Ima'~ 6 Ilg - R~sina' 
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Let us defme k by (55). From (40) we get 

6ln2- x,m2 {6 (r +6 )+ x~6,} .1 - ･ 81 (56) 
' ~srna't~ sina', 

x,12-n2T = t R~sinco { T t x + r 1(r + 6 ,)} (57) - sina', 

1 

r Im2-lz 6 , =R~sina' ,{ r 1 6 , x , - , (58) r x 6*}=0 

Substitute (55), (56), (57), (58) in 

1 2+ p 2+ y I (59) Then we get 

x2 
R~sin2a' { r + 6 } I (60) 

When we substitute the third expression of (40) in (60), we get 

xa= 1 

Hence we have (49) from (55),(56),(57) and (58). 

We may use either the upper or the lower sign in (61 ) as in explained in 

later. 

Let the direction cosines of Y2' axis. and Z2' axis referring to (XI Y1 Zs) 

system be A 'P'v', 12' m2' na ' . We have then (62) . 

X 'a Y '2 Z 'a 

T1 
X~ - I Ia' Af 

Y , P ' m2' RI 

Z , h t n 2' Rl 

Therefore m the same way as in the preceding discussion 

A' ' v' _ k' p' 

x x r r 

t 

t 

1 61 Rt 
na' I m2' l' a 

,(6ix,+J~ (r +x)) Jltl 
sin a' I ' 

,('clrl6 T 6lxl)=0 

( T (T +x ) rl6~)- rl 
sin a' 1 

(65) 

, 

(64) 

(65) 

(66) 
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Substitute (65)-(66) in (67), then we have (68) 

l '2+ p '2+ v '2= I (67) 
k '2 1 R~ ' sin2 a't'(r + r:~)= 1 

k'=~ 1 
Eveatually 

l'=:F I J~t 
R Sin a' l' 

1 rl y'=~ Rt ' inQ'I' 

Here we can reasonably use each of upper and lower signs. 

From (,48) we get 

X r r I X~+ / Y +1zZ2 
t~ 1 
6 

Y 6 1 - : Xa+pY +m2Z2 (70) 
x l R1 X2+ l'Y +naZ2 Z1 =JI~ -

And from (62) 

X r - TIXa'+/ Y +12Z2 
1 Rt 

Y 61- 81 X2'+p Y +maZ2 (71) R, 

Zf =x - JelX2'+y Y +n2Z~ 
f Rt 

Let the directioncosinse of Z3 axis referring to (X2Y2Za) system be notated 

by (13m3n3)' then we have 

T Ic 62lt2 r~+ 6~ 13 =R~si2n ~ me =R~sin o' 2' ~ R~sin 'o a (72) n3= 

Here ( r a 6 2 x a) is the coordinate of E referrmg to (X Y2 Za) system and can 

be obtained as follows : 

r (YIE 6 ) Rt ~(Z E ~: ) Rl r2=-(XIE-rl) '--- - t I - 1 R1 

6 2=(XIE- r 1) A +(YfE~ 6 I)P +(ZIE- Jc 1) v 

x 2=(XIE- r 1) 1 2+(YIE- 6 1)m2+(ZIE- x 1)n 2 

Hence we can calculate the above mentioned directioncosines (13m3ne)' 

Let the direction cosine of Z3 axis referring to (Xt Y1 Z1) system be ( ~ lo 

4 ), th'en we have (74) from (48) 
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　　　　　　　　　ア　　　　　　ξ＝一一二」LI3十λm3十12n3
　　　　　　　　　R！

　　　　　　η一一む1。＋μm、＋m2n、　，　　　　　（74）
　　　　　　　　　R璽

　　　　　　　　　む　　　　　　ζ＝一一上L13十レm3十n2n3
　　　　　　　　　R！

However，from（73），（49）and（40）

　　　竃一一禽（畷・＋mδ善・＋n’器）一一繋：（1L・＋mM・＋n（N・＋1））

　　　　　　　　　　　　　　　　　　　　　　　1　　　　　　　　　　　　　　　　　　　　＝　　　　　　（ΣIL囁十n）　　　（75）
　　　　　　　　　　　　　　　　　　　　　　COSωユ

　　　δ2　　　一＝・1λ十mμ　　　　　　　　　　　　　　　　　　　　　　　　（76）
　　　R2

　　　毒112＋mm2＋nn2一藷，　　　　　（77）

Then　when　we　define　L3，M、，N3by（78）

　　　　　　　　　グ2履2　　　　　　L3＝　　　　　　　　　Rl

　　　　　　M3・＝δ2摺2　　　　　　　　　　　　　　　　　　　　　（78）
　　　　　　　　　Rl

　　　　　　　　　　γ書＋肩
　　　　　　N3＝一　　　　　　　　　　　R茎

we　have（79）from（72），（75），（76），（77）

　　　　　　　　　　　　　　　1　　　（Σ1L一）（ΣIL2十n）
　　　　　　L3＝＝13sinω2＝一　　　　　・
　　　　　　　　　　　　　　sinω一　　　　COSω一

　　　　　　M。一m。sinω、一（1λ＋mμ）Σ1L一　　　　　（79）
　　　　　　　　　　　　　　　　　　sinω一

　　　　　　N3－n卿2一一（1一養i）r－sin2ω2一一si蓄ω，

Substitute（79）in（74）we　get

　　　　　　ξ＝　1　（　γ一L3十λM3十1、N、）
　　　　　　　　sinω2　R一

　　　　　　η一si♂ω、（一告L3＋μM3＋m2N3）　　　（80）

　　　　　　ζ一si♂ω、（一魯L3＋レM3＋n2N3）

Byfurtherdef・rmati・n’

　　　　　　　　　　　　　　　　　　　　　　　　一
　　ξ一sinω，1sinω，〔｛琵器n＋λ（1λ＋mμ）｝（Σ1L・）一sinをお，が／

　　　　　P
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7_ 1 1 ~:1L1+n Mt z~ 6 +p(1/ +mp) J (21Lt) -
sin o' t Sin Q' cos a' I Sina a' R 

C- I J,, . ~1L1+n .(~:lL ) Nt c~l (81) 
Sin a' t sin Q' R cos a' 1 1 Sina (t' 

=__~=rl . (~1Ll)(~1L + n)+2;L t J sin ,o , sin Q' 2L 

Represent the large bracket in (81 ) by a , 17 t C I , then we have 

~ , = ~ sin,o Isino' a 

7 1 = 77 sin o' tSin Q' 2 (82) 
C I = C Sino, tsinQ'2 

As ( ~ p C ) is the directioncosine of Z3 axis referring to (XIYIZ1) system, 

the value referring to (X'Y'Z') system reduces to (85) by use of (51 ) 

~ cosh- C sinh, 7 , ~ sinh+ c cosh (85) 
The directioncosine of EO' referring to (X'Y'Z') system is 

-cos6cosA, -cososinA, -sino (84) 
Thus, as w 3 is the angle between EO' and Z8 axis, it becomes 

eos co = -cos 6 cosA( ~ cosh- C sinh)-cos 6 sinA ･ 17 

-sin o ( ~ sinh+ 6 cosh) (85) 
.'. - sin Q, tsin ~ 2cos ~ 3 = ~ , (sin o sinh+cos 6 coshcosA)+171 cos 6 sinA 

+ ( , (sin 6 cosh -cos 6 sinhcosA) = H (86) 
If we denote H as the right hand side of (86), then 

( I -sin2 o' 3)sin2 ,o Isin2 a' a=Ha (87) 
and when we put 

D= sin2 ,o t sina o' 2sin2 a' a (88) 
then we get from (45) D=t~1-H2 
When we denote the directioncosine of Z3' axis referring to (X2' Y2' Z3') 

system as (13'm3'n3')' then 

, r 2' x 2' r ~'+ 6 ~' 13 R~~6si2nJ~a'a, , n3= (89) ,-= ~sinco " m3 - ~ ~sin a' a' 

Here, ( r 2'6 a'x2') is the coordinate of E refernng to (X Y2 Z2 ) system and Is 

given as follows by (62) 

r r2'=-(X E-r ) ' t -(Z IE- x l) t l t -(YlE- 6 1) R Rt 

6 a'=(XIE- T l) / '+(YlE- 6 )P '+(Z,~- x 1) v ' (90) 
Je a'=(XtE- r 1) I a'+(YlE- 6 t)m2 +(Z ,E- x I)n 3' 

We can then compute the directioncosine (13' m3' n3') above mentioned. Then 

the directioncosine of Z3' axis referring to (X, Yt Z1) system can also be 

computed from (62) as follows 

e,_ rl I '+A m +1~n~' 
~~ , 3 
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　　　　　　η’一農：13’＋μ’吋嘱、　　　’・〈91）

　　　　　　　　　ぢ　　　　　　ζ’＝Rll3’＋〆m3’＋n2’n3’

（9。）職評enotethevalueas（ξ’η1吟F「om（59㈹（艇〉乎69）and

　　　　　　γ2’　ア2　　1　　　　　　一＝　　　　・＝一　　　　　（Σ1L，十n）　　　　　　　　　　　　　　　　　　　　（92）
　　　　　　R2　　R2　　cosω一

　　　　　　選一1λ’＋mμ’＋n〆一1λ’＋nン’　　　　　（95）
　　　　　　R2

　　　　　　冤一112’＋mm2〆＋nn2’一多IL2，一c。s．2’　　　（94）
　　　　　　R2　　　　　　　　smω一

Then，when　we　put

　　　　　　　’　γ2’κ2ρ
　　　　　　L3＝　　　　　　　　　　R釜

　　　　　　　，　　δ2〆履2’　　　，　　γ茎’十δ釜’
　　　　　　M3＝一　　　，N3＝一　　　　　　　　　　　　　　　（95）
　　　　　　　　　　R釜　　　　　R監

wegetl「om（8？）・（92ン・（95）・（94）・and（46）

　　　　　　ll鵡1筑灘越1し．／邸）

　　　　　　酷．＿．｛1一養1』瓢．孟♂／

Substitute（96）in（91），then　we　get

　　　　　　　　　グ　　　　　　ξ’＝（一⊥LL3’十λM3’十12N3’）／sinω2’
　　　　　　　　　Rl

　　　　　　　　　δ　　　　　　ηρ＝（一一翌一L3’十μ’M3’十m2’N3’）／sinω2’　　　　　　　　（97）
　　　　　　　　　R一

　　　　　　　　　ぢ　　　　　　ζ’濡（一一tL3’十〆M3’十n2’N3’）／sinω’
　　　　　　　　　R、
By　further　transformation　by（42）an（1（96）

　　ξ’｛1養：・（聖繊n）＋川’＋nの｝（Σ1玩）一、in釜’ζ’〕

　　　　　　　　　／sinω一’si五ω2ρ　　　・　　　　一

　　η’一「｛農：・（Σ器諾，n⊇・（Σ1L・）一§in晦，’ζ’！／sinω・㎞ω2’（98）

　　ζ’一／｛（ΣIL1＋n）＋レて1λ’＋nレう，｝（ΣIL2）一sin番，’小inω・㎞ωa’
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When we denote the large blacket in (98) by ~ *' 17 *' C I , then we have 

~ t'= ~ 'sinco ,'sinco =' 

77 1 '= ~7 'sinco 1'sinco a' (99) 
C ,'= C 'sin'o *'sinco 2' 

As (~'17'C') is the direction cosine of Z'3 axis referring to (XIYt Z1) 

system, the value referring to (X'Y'Z) system is given by (1aO) from (51). 

~'cosh - ('sin h , ~ ', ~ 'sinh + ( 'cos h (100) 
As a' 3' is the angle between EO' and Z s' axis, then we have from (100) 

and (84) 

cosa' s'= ~cos 6 cosA( ~ 'cos h - C 'sin h )-cos c sinA ' ~ ' 

- in o ( ~ 'sin h + ( 'cos h ) (1 O1 ) 
.'. - sin co , 'sin co 2'cos co 3' = (sin c sin h + cos 6 cos h cosA) ~ I ' 

+cos6sinA. ' 7 ,' 

+ (sin e cos h - cos 6 sin h cosA) ( , ' 

We will denote the right hand side of (1 02) by H', then 

(1 - sin2 co 3')sin2 a' I 'sin2 a' a' = (1 05) H'2 

and when we put 

D'=sinacol'sin w sm co 

then we get from (46) 

D'= t~L'- H'2 (104) From the above detailed explanation we can evaluate the blacket of (1 4). 

We must now proceed to the discussion of the sign of ( A P: v ) in (49). 

If we adopt the lower sign of (49), it is clear from (75) that the sign of 6 2 

will change, therefore the sign of m3 will also change from (72) , the value of 

( ~ V C ) will be invariable from (72), so that ( ~ 1 ~ 1 C t) will also be invaria-

ble from (81 ) , then cosco~ is also so from (85). Moreover H and D are inva-

riable from (86) and(88). 

In the same way as in this discussion, D' is invariable either when we 

adopt the upper sign or the lower sign of (69). 

4. Particular case. We can get 6 2 by giving the right hand side of 

(20), then r ' and A' will be gained from (25) by giving A. Al , r . By giving 

6s' A2 we can get T1/R,, 6,lR,, xf/R* from (55), (54) and (50). 

We can get I , m, n, from (58) and (56), and L. M, N, 1 2m2n2 from 

(40), co2 from (41), L=M2N2 1 2'm2'n 2' from (42), co2' from (45), 2~ from (45) 

2;L' from (46), ( A , P , v) from (49), (~* 17 1 C t) from (81), H from (86) and 

eventually D from (88). 

In the same way, we can get ( I '/1"") from (69),(~ 1'17 ,'C t') from (98), 

H' from (1 02) and at last D' from (1 04). 

To simplify the discussion, Iet us put 
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　　　　　　　　　X7－XF　　　Y？一YF　　　ZT－ZF
　　　　　　　　　　　　　＝＝＝a，　　　　　＝＝b，　　　　　＝c
　　　　　　　　　　T　F　　　　　　T　F　　　　　　T　F

then　we　have　from（55）and（54）

　a）The　case　A2ニO

　　　　　　　　　a＝cosA’sin（7”一θ3）

　　　　　　　　　b＝＝sinA’sin（γ一θ3）

　　　　　　　　　C＝COS（γ’一θ3）

　b）The　case　A、＝丑
　　　　　　　　　　　　　2

　　　　　　　　　a＝sinA’sinθ3十sinγ’cosA’cosθ3

　　　　　　　　　b＝一cosA’sinO3十sinγ’sinA’cosθ8

　　　　　　　　　C＝COSγ’COSθ3

　c）The　case　A2＝・π

　　　　　　　　　a＝cosA’sin（γ’十θ3）

　　　　　　　　　b＝sinA’sin．（γ’十θ3）

　　　　　　　　　C＝COS（〆＋θ3）

d）ThecaseA、一鉱
　　　　　　　　　　　　　2

　　　　　　　　　a＝一sinA’sinθ3＋sinγρcosA’cosθ3

　　　　　　　　　b＝cosA’sinθ3十sin〆sinA’cosθ3

　　　　　　　　　C＝＝COSγ’COSθ3　　　　　　　　　－

　　We　have　further　from（23）

1）Thecase　A＝O
　　　　　　　　sinγ’cosA’昌cosγsin〃2cosA一十sin7cosθ2

　　　　　　　　sinγ’sinA’＝sinθ2sinA¶

　　　　　　　　cosγ・＝一sinγsinθ2cosA、十cos7cosθ2

　　　1）The　case　A一・＝O

　　　　　　　　sinγ’cosA’ニsin（γ十〃2）　　　　　　　・

　　　　　　　　sinγ’sinA’＝O

　　　　　　　　COSγ’＝COS（γ＋θ2）

　　　　　　　　』．A＝0，γ’ニγ十θ2

then　we　get　form（106）～（109）

　a）　　　　　　　a＝sin（γ十θ2一θ3）

　　　　　　　　b＝O

　　　　　　　　C・＝COS（γ＋θ2一θ3）

And　we　get　from（50）

ムーsin（γ＋θ，一θ、＋h）
R一

δ
烈一＝O
R一

ム＝6・s（γ＋θ、一θ，＋h）
R噂

’

（105）

（106）

（107）

（108）

（109）

（110）

（111）

（112）

（113）



b) 
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a=sinr'cos63 l 
b = -sin 6 s c =cosT'cos63 J 

Tl _cos6 sm(r+6 +h) 
Rt ~ 

6t -= sin 6 3 
Rt 

x , =coso 3cos( T + 6 2+ h) 

c ) a =sin( r '+ 6 3) 

b=0 
c =cos( r '+ o 3) 

rl _sm(r+a +6 +h) 
R1 ~ 

6,=0 
R1 

x R't =cos(r+6 +0 +h) 

d ) ･ a =sin T 'cos 6 3 
b = sin 6 3 

c = cos r 'cos o 3 

r R, =cos6 sm(r+0 +h) 

6 1 -sm6 
Rl ~ 

xl cos6 cos(r+ 6a+ h) 
Rt ~ 

In this paper the values of D D' in 

Table I for r = O , here the value of 6 , 

unit of degree. In this case 

in the case of I ) I ) a ) when we wright 

substitute 7r - 6 3 for O 3' At the 

to Dr. K. Y. Kondratyev, Rector of 

and interest to the research. 

l) 

2) 

5) 

(1) 

(1 1 4) 

(115) 

(1 1 6) 

(1 1 7) 

(118) 

(1 1 9) 

ll5 

the case I ) I ) c ) are tabulated in 

6 1 , 6 2' O 3 and h are expressed in 

D+ D'= I +~~Isin2( 6 - 6 1). We have the values 

the column of O 3 upside down i. e. 

end the author expresses his sincere thanks 

Leningrad University, for encouragement 
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Table　1． θ＝0 This　table　expresses　the　value　of　the　pu丘arization　angle　m　the　case　of　I）　1）c）
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1．0000
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1．0000

1．0ワ88

1．60ワ8

1．6505

1．9945

1．4947

1．2005

1．0425

1．0018

1．0000

1．08ワ9

1．6505

1．6526

1．9904

1．4725

1．1855

1．05ワ0

1．0015

1．0001

1．09ワ8

1．6526

1．0555　1．0580　1．0427　1．0478　1．0527

1．1876　1．1901　1．1925　1．1945　1．1958

1．1167　1．1106　1．1046　1．0986　1．0926

1．0555　1．0295　1．0255　1．0216　1．0181

1．0000　1．0002　1．0006　1．0012　：L．0022

1．0252　1．02ワ9　1．0508　1．0556　1．0565

1．06251．06401．06551．06641．0675
1．0252　1．0225　1．O　l9ワ　1．01ワ2　1．G　l4ワ

1．0555　1．0580　1．042ワ　1．04ワ8　1．0527

1．ワ500

1．ワ500

1．1875

1．0555

1．0000

1．0045

1．0000

1．18ワ5

1．7500

1．ワ648

1．ワ546

1．1726

1．0282

1．0001

1．0045

1．0001

1．2028

1．7648

1。7787

1．7184

1．1585

1．0255

1．0005

1．0045

1．0005

1．2188

1．7787

1．ワ917

1。7015

1。1450

］。Ol95

1，0005

1．0041

1．OOO8

1．2554

1．7917

1．8040

1．6858

1．1521

1．015ワ

1．0010

1．0059

1．0014

1．2526

1．8040
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Table 1. A= O 6 =90 

  

¥h 
¥6-
6* O-

30 

60 

75 

90 

O 

50 
60 
~5 
90 
l05 
120 
150 

O 

30 
60 
75 
90 
105 
120 
150 

O 

30 
60 
75 
90 
l05 
120 
l 50 

O 

50 
60 
75 
90 
l05 
l 20 

150 

o l 

O 

2 6 4 

l.OOOO 
1. 0469 
l . OOOO 

l . 0469 

l . 1875 

l .5499 
l . 4219 

l . 1875 

l.O002 
l . 0467 

l . O002 

l . 0567 

l , 1989 

l .5586 
l . 4216 

l . 1762 

l . OOOV 

l.0464 
l.O007 
l . 0608 

1.2104 
1 .6668 
l . 4205 

1 . 1651 

l.O014 
l.0458 
l . OO 17 

l.0685 
l .2220 

l .6746 
l . 4189 

l . 1541 

l . 0026 

l.0451 
l . 0029 

l . 0766 

1 . 2555 

l.6821 
l.4164 
1 . 1 455 

equal to e =50 

equal to e =60 

l.OOOO 

O l 

50 

2 6 4 

l . 1406 

l . 1406 

l .OOOO 

l .0469 
1 . 1406 

1 . 1875 

l . 1406 

l.OOOO 

l . 1462 

l . 1549 

l.O002 
l . 0526 

l . 1462 

l . 1876 

l . 1649 

l.O002 

l . 15 15 

l . 1289 

l.O009 
l . 058V 

l.1514 
l . 1866 

l . 1289 

l . O009 

l . 1565 

l . 1227 

l.0021 
l.0647 
l . 1565 

1 . 1855 

l . 1227 

l.0020 

l 

l 

l 

l. 

I 

l 

o l 

60 

2 5 4 O 1 

90 

2 5 4 

. 16 12 

ll65 
.0056 
.OVll 
1616 
l 859 

. I165 

.0057 

l.4219 
l . 1875 

l.OOOO 
l .0251 
l . 0469 

l.0251 
l.OOOO 
l . 1875 

l . 4219 

l . 42 14 

l . 1764 

l.O005 
l . 0275 

1.0468 
l . 0227 

l.O002 
l . 1988 

l.4214 

l.4207 
l.1650 
l.O007 
l.0298 
l.0464 
l . 0205 

l.O007 
l.2104 
l . 4207 

1 . 4189 

l . 15 40 

l.O015 
l.0521 
l.0458 
l. O 179 

l. O016 

l.2219 
l . 4189 

l.4164 
l. 1 465 

l. 0026 
l . 0544 

l.0451 
l . O 155 

l.0050 
l . 2654 

l.4164 

' I . 5625 

l . 1406 

l.OOOO 
l .0054 

l.COOO 
l . 0252 

l . 1406 

l .5625 
l .5625 

{ 

l 

l 

l 

l 

l 

.5510 

. 1295 

.OOOl 

.0055 
OOOl 
.0297 
. 152 l 

.5755 

.5510 

l .5587 
l . I 188 

l.O002 
l . 0052 

l .O002 
l . 46 44 

l . 1642 

l.5841 
l . 5587 

l . 5265 

l . 1087 

l.O004 
l.0051 
l . OO 12 

l.0596 
l . 1766 

l.5938 
l . 5265 

l.5129 
l.0990 
l . O008 

l . 0029 

l.O012 
l . 0455 

1 . 1 895 

l.6029 
1 . 5129 
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105

120

150

　0

50
60
ワ5

go
lO5
12G
150

　0

50
60

75
90

105
120
150

　0

50
60
75
90

105
120
150

1．0000

1．0084

1．0469

1．0625

1．0625

1．0469

1。G251

1。0011

ユ．0000

1．0092

1．0485

1．0651

1．0619

1．0455

1．0258

1．0009

1．00001．00001．0000
1．0101　1．0110　1．0120
1。0496　1．0509　1．0522

1．06551．06591．0645
1．0612　1．0604　1．0596
1．0441　1．0426　1．0412
1．0224　1。0211　1．0198

1．000ワ1．00061．0005

1．0000

1．0469

1．18ワ5

1．2176

1．1875

1．1166

1．0469

1．0000

1．0000

1。050ワ

1．1912

1．2175

1．185ワ

1．1115

1．0452

1．0000

1．0001

1．054ワ

1．194ワ

1．2171

1．1796

1．1065

1．0596

1、0001

1．0002

1．0589

1．19ワ9

1．2164

1．1754

1。1015

1．0562

1．0001

1．0004

1．0652

1．2010

1．2154

1．1ワ10

1．0962

1．0550

1．0005

equal　to　O＝・50

1．00111．00141．00161．OO19
1．0251　1．0265　：L．02ワ9　1．0294

1．0625　1．0651　1．0655　1．0659

1．0625　1．0619　1．0612　1　0604

1．0469　1．0455　1．0441　1．0426

1．0251　1．0258　1．0224　1骸0211

1．0084　1．00ワ6　1．0069　1．0062

1．00001．00001．00001．0000

　　　　　　

1：羅
1．06421
ユ．05961
1．04121
LO19811
1．005511
1。COOO 1

1．0156

1．1406

1．2500

1．2176

1．1406

1．0625

1．0156

1．0000

1．0176

1．1465

1．2499

1．2155

1．1550

1．0582

1．0158

1．0000

1．019ワ

1．1520

1．2494

1．2091

1．1295

1．0541

1．0121

1．0000

1．0220

1．15ワ6

1．2486

1．2046

1．1257

1．0501

1．0106

1．0000

1．0245

1．1652

1．2476

1．1998

1．1181

1．0465

1．0095

1．0001

1

．00541．00591．0045
．05551．054ワ1．0558
．04691．04641．0458
．0555　1．0525　1．05］．1

．0156　1．0145　1．0155

．GO54　1．0029　1．0024

．00001．0000ユ．0000
．00111．00101．0010
．00541．00591．0045

1．00511．005ワ1．00451．00511．005ワ1．00641．00ワ1
1．0569　1．00111．0251　1．0255　1．0258　1．0260　1．0262

1．045］，　1．04441．0156　1．0148　1．0140　1．0152　1．0124

1．0299　1．02871．0045　1．0059　1．0054　1．0029　1．0024

1．01251．01151．00001．00001．00011．00021．0005
1．0020　1．00171．0054　1．005ワ　1．0041　1．0045　1．0049

1．0001　1。0001ユ．0084　1．0086　1．0088　1．0089　1．0090

1．0009　1．0008］．．0054　1．0050　1．0026　1．0025　1．0020

LOO51LOO571LOO451・0051LOO57LOO肌0071

ユ．0469

1．1875

1．18ワ5

1．1166

1．0469

1．0084

1．0000

1．0000

1．0469

1．050ワ

1．1912

1．1857

1．1115

1．0452

1．OO71

1．0000

1．0000

1．050ワ

1．0547

1．194ワ

1．1796

1．1065

1．0596

1．0059

1．0001

1．0001

1．054ワ

1．0589

1．19ワ9

1．1754

1．ユ0ユ5

1．0565

1．0048

1．0001

1．0002

1．0589

1．0652

1．2012

1．1710

ユ、0962

1．0550

1．0059

1．0005

1．0004

1．0652

1．0625

1．1406

1．0625

1．0156

1．0000

1．0084

1．0156

1．0000

1．0625

1．0665

1．1405

1．0587

1．0155

1．0001

1．0092

1．0156

1．0001

1．0665

1．0ワσ1

1．1402

1．0550

1．0116

1．0002

1．0100

1．0155

1．0002

1．0701

1．0ワ40

1．1596

1．0514

1．0098

1．0005

1．0工07

1．0155

1．0004

1．0740

1．00ワ8

1．1588

1．0478

1．0081

1．0009

1．0114

1。0150

1．0010

1．0078
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