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                              Abstract 

 In this paper we study the  a problem on weakly q—convex domains and extend 

the results of Ho to unbounded q—convex domains with non—smooth boundary. 

 Introduction. Fischer and Lieb[1], Schmalz[4] obtained the uniform and Holder 

estimates for the solution of  5 problem on strictly q—convex domains by applying 

the Cauchy—Fantappie integral formula. Recently  Ho[2] defined the weakly q—convex 

domain and obtained  L2 estimates for solutions of the  a problem for  (0,r)forms, r 

 �q. In this paper we shall extend the definition of the weakly q—convex domain to 

unbounded domains with non—smooth boundary and obtain the L 2 estimate for the 

solution of the  a—problem. 

 I. Weakly  q—convex domains with non—smooth boundary. 

Definition 1. Let  (2 be an open set in  C. We say that  u:  [  cc,  cc]  is  q  — 

subharmonic if u satisfies the following (a) and (b): 

(a) u is upper semicontinuous on  n. 

(b) Let D be a q—dimensional polydisc in  S2 and let f be an analytic polynomial in 
D  such  that  u<Re  f  on  SD.  Then  u<Ref  in  D.  -

 Remark.  A  q—subharmonic  function  is  (q+1)—subharmonic. 

 Let B(z;r) be a ball in C" with center z and radius r. Let  co  ( ) be a radial 

function satisfying  99  (  )  dA(  )=1,  90  (  )�0 and supp  yo  CC  B(0;1), where dA is 

the Lebesgue measure in  C". 

 LEMMA 1. Let u  e  c2(n) be  subharmonic in  S2. Define
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(~=(z)= JCu(z-e~9'(~)dA(~). Then (~= ~ u when e ~ O. 

PRooF. Define for ze~ 

i w =1 u( z + rw) dS( w) , N( r) = 

where dS is the surface measure on lwl =1. Then we have 
j I a 2+2~-1 a (( ~; + ~= )u(z+ rw)dS(w) ~u(z+rw)dS(w)= ,~ _1 ~}) O:~ 
l~1 =1 

((~)2 + 2n-1 ~ I (r2'~lN'(r))~. )N( r) = 

r ar r 2~~ l 
Thus N(r) is increasing with respect to r. On the other hand we' have 

~)=(z) = j=J j, N(er) q9 (r)r 2~~Idr. u(z - erw) ~~ (r)r 2~~1 drdS( w) = 
o I**'i=1 

Thus ~.(z) is increasing with respect to e, which completes the proof of lemma 1. 

For any unitary coordinates w=(wl,...,w~), we set 

~q = a2 a2 + ... + 
" wqa~q awla~1 

LEMMA 2. If u e L~..(~) satisfies for any v e D(~), v~zO, and any uuitary coord-

inates w=(wl ,...,w~), 

j uA~q~v dA :~ O, 

then there exists a q-subharmonic function U in ~ such that U u a e 

PROoF. Define for ~ > o, ~6= {z:dist(z,C~)>~} and 

u6(z)= jCu(z-6~)q'(~)dA(~ for z c ~6. 

Then we have u6 e C=(~ ) Moreover we have 

j u6(z)~~v(z)dA(z) = JC ( JC u(z- 6 ~)~ q,,v(z)dA(z)) 9' ( ~ )dA ( ~) :~ O. 

In view of theorem 1.4 of Ho[2],u6 is q-subharmonic in ~6. 

From lemma l, we have 

j u6(z- el ~)q2 ( ~)dA( ~) ~ j u6(z- e2~)~9 ( ~)dA( ~) for el< e2' 

Since u6 -' u in L}.c(~), we have by letting ~ -) O, 

u(z)-el~)~9 (~)dA(~)~ u(z-e2~)~9 (~)dA(~). 

Thus we have proved u ~ u.2 for el~e2' Define U(z) = Iim u6(z). Since the llmlt 
6~O 

of a decreasing sequence of q-subharmonic functions is q-subharmonic, U(z) is q-

subharmonic in ~. Both u and U are limits of {u~} in Ll.. (~), we have u=U a.e., 

which comph~tes the proof of lemma 2. 
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Definition 2. Let ~ be an open set in C". We say that ~ is weakly q-convex if 

there exists a continuous q-subharmonic function ~, on ~ such that for every c e R, 

~.= {z e ~ : ~~(z)<c} CC~ . 

Remark. In the case when ~ is a bounded domain with a smooth boundary, a weakly 

q-convex domain in the definition of Ho[2] is weakly q-convex in our definition. 

Definition 3. For a (O,r)form w=~'wJdz~'~J we define lwl2=~~IwJ12. 

Definition 4. We say that a real valued function f e C2(~) is strictly q-subharmonic 

if there exists a constant c such that 

~~~ a2f (z)wjKW~kK:~clwl2 for all ze ~ and for all (O,q)~form 

K j,k azjaz~k 

w =~ 'WJ d~ J . 

J 

Remark. A strictly q-subharmonic function is q-subharmonic by theorem 1.4 of 

Ho[2] and a strictly q-subharmonic function is strictly (q+1)-subharmonic. 

THEOREM 1. Let ~ be a weakly (~-convex domain in C". Then there exists a C= 

strictly (~-subharmonic function v such that for every c e R, { z e ~ : v(z)<c CC~. 

PROoF. By definition 1, there exists a continuous q-subharmonic function 

q~ such that ~.= {ze ~ :~)(z)<c}CC~. For a sufficiently small constant e > o , 

def ine 

z- ~ 
tp(~)99( e )e~2 dA(~)+elzl ~ j (z) = " 2 ~j+1 

where q; (z) Is the functlon deflned before lemma I Then ~~ eC"(C"). For z e~-
J' 

if we choose e > o small, then we have 

(~j (z) = j ~) (z- ew)q' (w)dA (w) + elzl2. 

B(0,1) 

Therefore ~)j is strictly q-subharmonic in ~j and satisfies q~ ~ ~~j < ~ +1 on a 

neighborhood of ~i. We choose a convex function X e C"(R) such that X (t)=0 for 

t<0 and X~(t)>0 for t>0. Define uj=X (q~j+2-j). Then we have 

~~~ ~ I (z)WiK~kK=X~~(q~j+2-j)~'~1 ~' I wIK12 

k K i=1 azi K i,k azia~1 

a 2a:). 

+X~(~i+2-j)~:~ ~ I (z)WiK~VkK. 
K i,k aziaz~k 

Since ~j+2-j>0 on ~jl ~j_2, uj satisfies the following (i),(ii) and (iii): 

( i ) uj is q-subharmonic in a neighborhood of ~j 

( ii) ui is strictly q-subnarmonic in a neighborhood of ~j I ~j_1 

(iii) uj >0 in a neighborhood of ~.jl~j_1. 

Since q~0 is strictly q-subharmonic in a neghborhood of ~o and satisfies tp ~ q~0 
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<~ +1 on ~o, we have for a sufficiently large constant al, ~)0+alul>~) in a 

neighborhood of ~ll ~o' On the oher hand ,there exist positive constants cl,c2 such 

that 

a2(~)0+alul) _ 
~~~ azia~j wiKWkK~ c lwl +alc2lwl 
K i,k 

Thus if we choose al>0 sufficiently large, vl=~,0+alul is strictly q-subharmonic 

in a neighborhood of ~1 and satisfies vl>~ on ~1. In the same way, if we choose 

a2>0 sufficiently large, then v2=~)0+alul+a2u2 Is strictly q-subharmonic in a 

neighborhood of ~2 and satisfies v2>~) on ~~2. Repeating this process, weobtain the 

sequence {v~} such that v~ is strictly q-subharmonic in a neighborhood of ~~ and 

v~>q~ in ~~. In the case when r,s>j+2, we have 

r .i ~2 v ~) + ~1 au ~ +~ aiui=v~. i=1 * ' 
=1 

Therefore if we define v=1im v~, then ve C*(~) v Is strlctly q-subharmonic in 
m-oo 

~ and v:~~) on ~. Thus we have 

{z e ~ : v(z)<c} C~. CC ~ , 

which completes the proof of theorem 1. 

2. a -problem on weakly q-convex domains. 

By following the method of section 4.2 of Hdrmander[3], we obtaln the followlng 

lemmas. 

LEMMA 3. Let ~ be a weakly (~-convex domain in C". Let r:~q. Then there exlsts 

a positive continuous function m(z) on ~ such that 

- 

(1) ~' ~ i WKwkK :~m(z)lwl for ze ~ aud (O r) form w= ~~wJd~J where 

p (z) is a C= strictly q-subharmonlc functlon In ~ whlch satlsfles for any c e R 

{z e ~:p(z)<c} CC ~. 

PROOF For a (O r) form w ~ WJd~J w~0, define 
J 

~9 (z)=~~~ a2p WjK~FkK ( z) 

K j,k azja~k lwl2 

Then ~)*(z) is continuous with respect to z. If we set m(z)= inf p~ , (z) then m(z) 
~ ~~O 

is a positive continuous function in ~ and satisfies (1), which completes the proof 

of lemma 3. 
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Let {Kj} be a sequence of compact subsets of ~ satisfying Kj CC Kj+1 CC ~ 
and ~ =OOU Kj. Let 7i e D(~) be functions such that 7i=1 on Kj_1, supp 7i C Kj 

j =1 

and O~7j<_1. Then theire exists p e C=(~ ) such that 

~ a7i 2~ ep (] 1 2 ) n 

k=1 a~k 

Then we have the following. 

LEMMA 4 Let ~ be a weakly q-convex domaln In C and r:~q Then there exslsts 

a ~2 e C=(~ ) such that 

(2) ~~~ a2q' - -K j,k azja~Zk(z)wjKWkK>_ 2( I a~ 12+ep) Iwl2 

for any (O r) form w=~~wJd~J. 
J 

PRooF. Let X c C"(R) be an increasing convex function. Let p(z) be the function 

in lemma 3. Define ~9 =x (p). Then we have 

~'~~' a2~2 (z)wjK~~kK~~ X~(P(z))m(z) Iwl2. 

K j,k azja~k 

Let Kt= {ze ~ : p(z)~t}. If we choose X in such a way that 

X ~(t) :~sup { 2( I a ~ (z) 12 +ec(') )m(z) ~1 } 

zekt 

Then we obtain (2), which completes the proof of lemma 4. 

Def ine 

~'l=q' -2p, ~92=q9 -p, p3=q'. 

By H6rmander[3], we have for f e D(o,.)(~), r:~q, 

a2~9 -(3) 2iiT*fifpl2+ Il Sfllp32 :~ j fjKfkKe~PdA ~ ~~ 
~ K j,k azjaz~k 

af 2 + i~ ~~ ~ I C 
l 

e~PdA - 2 j~ Ifl2 Ia~j2e~PdA . 
i a~Tj 

Thus we obtain the basic estimate: 

2 Il T* f llpl2 + Ii Sf ll p32:~ 11 f ll p22. 

Therefore we have proved the following Sobolev argument of Hdrmander[3]: 

THEOREM 2 L t ~ be a weakly ~-convex domaln C Then for all r :~ q, the 

e(~uatton au f has a solutlon u e C"(o,.-1)(~) wlth f e C=(o.)(~) aud af O 
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By following the proof of lemma 4.4.1 of H6rmander[3], we have 

LEMMA 5. Let ~ be a weakly q-convex domarn rn C and r~;~q Let 9v be a real 

valued function in C2(~) such that 

a2q' 
(z)wjKw~kK:~ c(z) Iwl2 for z c ~, ~'~ 

K i,k azjaZk 

where c is a positive continuous function in ~ and w=~1~wJd~J is a (O,r)-form in 
J 

~. If q e L2(o,.)(~,~2) aud ag=0 then one can flud u e L (o,.-1)(~ ,99 ) with au= 

g and 

j j I dA . lul2e~PdA~ 2 ~Igl2e~~P-
o 

Next 

domain 

we prove the following which generalizes the result of Ho[2] to the unbounded 

with non-smooth boundary. 

THEOREM 3. Let ~ be a weakly q-convex domain in 

function in ~ . For every g e L2(o,.) (~ ,~' ) with ag=0 

u e L2(o,.-1)(~ ,loc) of the equation au=g such that 

~lul e P(1+1zl2) 2dA~ ~lgl2e~{PdA. 

Cn and ~, any q-subharmonic 

, r~~q, there is a solution 

PROoF. If 99 c C2(~), then we can prove the theorem by uslng lemma 5 In the 

general case we choose a C=strlctly q subharmonlc function s in ~ such that 

~a= {z G ~ : s(z)<a} CC~ 

for every a c R. There exist C" q-subharmonic functions ~9e defined in ~a(e) such 

that q'e ~ 9' and a(e)-'oo as e ~O. We can find a form ue c L2(o,r-1)(~a(E)' 9'e) so 

that aue=g in ~a(e) and 

j C 
I ue 12e~{P< (1 + iz 12)-2dA :~ j lgl2e~{2 dA . 

n*(.) ~ 

There exist a sequence {ej} such that {uE;} converges weakly in ~a for every a to 

a limit u in L2(o,r-1) (~,loc). For every e > o and a e R, if we choose i such that 

ej< e and a(ej)> a, then we have 

in luej 12exp(-~'e) (1 + Iz 12)-2dA ~ ~.(,1)lue 12exp( ~9 ) (1 + I z 12) -2dA j l 
Letting j -'oo we obtain 

~ Iu 12e~{P (1 + I z 12)-2dA 5c Jn lgj2 e~{9dA , 

which completes the proof of theorem 3. 
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