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Abstract

Let Q be a convex domain with real analytic boundary which is a generalized type
of the complex ellipsoid. Then the approximation theorem in the HP-sense holds in Q.

Introduction. Let G be a bounded strictly pseudoconvex domain in C" with smooth
boundary. Then Stout[3] proved that the approximation theorem in the HP-sense, 1
<p< o, holds in G. Beatrous[1] studied the approximation theorem in a weighted
Bergman space.

In the present paper, we shall prove that the results of Stout are also true for some
convex domain ) with real analytic boundary. That is, the following theorem holds.

THEOREM. If fe€ HXQ), 1<p< oo, then there exists a sequence {f.} in O(Q) that
converges in the H°-sense to f. ’

Finally we shall adopt the convention of denoting by ¢ any positive constant which
does not depend on the relevant parameters in the estimate.

1. Preliminaries. Let s, 1<i=n, be real analytic functions in an interval [0, ai]
such that
(1) "si(t) =0, si(t)+2ts7(t) >0 for 0<t<a
(i) 51(0)-_—0, S1(ax) >1.
Let Q be a bounded domain in C" of the type
Q={z: p(z)< 0}
where

p(Z)=§}si(lzi [2)—1 for z=(z, ...... , Zn).

For example,
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D™ ={z: g |zi [™<1}

is one of the above domains, where mis are positive even integers. Bruna and Castillo
[2] proved the following fundamental inequality.
1) o(z)—p(§)+2Re F(§, 2)2c(LAENE~2)*+ [E—2|™ (§,2€ Q)

where m is a positive integer,

F(t, 2) =31 22(5)(6—2)

and
LAO(E-2°= $ 78 (0) (6-2) (B~ 7).
We set
R N
(e, =y 2ORES

Let f* be the boundary value of f € H?(Q), 1=p<oo. Then f* € LP(9Q). Now we have
@) f2)= [ f(OH(E2) (zeq).

We define

azp( §)
They by the fundamental inequality (1), we obtain

(D) c
[F(¢, 2) [~ lo(z) |+ 1§~z P+ ImF(¢, 2) [+ [E—z [™
Let y be a C* function in Q, and g€ LP(3Q), 1<p< oo,
We set

Te(@)= [ g(O)(A0)—rz)H(E, 2)

Then we have the following.

PROPOSITION 1. If g€ L6Q), 1=p< o, then
sup [ ITe() Pda(z)< oo,

where do is the surface measure on {p=r}.

ProOOF. First we prove that Tg is bounded, provided g is bounded. We set
o(z)=t, Im F(¢, z)—tz,
tog ity =§—2z;,1=2, ...... ,n,
t'=(ts, ...... , tzn), dt'=dts......dtzn.
Then it holds that [ —z|= [t |+ |t |+ [t'].
We denote by b(¢, z) each coefficient of H(¢, z). Then we have

ITe(@ |=c [ (¢, 2) |16~z 1do(8)
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ch (it [te |+ It Dan(©)... @, (Ddtudt’
TR [F(¢,2) [

< S (tat |tz |+ |t Ddtzdt’
= tzi=80

n
1550 (t4 |tz |+ |t |m)j=]'[2(t1+ o 1+ t5 +th+ U™
We set w;=tz-1+itz;. We choose §(0<8<1) so small that nms<1. We set
P(t)=(t:+ |tz |+ It |™) jl:[_z(t1+ [tz |4 w2+ It ™).
Then we have
It .
dtdt
Sl,;z;;gg P(t) "+
écgl'z'ﬂ" 1 ’ J‘:r!dtzdt 21-8) |
wisdo |t [0 || IL fwy [0 |t
i

7’ [1-nmé& !
gcflt . |t2|8_1dtz[ o
2| =80

n
t | 580 2=
jl;[Z |W, |

Scﬁf dtzjfldt2j<oo
TR ie e w0 ’

tit |t . dt.dt’
|tz|= 80 IP(t)Z |dt2dt gcﬁzlé% n 2

=80 1’580 H in |2(1—3) ltZ |8
j=2

—8 3¢ T] dta;1dts;
= 3 251012
—C»/|;21§80 |t2 l dtz]’;lz |wj|§ao_|w_j|m< o,

Therefore Tg(z) is bounded. Next we prove proposition 1 when p=1. By the Fubini’s
theorem, we have

[ Ime@ldo@=c [ lg@®I([ bz 2) 1€z ldatz)da().
On the other hand we have
[ bz, 11g~2ldo2)

< CS (t+ Itz |+ It Ddtdt’
= |t2|=380 s m T ,
iss0 (e [to [+ € MIL+ Jta [+ fw [+ [

By the estimate above, we have
SP<%fp=r Ib(¢, 2) | £ =2z |da(z) < co.
Thus we obtain

sup [ 1Te(@) ldo(z)=c [ _1a(2)ldo(?).

For r<0 near 0, let Q-={z: o(z)<r}, and let T® : L'(3Q)— C(9%:) be the linear operator
defined by T®”g=Tg |se.. From the above proof, there is a constant c, independent of
r such that

ITOg [L=(sen = cllg lL=oe,

ITg o aen =cllg lLrea.
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The Riesz-Thorin theorem implies that if g€ LP(9Q), 1<p< o, then
ITg llocaen = cllg locam.
Therefore proposition 1 is proved.

PROPOSITION 2. If fe HY(Q), 1=p<co, and if v is a C* function on C", then
Sfunction defined by

flz)= [ _(O)r(HH(E, 2)
belongs to H?(Q).

PrOOF. From the formula (2), we have

@)= [ _£(0) (1)~ 7@)H(&, 2)+ 12,

We write in the form 1(z)=fi(z)+f:(z), say. Then in view of proposition 1,
([, B Pdo@)s=([ IlPdo@)s+([ I Pdo@)=c,
Therefore T € HP(Q), which completes the proof.

2. Proof of the theorem. The proof of the theorem can be obtained by following

proofs of Stout[3]. But we sketch the proof briefly. Let U={Uj, ...... , Uq} be an open
cover of 0Q such that if P; € U; and y; is unit outward normal to 0Q at P;, then z— ev;
approach z nontangentially through Q as e>0+. Let {7, ...... , 7o} be a smooth

partition of unity on 0Q that is subordinate to U, and let

(D)= [ 1O nOHE, ).

Then, by proposition 2, we have f; € H?(Q2). Moreover, f; is holomorphic on a neighbor-
hood of the compact set 9Q |U; and satisfies f=f,+...+fq. Define

£1°%(z)=1(z— evy).
Then it holds that f{® € O(Q) and

1515101 o }fj_fj(e) |pd0':0.

This completes the proof of the theorem.
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