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Abstract

Let D be a weakly pseudoconvex domain in a submanifold in C" and V be a
subvariety in D which intersects 8D transversally. If 8V consists of strongly
pseudoconvex boundary points of D, then any bounded holomorphic function in V can
be extended to a bounded holomorphic function in D.

Introduction. Let 4 be an open subset in some complex manifold. We denote by
H>(4) the spece of all bounded holomorphic functions in 4. We also denote by A(4)
the space of all holomorphic functions in 4 which are continuous on 4. Let G be a
bounded strongly pseudoconvex domain in C* with C%boundary and M be a sub-
manifold in a neighborhood of G which intersects 8G transversally. Let M =M N G.
Then Henkin [3] proved the following.

THEOREM A. There exists a continuous linear operator E: H*(M) — H™(G)
satisfying Efly = f. Moveover Ef ¢ A(G) if f ¢ A(M).

Let D be a bounded pseudoconvex domain in C" with C?boundary. Let ¥ be a
subvariety in a neighborhood D of D which intersects 8D transversally. Let V =V
M D and D= {zeD: o(z) < 0}). Suppose that V is written in the form

V ={zeD: hi(z) = ... = hy(z) = 0}
where h;,...,h, are holomorphic functions in D such that dmA... A\dh,/\dp # 0 on V.
In this setting the author {1] proved the following.

THEOREM B. If 8V counsists of strongly pseudoconvex boundary points of D, then
there exists a continuous [inear opevator E: H(V)>H(D) satisfying Ef|, = f.

Moreover Ef ¢ A(D) provided f ¢ A(V).

In the present paper we shall extend the above theorems A, B, to domains on Stein
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manifolds by using the technique of Rossi [4].

1. The lemma concerning the holomorphic retraction. In this section we prove
the lemma which is obtained by examining closely the proof of Rossi [4].

DEFINTION. Let D be a relatively compact domain on a Stein manifold X. We
say that D is weakly pseudoconvex (resp. strongly pseudoconvex) if there is a neighbor-
hood D of D, a C? plurisubharmonic (resp. C? strongly plurisubharmonic) function p on
D such that
(a) de=#0onadD
(b) D={zeD: p(z) < 0}.

Let ®(z) be an entire function in C". Let X = {zeC": ®(z) = 0}. Suppose that
®(z) satisfies d® # 0 on X. Then X is a Stein manifold. Now we are going to prove
the following.

LEMMA. Let D be a weakly pseudoconvex domain in X. Then there exists a
pseudoconvex domain Q in C" with C*-boundary such that
(a) aNX=D
(b) 8Q intersects X transversally in 9D
(¢) =: 0D
(d) If K is a compact subset of 8D and consists of strongly pseudoconvex boundary
points of D, then Q is strongly pseudoconvex at each point of K.

Rossi [4] proved that if X is an arbitrary closed submanifold in C* and D is a
strongly pseudoconvex domain in X, then the result of the lemma is valid.

PROOF OF THE LEMMA. Let p(z) be a defining function of D. By Docquier-
Grauert [2], there exist a neighborhood U of D in C" and a holomorphic map = : U~
U N X such that z(p) = p for peU N X, and for each xeU, = 'z(x) intersects X
transversally. By the assumption on ®, there exist ¢ > 0 such that d|®(z)* + 0 for z
e{zeU: 0 < |®(2)]? < &}. Let m = sup{|p(z)|: zeD}. Let A be a positive number
such that Ae > m. We define

oc=pox+A|®? N = {zeU: [0(2)]* < &},
and Q = {zeN: o(z) < 0}.

Then Q satisfies the following.

(i) Q is compact in N, (ii) @ N X = D, (iii) @ N X=D, (iv) do(z) * 0 for zeaQ, (v)
V intersects 9Q transversally, (vi) Q is a pseudoconvex domain in C*, (vii) If xe 8D is
a strongly pseudoconvex boundary points of D, then x is also a strongly pseudoconvex
boundary points of Q. Therefore the lemma is proved.
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2. Extension theorems of Stein manifolds. We begin by extending the result of
Henkin [3] to Stein manifolds.

THEOREM 1. Let G be a strongly pseudoconvex domain in a Stein manifold X.
Let M be a submanifold in a neighborhood G of G which intersects dG transversally.
Let M=MNG. Then there exists a continuous lnear operator E: H*(M)—H=(G)
such that Eflu = 1. Moreover Ef ¢ A(G) provided f ¢ A(M).

PROOF. We may take X to be a closed submanifold of C” by the embeading
theorem of Stein manifolds. Let z: O—D be as in the lemma. Since M intersects
o transversally, by applying theorem A, there exists an extension.operator E: H”
(M)~ H=(Q) such that Eflyw = f. Moreover the operator E satisfies Ef ¢ A(Q). f—Ef]y
satisfies the required properties. Therefore theorem 1 is proved.

Let ® and X be as in the preceding section. Let D be a weakly pseudoconvex
domian in X. Say D = {z: p(z) < 0}. Let V be a subvariety in a neighborhood D of
D in X. Suppose that V intersects 8D transversally and is written in the form

V ={zeD: hi(z) = ... = hpo(z) = 0}
where hy,...h, are holomorphic functions in D and satisfy 8h; A ... A 8hy /A\op #+ 0on
VN aD. Let V=V ND. Then we have the following.

THEOREM 2, If 8V consists of strongly pseudoconvex boundary points of D,
there exists a continuous linear operator E: HX(V)>H™(D) satisfving Efly =f.
Moreover Ef ¢ A(D) provided f ¢ A(V).

PROOF. From the lemma, there exists a pseudoconvex domain E in C" such that
(i) EMN X =D, (ii) 9E intersects X transversally in 8D, (iii) @V consists of strongly
pseudoconvex boundary points of E. In view of (ii), V intersects 8E transversally.
Therefore by applying theorem B, there exists a continuous linear operator E :
H*(V)—~H>(E) satisfying Ef|lv = f. Clearly Ef belongs to H*(D) and Ef ¢ A(D) if f
A(V), which completes the proof of theorem 2.
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