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Abstract

Let  S2 be some weakly pseudoconvex domain in  C"with  C2-boundary, and  V  be

a one dimensional subvariety in general position  in .Q. Then for any function  f  E

 Hi(V), there exists  FE  Hl(S2) such that F  Iv  =  f

   Introduction. Let D be the ellipsoid (real or complex) in  C", and M be a 

subvariety in a neighborhood  D of  D  which intersects  ap transversally. We set  M= 

 111  n  D. In the previous papers  (  [1],  [2]), the author proved that if  fEHP(M), 

 <co, then there exists  FE  HP(D) satisfying F  im=f, where  HP(G) is the Hardy class 

on a domain  G. In the present paper, we study the above problem for some 

pseudoconvex domain  S2 which does not possess the real analytic boundary. 
   Let  WE C2[0, 1] be a real function satisfying 

 (A. 1)  V(0)=0, ¶(1)=2 

 (A.  2)  W'(t)>0  (0< 

 (A.  3)  V"(t)t  +  V'W>0 (0<  t<1)  

(  A.  4) there exists  r  >  0 such that  gf"(t)>0  (0<  t  < r) 

 (A.  5) fI logW(t)t-ii2dt> —co. 

              0 

       For 0< a<—2 ' write  Va(t)---2  e  •  exp  (—  t'). 

   Then  gra satisfies the above conditions. We set 
 N  -1 

 P(Z) E12+  T.( 1zN  12)-1,..C2={2.:  p(z)<  0}. 
                           =1 

   Let V be a one dimensional subvariety in a neighborhood  .C2 of  ,S2 which intersects 

 ap transversally. Suppose that V is written in the following form 
 =  {zE .S2  :  hi(z)=0, N-1} 

where  h1,    hN--1 are holomorphic functions in  S2 satisfying
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　　　　　∂h1〈．．．．．．〈∂hκ＿1〈∂ρ≠Oon　y∩∂9．

　　Let　y＝y∩9．Then　we　have

　　THEOREM．Lα1∈E1（y）．Th6％孟h6名6ε妬s孟s召血n6あo箆E∈Hl（9）s％6h孟加！H（z）

＝∫（z）血7z∈y．

　　In　what　follows　we　shall　adopt　the　convention　of　denoting　by6any　positive

constant　which　does　not　depend　on　the　relevant　parameters　in　the　estimate．

　　　1．Support　functions．Now　we　begin　with　the　following　lemma　which　was

proved　by　Verdera［5］．

　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　1
　　LEMMA1・丁厩蜘8α・・η伽！η一η（ψ）＞Osπ6h伽吻Lr万・伽力”・魏9

づ鋸6（1z捉zlづ砂　hol4s

　　　　　ψ（1ζ＋∂1・〉一ψ（1ζ1・）一2尺召（響（1ζ1・）∂）≧Ψ（咄・

　　　　　　　かζ，∂∈C，1ζ1＜η，1∂kη．

　　Let　U　be　an　open　neighborhood　ofΩin　whichρis　defined．We　set

　　　　　礁z）一餓（ζ）（る一る）f・r（ζz）∈U×ぴ

　　Then　we　have

　　LEMMA2．Th6z66短s！ρos漉∂660郷孟召nおη，6召n4〃，4の6n漉ng　o％砂onψl　s％6h

孟h厩

　　　　　2ノ～・Fも（ζ，z）≧ρ（ζ）一ρ（之）＋6ψ（〃『ζ一zl2）

　　　　　　　カ7（ζ，z）∈U×CN，1ζκ1＜η，1ζ一～1＜η．

　　PROoF．From　lemma1，we　have
　　　　　ψ（lzκ12〉一ψ（1ζNl2〉≧2Rθ（1墓（1ζ副2〉（～κ一ζN）〉＋ψ（Llζκ一訓・）

　　Therefore　we　obtain
　　　　　ρ（z）一ρ（ζ）一2ム～召Fも（ζ，z）＋（ρ（z）一ρ（ζ）＋2ム～召瓦（ζ，z））

　　　　　　　　　　　　　　　　　　　　へ　　　　　　　　　ル　　
　　　　　　　≧ρ（ζ）一2他E。（ζ，z）＋Σ1副2一Σ1ζノ12
　　　　　　　　　　　　　　　　　　　　ノ羅1　　　　　　ン篇1

　　　　　　　＋2R6（1慕（1ζκ1・）（zκ一ζκ））＋2曙鳥（る一る）

　　　　　　　＋2R召（1慕（1ζ詞・）（ζN－ZN））＋ψ（Llzκ一ζNl・）

　　　　　　　　　　　　　　　　　　　　びハ　
　　　　　　　＝ρ（ζ）一2R召Fも（ζ，z〉＋Σ1る一ζノ12＋ψ（LI緬一ζκ12）．

　　　　　　　　　　　　　　　　　　　　プ＝1
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From the conditions (A. I ), (A. 2 ) and (A 4 ) we have for small lxl lyl 

~( x2+y2¥/~~~(x2)+ 2 ~r(y2)< c(x2+ ~~(y2)) 

¥ 2 / 
Therefore we have for some M >0, 

N-l 
~ I~j-~j I + ~(L Iz ~ I ) 
j=1 

~~ ~ c~(~(;~!>][1 I~j- ~j 12+ L IzN - ~N12/) ~ c~(M Iz- ~ 12). 

Thus we obtained the required inequality. 

We denote by ~(z, r) the open ball in CN with center z and radius r. For 5, 8 > 

O, we set 

U~~={zE U : p(z)< 8}, Va={zeE U : Ip(z) l< ~}, 

U.,&={(~, z)~E VaX U6 : I ~-z l< e}, 

Z={z : zN=0}. 

By applying the technique of Henkin and Cirka [3], we have the following. 

LEMMA 3 . There exlsts e, 8, c >0 depending on ~:. and continuously defferentiable 

functions 

(P V X U - C F U=,&-C and G : U=,a~C whrch are holomorphlc m z~EU 

for each fixed ~~E V8, such that 

(a) a)=FG in U*,a 

(b) F(~, ~)=0, IG l>c in U.,6, 10 i>c in (V~X Ua)/U.,a 

(c) For some M >0, the following inequality holds 

2Re F(~, z) ~ p(~) - p(z) + c~(M I ~-z 12), (~, z)E U.,a 

(d) d~F(~, z) Ic='=ap(z) 

(e) the function a) can be written in the form 

N 
(~(~ z)= ~(~j-~i)Pj(~, z) 

j=1 

where Pj(1~j~~N) are continuously dlfferentiable in VsX U~, holomorphic in z~E Usfor 

each fixed ~eE V&. 

PROOF. For (7>0, define 

{ N-1 } 
W.= ~: I ~ I ~12-1 I<a, I~N l<a . 

i=1 

We choose a so small that W2*c U and 2a< ~' Let ~*~aD/Z. From the condition 

(A. 3 ) , ~* is a strongly pseudoconvex boundary point of 12. Then there exists a 

biholomorphic mapping ip of some neighborhood Sr' of ~* onto some neighborhood Wr' 

of O such that p~'( W)=p(ip-1( W)) is strictly convex in W~.. From the Taylor expan-

sion, there exist constants ~*>0 and 7 * > o such that 
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~ p~* . 2Re~ (w )(w w):~p~'(w ) p~'(w)+ 7* Iw'-w 12 
i=1 awi 

if lw'f< ~, Iw- w' l< ~. 

Since the mapping ip is a diffeomorphism, there exist ~, z such that 

N p~ 2Re ~ : (c( ~))( ci( ~) - ipi(z)) ~ p( ~ - p(z) + 7* I ~ - z 12 
i=1 aw 

if I~- ~* I< e* and l~-z l< 5*. 

We set 

N F~.( ~, z) = ~ ap(. (ip( ~))(ci( ~) - ipi(z)). 

i=1 awi 

Then we obtain 

aF . ap (1) ~ = ( ~) a~k ~=' azk 

and 

2Re F~.(~, z)~p(~)-p(z)+ 7* I~-z 12 for l~- ~* l< e*, ~-z I < e*. 

We select points ~1*, ..., ~p* on ag2 IZ in such a way that the balls B(~,~, e~), i=1, 

2, ..., p, cover a~2 1 W*. Let the infinitely differentiable functions Ai, i=1, ..., p, form a 

partition of unity in a neighborhood E of a~ 1 W~, where supp Aicl~(~,~, e~). We set 

Fl(~, z)= ~Ai(~)F~.(~, z) for ~~EE, I~-z I < 2e'= min e~. 

( ', -) 
We set e=min e ~ ･ Then for ~EE, I~-zl<2e, we have 

2Re Fl(~, z) ~ p( ~)- p(z) + 7 1 ~-z 12, 

where y=minyt. We choose 6>0 so small that V& I W*cE. Let X~EC"(CN) be a 
l~i=p 

function, with support contained in W2*, which is identically I on W*. 

We set 
F( ~, z)=x( ~Fo( ~, z) +(1 -X(~))Fl(~, z) for ( ~, z)E U2'.6' 

Then we have for ~E W., I~-z l<2e, 

2Re F( ~, z)=2Re Fo( ~, z) ~ p( ~) - p(z) + c~(M I ~-z 12). 

For ~~E: V8 IW., I~-z l<2e. we have 

2Re F( ~, z) ~ X(~)( p(~ - p(z) + c~r(M I ~- z 12)) + (1 - X(~))( p(~)- p(z) + 

cl ~- z 12) ~ p( ~) - p(z) + c~(M I ~-z 12). 

Thus we obtain (c). Further, using the equality (1), 

d~F(~, z) ~=.=ap. 

If we choose ~ >0 sufficiently small, we have from (c), Re F(~, z) > o for ~~ Va, z 

E U8, and e< I~-z l<2e. Let ,1~EC"(CN) be such that supp pcB(O, 2e), /1(z)=1 for 

lzl~e. We define for (~, z)~ VaX Ua, 

F(~, z)= a~'((log F)X(~-z)) (ZE supp grad.X(~-z)) 

O (z~lE supp grad.X(~-z)) 
By L (o,1)( Ua), we denote the Hilbert space of closed differential forms of type (O, 

1) with coefficients belonging to L2(U&)' Since F(~, z)EC1( Va, L(0,1)(U&)), and U6 is 
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pseudoconvex，from　the　Oka－H6rmander　theorem　there　exists　the　fmction　C（ζ，z）∈

C1（『％，L2（Uδ〉）with　the　property∂～C（ζ，z）ニr（ζ，z）．We　set

　　　の（ζz）一｛畿灘謡鯉C（ζZ））lll；駕：管鉱1協）

　　Then　we　have∂渚の（ζ，z）＝0．Thus　we　proved　that

　　　の（ζ，～）∈C1（％，0（Uδ））．

　Weset
　　　14（ζ，z，ω）一の（ζ，z）一の（ζ，卿）．

　　Then／1（ζ，z，ω）satisfies

　　　z4（ζ，z，ω）∈C1（偽，0（Uδ×Uδ））and。4（ζ，z，z）＝0．

　　By　Hefer’s　theorem』taking　accomt　of　the　pseudoconvexity　of52，there　exist

functions　Qご（ζ，z，ω）∈Cl（偽，0（Uδ×Uδ））such　that

　　　　　　　　　　　　　。4（ζ，z，～〃）＝ΣQガ（ζ，z，2の（～〃rZf）．

　　　　　　　　　ご＝l
　　Therefore　we　have

　　　　　　　　　　　　　ル　　　の（ζ，z）＝。4（ζ，z，ζ）＝Σ（？ガ（ζ，z，ζ）（ωrζゴ）．

　　　　　　　　　　　　ど＝1
　　1f　we　set　Pご（ζ，z）＝（2f（ζ，z，ζ），we　obtain（e）．

　　2．Proof　of　the　theorem．Forε＞0，we　set

　　　9，ニ｛z∈9：ρ（z）＜ε｝．

　　Let∫＊be　the　the　boundary　value　of∫∈〃1（y）．

Hatziafratis［3］，we　have

Then∫＊∈Ll（∂γ）．　Then　by

　LEMMA4．Fo7∫∈π1（y），z∈γ，みθ6h召∂6孟h6／b7窺％彪

　　　∫（9）一ゐ∫＊（ζ）κ（ζ，z）

ωh6z6κ（ζ，～）　商　zo71！孟6多z　ln！h6ノわIJoz｛雇銘9ノわ7〃2

　　　K（ζ，z〉一躯（ζz）4ζ・一ゑ讐，

　αガ（ζ，z）66ing　s窺oo孟h　oη『V容×Uδ，hoJo吻oゆhづ6初z∈Uδ．

　　For之∈9，we　set
　　　H（z）一∬V∫＊（ζ）K（ζ，～），

　Then　H　is　holomorphic　in　g　and　satifies酬v＝1。Let為∈∂『V．We　set

　　吾一B（婿〉B－B（綜）and存（z）一万，∩．∫・（ζ）K（ζz）

　It　is　sufficient　to　show　that　H∈Hl（9）．Let4S，be　the　surface　element　on∂ρ，．By

Fubini7s　theorem，we　have

　　　ん∩B瞬（z〉14＆（z〉≦翻，∩B（ん，，鷹z）14＆（z））4の（ζ）・
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Now we estimate 

dS.(z) I ( ~) = f 9,n B 

T~~~T' 
There are 80, c >0 such that for each z sufficiently close to a~2, one can find a 

smooth (of class Cl) change of coordinates T(~)=( Tl(~), ..., TN(~)) satisfying 

( i ) T1( ~)= p( ~ - p(z) + ilrn F( ~, z) 

(ii) Tj(~)=~j-~j (j=2,...,N) 

GiD c~1 ~-zl~ T(~)l~cl~-zl (~EB(z,80)). 

We set 

tl=p(~-p(z), ~=1m F(~, z), t=(Tl' "" TN). 

Then we have 

I(~) ~ c f dt2 "' dt2N 
Itl~c{[e+ ~(M t 2)]2+t22}1/2 

Now we introduce spherical polar coordinates 

t2= r cos a, r=(t22+ t32+ t42)1/2 

Then we obtain 
r2 sin a I( ~) ~ c f cdr f " {( ~(Mr2))2+ r2 cos2a l/2 da 

~~ c ~(Mdsr2)+s ~c f clog ~(r2) dr f cf 1 
dr 

~ c f 1 Iog I t_~dt < oo 

~(t) ' 
Thus we have 

sup Jra' I j7(z) IdS.(z) < oo, 

= a9, n B 

which completes the proof of the theorem. 

References 

L I I K. Adachi, Lp estimates for extensions of holomorphic functions in convex domains. Kobe J. 

Math., 3 (1986), 87-92. 

[ 2 1 K. Adachi, Extending Hp functions from subvarieties to real ellipsoids, to appear in Trans. 

Amer. Math. Soc. 

[ 3 1 T. Hatziafratis, Integral representation formulas on analytic varieties. Pacific J. Math., 123 

(1986) , 76-91. 

[ 4 1 G. Henkin and E. Cirka, Boundary properties of holomorphic functions of several complex 

variables. J. Soviet Math., 5 (1976), 612-687. 

[ 5 1 J. Verdera, L"-continuity of Henkin operators solving a in certain weakly pseudoconvex 

domains of C2, Proceedings of the Royal Society of Edinburgh, 99A, (1984), 25-33. 


