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Abstract

Let D be a bounded strictly pseudoconvex domain in C” with smooth boundary.
Suppose that h, fi, ...... , = are holomorphic functions in D. In this paper we shall show

that there exist g: € A?(D), (1=<p< ) such thath=§lgihi provided that h, fi, ...... , fm

satisfy some conditions. We also study the case where D is some convex domain.

1. Introduction. Let D be a bounded domain in C* with smooth boundary. We
denote by A?(D), (1<p< ), the space of holomorphic functions f in D satisfying

fD | f |°dv< oo, where dV denotes the Lebesgue measure on D. Let fi, ...... , f=n be
holomorphic functions in D with the property that
®) *g;*;, (i=1,2, ...... ,mk=12 .... ,n), are bounded on D.

We set
g=min (n+1, m), =, ...... y i), [ £12= £ 1P +...... + |fn |2
The purpose of this paper is to prove the following theorems.

THEOREM 1. Let D be a bounded strictly pseudoconvex domain in C" with smooth
boundary. Letf,, ...... , fm be holomorphic functions in D satisfving the condition B). If
h is a holomorphic function in D withh|f|?? e L?(D), 1£p< ), then there exist g: €

AP(D), i=1,2, ....... m), such that h= éﬁgi.

Amar[1] proved that if fi, ...... , fn are functions in H?(D), (1<p< ), and

[f| >6 for some 8>0, then there exist g; e H'(D) such that I:I_Zlgifi, where I
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Let s«t) be real analytic functions in [0, a;] satisfying the following conditions:

(i) s{t)=0,s{t)+2ts7(t)>0 for 0<t<a;,
( i) Si(0)=0, Sz’(ai)>1-

We set
p(z)=§:si(| z:|9—1 for z=(;1, ...... , Zn).
The domain

D={z e C": o(z)< 0}
is called the complex ellipsoid type. Then we have

THEOREM 2. Let D be a domfdn of complex ellipsoid type in C". Let fi, ...... , Tm
be holomorphic functions in D satisfving the condition B). If h is a holomorphic
Junction in D such that 6(z)~°| |27 h e L?(D), then there exist g; € AP(D), (=1,2, ...... ,

m
m), satisfying h= 21 gsh;.
£

Finally, we shall adopt the convention of denoting by ¢ any positive constant which
does not depend on the relevant parameters in the estimate.

2. The strictly pseudoconvex case. Let D be a bounded strictly pseudoconvex
domain in C” with smooth boundary. We fix a plurisubharmonic characterizing
function p for D. Then by Fornaess[5] there exists a function (¢, z) defined on D x
D, of class C*, such that
i) For ¢ eD, F(¢, -) is holomorphic in D.
ii) For ¢, zeD,

2ReF(¢, 2)<0(z)—p(&)— 8| &~z |? for some §>0.

iii) F(¢,2)=3}h,(8, 2)(z,— &) with

h; e C*(DxD), hy(¢, +) holomorphic in D.
We set (¢, z)=F(¢,2)+p(¢). Then it holds that
|@(¢,2) | Zc[—o(2)—o(O)+ | {—2z [P+ [ Im ®(&, 2) | ] for §,zeD.
Now we have the following.

PROPOSITION 1. Let { be a holomorphic function in a bounded strictly
pseudoconvex domain D in C" such that Tasz, G=1, ...... ,1), are bounded in D. Then

there exist g; e H(DXD), =1, ...... ,m), such that



Generators for the Algebra of Holomorphic Functions in Certain Pseudoconvex Domains 7
n
f(z) —f(§)=j_21gj(§, z)(z;— &).

PROOF. By the Fornaess imbedding theorem[5], there exist a neighborhood D of
D, a positive integer k(k=n), a mapping ¥: D—C*, and a strictly convex domain G in
C*, such that ¥ maps D biholomorphically onto a closed submanifold ¥(D) of C*,
w(D)C G, w(D | D)CC*| G, and w(D) intersects G transversally. If ¥=(¥,, ...... L W),
then by Hefer’s theorem, there exist functions ¥ € O(D xD) such that

W (w)—¥t) =g(wf —t)Wiw, t).

We set Tf(z)=1{(¥(2)).

Then T£(z) is bounded holomorphic in ¥(D) and its first derivatives are also bounded
in ¥(D). By Jakobczak[6], there exists an extension operator L: O(¥(D))— O(G) such
that LTT, together with their first derivatives, are bounded in G. Then we have the
decomposition, for ¢,z G,

LTH(z)~LTHO)= 3z~ 8z, ©),
where f; e H(GXG). Thus we have
(w) = () = LTH(W(2)) ~ LTE¥(1)) = B (w, ~t)g,(w, 1),

where gw, t)=iZ:l‘,l\P;j(w, Df(W(w), (1)) e H(D X D),

This completes the proof.

From the above proposition 1, we have the decomposition
f:( C)*fi(z):kz:]lgf(ﬁ Z)(Ck*Zh)
where g%(¢, z) e H(DXD). We set

2hi(¢, 2)d 2 Zh(9gX¢, 2)dg
QI:J-I QZ: b J 2 )
o) 11
Then Berndtsson{3] proved that for a holomorphic function h in D with

LRt otV <o,
e e

where N is any positive number. In the above formula (1), we take N=1. Then we

have the following.

PROPOSITION 2. For a holomorphic function h on D with /; [h|]f]"2dV <,
we have

h=j_§]lgjf,~
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where g;, (=1, ...... ,m), are written in the following form
2= [ P (L) @FQr A A g A8, 2.

In the above integral, ¢x (&, z) are bounded (k,k)-forms in (¢, §), depending
holomorphically on z.

Beatrous[2] proved the following.

PROPOSITION 3. For t>0, we have

() [ gt Bharscl o)~

|l—t

(ii) [J (I,dgv(z mr=c| o(z)

PROOF OF THEOREM 1. For ¥=32¥,d5Ad{;, we set || ¥ [?=3 | ¥, |2 Then
we have

(@) e | =rarg gy

(1) In case p=1. By using proposition 3 and the Fubini’s theorem, we have
ﬁ | gi(2) | dV(Z)§C£]—|}%|%'-</; cb&\’];)m)dwé)
g%%%'dvm@o.

Thus g, e AYD).
(ii) In case 1<p<oco. We can write g;(z) in the following form.

e0= [ LDk (¢, Dav(o).

Let r be a positive number such that % + %=1. By Hélder’s inequality, we have

e s [IOL 1k 01 av)( [ 1K) 1V
By proposition 3(ii), we have
[ 1Kz 21 av(D=c
Thus we have, using proposition 3( i) and the Fubini’s theorem,
[1s@ravese [ v <oo.

This completes the proof of theorem 1.

3. The case of the complex ellipsoid type. We set 8(z)=—p(z). From the condition
(B, we have the decomposition

10— A2)= 225t (G —24)
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where g%(¢,z) e H(DXD). We set

\_E 171(§)d§1
(&)= C(é’) Q =0

SREDeHE, 28 .
Qi3 |f<§> 2 F(E D= () )

Then Berndtsson[3] proved that for h e A'(D),
_ o €9) Ten-k @f(Z) k= n-k({ FM1\n-k
b= (O ECretam) | (THof) (30 @A

(dQ)~
Since q—k >0, we have the following.

PROPOSITION 4. For h e AYD), we have
hzglgjfj
where g; are written in the following form
( ) Ok -k ¢k,j(§ Z)
80~ RO E(Feiiam) PO AT
In the above integral, éx (&, z) are bounded (k,k)-forms in (¢, &), depending
holomorphically on z.

We set
alE) =52 (5.

Then we have (see[4])

L7 | 2al&).
Taking account of the equality

(ng)n_k o k(z ayfdg))n f+ n k+l(2 a7Jd§1)" k- IA(ap/\EVJdg))

we have
‘ p(é—) 1+n-k _ - H ais (gzs)
I(F(§,Z)+p(§)> "—IF(K Z)+p(§)|”“ k
where 1, ......, in-» are different from each other. We set

LUO)E 2= 3 2202 §- 7).
Then by the fundamental inequality proved by Bruna and Castillo[4], there exists a
positive number A such that

[F(g,2)+0(8) | 2c(0(2)+ () +LAE)E—2)+ | £ =2z |*+ [ Im F(, 2) |).
We set

T(¢, 2)=0(2)+ (O +Lo( O —2)+ | { —z '+ | Im F(¢, 2) |.



10 Kenzd ApAcHI

PROOF OF THEOREM 2. (i) In case p=1. For a small neighborhood U of z,

€ 6D, we can choose local coordinates (t, t, ...... ,t22) in U for ¢ fixed such that
ti=—0(2), t=Im F(, 2), ts1=Re(§—2), ty=Im(§~2,),j=2, ..., m.
We set
t,=(t3, | PR tz;;) W;= EJ Zj for j=2, ...... , 1,
I:.[lais(cis)
(&)= DM—TWdtldtz ...... dtzn.
Then
I( §)§Cf0<t " dtldtzdts ...... dtzn
?<t;<M(3(§)+t1+tz+ It I*)ZH(tZJ 1 Ht5+ 8O+ 1]
gcf lli?_glz(@(é‘)‘i‘ lt l’l)ldta ...... dtzn‘
tr | <M j];[z(t%j—
For any 7, ¢ with 0<7<1, and 0< <1, we have
(o) <c, /’t i dts......dton
PM(O+ It I*)2 (tz] 1+t35+8(5)+ [t 19)
S ”f dt3....._.kdt2n
[ <M(6(§)M(‘ t’ IA)I—#)ﬂjl;Iz I W; |Z(1—u)6(§)y

<c f dts...... dtzn
=7 [t | <™ 6(?)#(’7-#7!712—1)”_15‘[2_1 | W; Iz(l“#) | Wr-g |(1*#)(2+/171)
=

First we choose ¢ so small that (7 +n—k—1)< g, and then 7 sufficiently small in such
a way that (1— )2+ A7) <2.
Then we have

(=55
Therefore we have
[1a@1aves [,

Thus we have g; e A(D).
(ii) In case 1<p<oo. We can write g;(z) in the following form

h(HK(¢, 2)dV(E)
D KBS '

g:/z)=

Let r be a positive number such that —1— + —11)—=1. By Holder’s inequality, we have

) s ( [LHOLIRLDIVO) k¢, 0 aveo))”

By the same method as the proof in the case when p=1, we have, for any 7 with 0<
7<1,
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(/; 1 K,(¢,2) | dv(§)>%§cr,3(z)"’_

Thus we have, using the same coordinates as in the proof of the case (i),

[ 3@ K& 2)|aV(2)
écr;f dtldtz_.‘;....dth .
PO Fttet [ 1) IL(O(E) +thmn + 5+ [ 1)

On the other hand we have

/’ dt,dt. <c
8222% titi+t+ [t P+ 6(0)* =

/M dt,
h i+ 80+ [t ]

C
B+ [t )7

IA

Thus we obtain
[ 3@ K&, 2 dV(2)
nu
< dts...... dtzn

=l e Tery

=2

Hence we have

| h(¢) |7
/D | gj(z) |PdV(z)§cef6(§)e f(é’) 2qp dV(§)< 0,
Terefore g; e A?(D). This completes the proof of theorem 2.
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