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Abstract

Let D be a bounded strictly pseudoconvex domain in Cn with smooth boundary.

Suppose that h, f1, ......, fm are holomorphic functions in D. In this paper we shall show

that there exist giεAp(D), (1≦p<∞) such that h=m∑i=1gihi provided that h, f1, ......, fm
satisfy some conditions. We also study the case where D is some convex domain.

1．Introduction．LetDbeaboundeddomaininCnwithsmoothboundary．We

denote byAP（D），（1≦p＜∞），the space of holomorphic functions fin D satisfying

LLflPdv＜∞，WheredVdenotestheLebesguemeasureonD・Letfl，……，fmbe

holomorphic functionsinDwiththepropertythat

（B）蓋，（i＝1，2，……，m；k＝1，2，……，n），areboundedonD・

We set

q＝min（n＋1，m），f＝（fl，……，fm），LfL2＝lfl2＋……＋lfml2．

Thepurpose ofthispaperistoprovethefollowingtheorems．

THEOREMl．LetDbeaboundedstrictbJPseudoconuexdomaininCnu）iihsmooih

∂0〟乃あり．エeJfl，……」椚鮎加わ利昭0ゆ如C舟乃C血刀S　乃DSα均か乃g娩gco乃劫ゐ乃（B）．ゲ

hiiaholomo79hicbnctioninDwithhlfr2qELP（D），（1≦p＜∞），thenthereexistgiE

AP（D），（i＝1，2，……，m），SuChthath＝∑figi．

Amar［1］provedthatiffl，……，fmarefunctionsinHP（D），（1＜p＜∞），and

Ifl＞8forsomeS＞0，thenthereexistgiEHr（D）suchthatl＝∑gifi，WhereIT
J＝1
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Let si(t) be real analytic functions in [O, ai] satisfying the following conditions: 

( i ) s~(t) ~O, s~(t) +2ts;f(t) >0 for 0< t<ai, 

( ii ) si(O) =0, si(ai) >1. 

We set 

p(z)= ~si(1 zi 12)-1 for z=(zl' """' z~). 

The domain 
D={z e C" : p(z) < O} 

is called the complex ellipsoid type. Then we have 

THEOREM 2. Let D be a domfdn of complex ellipsoid t~ipe in C". Let fl' """' f ~ 

be holomorphic functions in D satisfying the condition (B). If h is a holomorphic 

function in D such that 6(z)~' I f l-2q h c Lp(D), then there exist gj G Ap(D), (i =1, 2, ......, 

m), satisfying h=.~"Igjhj. 

Finally, we shall adopt the convention of denoting by c any positive constant which 

does not depend on the relevant parameters in the estimate. 

2 . The strictly pseudoconvex case. Let D be a bounded strictly pseudoconvex 

domain in C" with smooth boundary. We fix a plurisubharmonic characterizing 

function p for D. Then by Fornaess[5] there exists a function f(~, z) defined on D X 

D, of class C", such that 

i ) For ~ e D, F(~, .) is holomorphic in D. 

ii ) For ~, z eD, 

2 ReF(~, z)~ p(z)- p(~)- 6 1 ~-z 12 for some 6 >0. 

iii) F(~, z)= ~hj(~, z)(zj- ~j) with 

j=1 

hj e C"(D x D), hj(~, ') holomorphic in D. 

We set (~(~, z)=F(~, z)+ p(~). Then it holds that 

l ~(~, z) I ~c[-p(z)-p(~)+ I ~-z 2+ I Im ~(~, z) I I for ~, z 5D. 

Now we have the following. 

PROPOSITION 1. Let f be a holomorphic 
pseudoconvex domain D in C" such that aafzj ' (i=1, .. 

there exlst g e H"(DXD), (i=1, ......, m), such that 

function in a bounded strictly 

.,n), are bounded in D. Then 
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f(Z) - f( ~) = ~ gj( ~, Z)(Zj ~ ~j)' 

j= l 

PROOF. By the Fornaess imbedding theorem[5], there exist a neighborhood D of 

D, a positive integer k(k~n), a mapping 1~r: D~-Ck, and a strictly convex domain G in 

Ck, such that 1~r maps D biholomorphically onto a closed submanifold 1lr(D) of Ck= 

1lr(D)CG, 1~r(~ I D)CCk I ~, and 1~r(D~ ) intersects aG transversally. If 1lr=(1lrl' ""' ., 1~rk), 

then by Hefer's theorem, there exist functions 1~rij e O(~ x D) such that 

I~i(w) - 1lri(t) = ~ (wj - tj)1lrij(w, t). 

j=1 

We set Tf(z)=f(1~r~1(z)). 

Then Tf(z) is bounded holomorphic in 1~r(D) and its first derivatives are also bounded 

in IV(D). By Jakobczak [6] , there exists an extension operator L: O(1lr(D))-O(G) such 

that LTf, together with their first derivatives, are bounded in G. Then we have the 

decomposition, for ~, z c G, 

LTf(z) -LTf( ~= ~(zi- ~i)f ,(z, ~), 

i=1 

where fi e H~(GXG). Thus we have 

f(w) - f (t) =LTf(1~r(z)) - LTf (1lr(t))= ~ (wj - tj)gj(w, t), 

j=1 

" where gj(w, t)= ~1~f,j(w, t)fi(1~r(w) ~r(t)) c H"(D X D) 
i=1 

This completes the proof. 

From the above proposition l, we have the decomposition 

f i( ~) -f i(z) = ~ g~( ~, z)( ~k - Zk) 

k=1 

where g~(~, z) e H~(DXD). We set 

~hj( ~, z)d~j ~ ~fk( ~)g~( ~, z)d~j 

Ql=j=1 p(~) ' Q2= k ' f 2 ' 
Then Berndtsson[3] proved that for a holomorphic function h in D with 

~ 1 h I I f I-2q I p IN-IdV<oo, 

(1) h(z)=~h(~):~~:C / p(~) ~N+~-h/1~~~f(z) q~h(~Ql)"-hA(~Q2)k ) 

= ~~,(~,z)) ¥lr 
where N is any positive number. In the above formula (1), we take N=1. 

have the following. 

Then we 

PROPOSITION 2. 

we have 

h = ~ gjf j 

j=1 

For a holomorphic function h on D with jC I h I I f l-2qdV < oo. 
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where gj, (j=1, ......, m) are wrttten m the followmg form 

g (z)~ ~q~1 P(~) 1'~~k( ~Ql)"-kAipk j(~ z) 
j - k o (~(~z) ' ' ' 

In the above integral, ipk,j(~, z) are bounded (k, k)-forms in (~, ~) dependmg 

holomorphically on z. 

BeatrousL2] proved the following. 

PROPOSITION 3. For t>0, we have 

( i ) ~ dV(z) ~clp(~) Il-t 

T~~r (ii) ~ dV(~) ~clp(z) Il-t 

T~T~T 
PROOF OF THEOREM 1. For 1lr=~1~rlJd~!Ad ~~j, we set 11 1~r ll ~ 1 1lrlJ I Then 

we have 

p(~ /¥1'~~k ~ ~hllll ( c ( a Q1)" <=Tl~~~T' ~)( ~, z) 

( i ) In case p=1. By using proposition 3 and the Fubini's theorem, we have 

l g (z) IdV(z)<c ~i DT#~T dV(~) ~ 
~; c~ WdV( ~) < oo. 

Thus gj e Al(D). 

( ii ) In case I < p<oo. We can write gj(z) in the following form. 

g (z)= W:K (~ z)dV(~) j ~ j, -
1 *_1 By Hdlder's inequality we have Let r be a positive number such that T + ~ ' ' 

)~ l g (z) Ip~~ I~ilK (~ z) I dV(~) I Kj(~, z) I dV(~) . j (~ j , )( ~ 

By proposition 3 ( ii ) , we have 

~ I Kj(~, z) I dV(~)<c 

Thus we have, using proposition 3( i ) and the Fubini's theorem, 

~ I g'(z) IpdV(z)<c WidV(~)<oo 

This completes the proof of theorem 1. 

3 . The case of the complex ellipsoid type. We set 6(z)=-p(z) From the conditron 

(B), we have the decomposition 

fj( ~) - fj(z) = ~ g~( ~, z)( ~k - zh) 

h=1 
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where g (~ z) e H~(DXD). We set 

~ 
ap ~ 7j( ~)d ~j 

j=1 rj(~)= (~) Ql_ a~j ' ~ p( ~) ' 
~~~)g~( ~, z)d~j ~ 

Q2= k ' (~) 2 ' F(~,z)=~7i(~)(zi-~i). 
i=1 

Then Berndtsson[3] proved that for h e A1(D), 

q~1 p(~) T~yf(z) ( ~Ql)"-k( ~Ql)"-k A h(z) = fDh( ~) k~0C ) l+^-k q-k ) ( ( 

k F(~,z)+p(~) T~f 
( a Q2)h 

Since q-k>0, we have the following. 

PROPOSITION 4. For h eAl(D), we have 

" 
h= ~ gjfj 
j=1 

where gj are written in the following form 

ipk j(~ z) g (z) ~h(~);~:(F(~ ~;~_+)p(~))1'9 (~Q1)"-kAli~~. 

In the above integral. ck,j(~, z) are bounded (k, k)-forms in (~, ~), depending 

holomorphically on z. 

We set 

ai(~i)= a2p (~). 
a~ia ~i 

Then we have (see[4] ) 

I ri(~ i ~ai(~i). 

Taking account of the equality 

( ~nl¥~-k_ (~ a7d~)"-h+ p"~k+1(~j ~7d~)" k IA( apA~7d~.), 
U~ ) - ^-k . p 

we have 
*-k 
H ais( ~i.) 

p( ~) ( )1"~k ~ I ~~kl ~ F(~ z=)+p(~) ,* l F(~, z)+ p(~) ( aQ ) ~+1-k 

......, i~_k are different from each other. We set where il' 

" a2 p ( ~( ~- zi)( ~~j- z~j). Lp(~(~-z)2= ~ i, j=1 a~ia ~j 

Then by the fundamental inequality proved by Bruna and Castillo[4], there exists a 

positive nurnber A such that 

l F(~, z)+p(~) I ~c(6(z)+8(~)+Lp(~)(~-z)2+ I ~-z IA+ I Im F(~, z) D. 

We set 
T(~, z)= ~(z)+ ~(~)+Lp(~)(~-z)2+ I ~-z IA+ I Im F(~, z) I. 
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PROOF OF THEOREM 2. ( i ) In case p=1. For a small neighborhood U of zo 

e aD, we can choose local coordinates (tl' t2, """' t2n) in U for ~ fixed such that 

'_ =Re( ~j-zj), t2j=1m(~j-zj), i =2, ..., m. tl= ~p(z), t2=1rn F(~, z), t2J l 

We set 

t'= (t3, t4, "", "', n, " t2n)'wj=~j-z for J 2 
n-k 
n ai.( ~i.) 

I( ~) = ~ n U T( ~, z)n-h+1 dtldt2 dt2n s=1 

Then 

dtldt2dt3 tldt2dt3" " " dt2^ f I( ~ ~ c n-k 0<t <M 0<t'<M (8(~+tl+t2+ I t' IA)2 H (t~j_1+t~j+ 8(~) + I t' IA) 
t' <M 

~f <C 
t' <M 

j=2 

l tog(~(~)+ I t' IA) I dt3"""dt2^ 

^-k 
II (t~j_1+t~j+ 8( ~) + I t' IA) 

j=2 

For any ~, p with 0< ~< 1, and 0< p< 1, we have 

dt . . 3... .dt2~ 

= t I( ~) 1 <C 

= 
ft <C 

= 
ft <C 

^-k 
I <M 8(~)+ I t' IA)2 H (t~j-1+t~j+ ~(~) + I t' IA) 

j=2 

3"' dt2~ dt . . . 

n-k 
l <M(8(~)P(It IA)1-P)vH IW I - 6(~P . 2(1 p) 

j=2 

3 " ' dt2n dt . . . 

~-k-l ' I M6(~)P(v+n k l) -- 2(1 p) I w~-k l(1-P)(2+A~) 

j=2 

First we choose /1 so small that 11(~ +n-k- 1) < e and then ~ sufficrently small m such 

a way that (1- p)(2+A~)<2. 

Then we have 

ce I(~)~ 8(~)" 

Therefore we have 

~ 1 gj(z) I dV(z) ~~!q-h8_((~})1,dV(~). 

Thus we have gj e Al(D). 

( ii ) In case I < p<oo. We can write gj(z) in the following form 

gj(z) = ~h( ~)K~((~)z;~V( ~) 

Let r be a positive number such that I + ~_1. By Hdlder's inequality, we have 

I g (z) Ip< I h(~) Ip I K (~ z) I dV(~) I K (~ z) I dV(~) T )(~ ) 

D f ~ 2qp D 
By the same method as the proof in the case when p=1, we have, for any ~ with 0< 

~<1, 
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(~ l KJ(~, z) I dV( ~))7~c78(z)~n. 

Thus we have, using the same coordinates as in the proof of the case ( i ) , 

~nU~(z)~n I Kj(~, z) I dV(z) 

dtldt2" " " dt2n ~Cv~ n U tf(8( ~) +tlt2+ 

11 

~-k 
I t' IA)2Jrl2(6(~)+t~j_1Hit~j+ I t' IA) 

On the other hand we have 

dtldt2 ~c M o dt l 0<t'<Mtf(tl+t2+ t' A+6(~))2 I~~~TTr 
0<t'<M 

< ca = ~T~r)T' 
Thus we obtain 

~ nU8(z)~~ I K (~ z) I dV(z) 

dt3' "' ~ c " dt2n ~ ~(c~)' ' r 
n-k jf t' I <M 

(6(~)+ [ t' IA)~JT12(8(~)+ [ wj 12+ f t' fl) 

Hence we have 

~ I gj(z) I dV(z)<c r I h(~) Ip dV(~)<oo. 
= J~~~r~(~T~~T 

Terefore gj e Ap(D). This completes the proof of theorem 2 
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