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Abstract

In this paper we shall prove that any holomorphic Lp function on V, (1≦p＜  ∞) ,

can be extended to a holomorphic Lp function on D when D is the real ellipsoid and M

is a submanifold in general position in D. We also study the H∞ case.

1．Introduction．Let Dbethedomainsuchthat

D＝（Ⅹ＋iyECN‥貴（xSnj・y3mJ）＜1）

Wherenj，mjarepOSitiveintegers．Weset

p（Z）＝∑（Ⅹヨn｝＋y3m｝）－1forz＝X＋iy．

LetVbe a subvarietyin a neighborhoodDofDwhichintersects∂Dtransversally．

SupposethatViswrittenintheform

∇＝（zEf）：h．（Z）＝……＝hm（Z）＝0）（m＜n）

whereh．（Z），……，hm（Z）areholomorphicinBwhichsatisfy∂hl＜……＜∂hm＜∂p≠00n

Vn∂D．LetV＝VnD．UndertheaboveassumptionconcernlngV，WeShallshowthat

THEOREMl．S昭妙OSethatfisaboundedholomoゆhicカ‘nCtioninVandO＜E＜

1．77ien the7V eXゐtahoわmoゆhicjbtnctionFinDsuchthatFlV＝f，P（Z）eF（Z）EAa（D）

舟γα乃ツ0＜αくど．

LetWbeasubmanifoldofdimensionkinaneighborhoodofDwhichintersects∂D

transversally．LetW＝WnD．Thenwehave

THEOREM2．Letfbe a holomo71）hicjimctioninWsa毎秒ing

≦p＜∞）．7Ⅵβ乃娩g柁αなおαゐ0わ∽0ゆゐfc舟乃Cfわ乃F玩Dsα晦か乃g

上IFlPdm≦C（D）Llf伽

か肋＜∞，（1
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where dm and d(T are Lebesgue measures on D and W, respectively. 

To prove the above theorems, we use the techniques of Diederich, Fornaess and 

Wiegerinck [2] . They constructed the support function ~)(~, z), holomorphic in z, and 

proved the H6lder estimates for a equation on D. Finally, we will adopt the conven-

tion of denoting by c any positive constant which does not depend on the relevant 

parameters in the estimate. 

2 Prelimmanes Let f (z) be the boundary value of f e H"(V), where H"(V) is the 

space of all bounded holomorphic functions in V. Since D is convex, f*(z) exists almost 

everywhere on av. Let 

y=(yl' """ rN) : aDXD-CN 

be a smooth function such that 

N 
( ~-z, 7( ~, z)) = ~ (~j-zj),(j(~, z)~0 for ( ~, z) e aD X D. 

j=1 

Using the theorem of Hatziafratis [3] , we have 

PROPOSITION I . For f e H~(V), and z e V, we have 

f(z)=fa f*(~)K(~, z) 

av 
where ( i ) K(~, z) is written as a sum of terms 

n-m I n-m a(~, z) A a~7k, A d~*, 

i=1 i=1 (~-z, 7(~, z))"~" 

( ii ) a(~, z) is smooth on aD X D 

(iii) if ,(j(~, z) is holomorphic in z, then a(~ z) zs also homomorphrc m z 

Definition. We denote by A.(D), (0< a<1), the space of all functions on D which 

satisf y 

l f(z)-f(w) I ~~c. I z-w I" for any z w eD 

Now we shall state sorne results proved by Diederich, Fornaess and Wiegerinck 

[2] . Letz=x+iyeD, ~=~+i~ eD. We set 
7j( ~, z) = pj( ~ - cl[(~j ~j2~,~2)(zj - ~j) + (zj - ~j)2~,~1] 2~,-2-

ap =p'and aaz~p_ =p7 We may assumen':~mj. Then 
where we have used the notation az ' ~j ' ' ' ~ 
if we choose cl >0 small enough, there exists c2>0 such that 

(1) 2Re(~-z, 7(~, z));~-p(z)+p(~) 

+c2~[(~k - k ' )Izh-~k 12+ Iz ~ 12~ J 2** 2+ ~2~ ~2 
k=1 

for (~, z) e l~X D~: Moreover, they obtained the following lemmas: 
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　　LEMMA1．Fo7q＞0，s＝O　o71，j＝s，s十1，．＿。，伽4Aρos吻6，0Jos6渉00，

　　　ゐ1姻（燃寝陵隔・一膿父）’”、

初4砂6％46n！‘ゾtε（一R，R）．

　　LEMMA2．Eo7q〉0，j≧1，伽4Aヵos伽6，6Jos6渉00，

　　　ゐ、d（藩旱菱1翠鵠一｛9継）il濃、

初4の6，z46曜6ゾtε（一R，R），側h6名6r＝l　z　lニ（x2十y2）112，

　　Weset

　　　Q一激醤）鴫

Then　by　Bemdtsson［1］，we　have　the　following：

　　PR・P・SITI・N2．五6∫f伽h・励ゆh轍吻漉Ws魏の虹lfldσ＜

○○．丁馳n

　　　F（z）一CN，孤（＜鴇讐皇望瀞・1

該s　hoJo窺oη）h露吻Dαn4sα加加6s　F　l　w＝f，～〃h6名6μゑsα（N－k，N－k）伽7紹鋭吻ζ

ωhos召60痂膨6ηなαz6s郷oo孟h吻％漉ons初ζεD，4砂6n4初g　hoJo〃zoη）h歪6α1砂o％zεD，

伽4kゑs孟h64加6％s加‘ゾW．

　3．Proof　of　theorem　L　Let　k　be　the　dimension　of　V．Let　Bガ（i＝0，1，．．．．．．，No）be

balls　with　centers　on∂V　and　radius　r。which　form　a　cover　of∂V．Let底be　the　ball

with　the　same　center　as　B∫and　radius2ro．Since

　　　　∂hl〈．．．．．．〈∂h鍛〈∂ρ≠O　on∂V，

we　may　assume　that

　　　　I舞（z）1≧c〉・in飢

Then

　　　　　　　∂　　　　∂　　　　L’＝ρ紡アρ∫∂万尭（j＝1，……7H）

form　a　base　for　the（0，1）tangential　vector　fields　on∂V∩Bo．For　i≠k

（2）l　Lゴγ」≦δゴ∫c｛1ξ∫12η・一2＋1ηガ12πゴー2＋l　zrζゴ1（μ（nf）1ξ∫12ηf－3＋μ（mご）1ηご12涜・一3）｝，

　　l　L〃た1≦c（1612めd＋1ηゴ12簡一1），

whereμ（」）＝O　for　jニ1，μ（ノ）＝1for　j＝2，3，．．．．．．
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We can introduce new real coordinates on Bo as follows: For ~ e Bo n D fixed, if 

we setrj=Re(zj- ~j), oj=1rn(zj- ~j), A=1m ~)(~, z), p= p(~)- p(z), then rj, cTj(i =1, ......, 

k-1, k+1, ......, N), A, p form coordinates on ~0 in such a way that rj, oj(i=1, ......, k 

-1), form coordinates of aV nBo' Let e>0 and 

F(z)= fa f*(~)K(~, z) for z e D. 

av 
Then F(z) is holomorphic in D. Let z=x+iy e Bo' Then 

aF (3) a (p(z)'F(z))= ep(z)'~1 ap (z)F(z)+p(z)' (z). 
ax j ax j ax j 

Since a-ax~ is a sum of terms 

f*(~)~l(~, z) A a~yh. A d~*, f*(~)~2(~, z) /¥ a~7k. A d~*, 

fv i=1 i=1 fv i=1 i=1 (~-z, 7(~, z))k ' (~-z, 7(~, z))k+1 
where ~1(~, z) is a smooth (O, 1), form and ~2(~, z) is a smooth function. Since Lj, (j= 

1, ......, k-1), form a base for the (O, 1) tangential vector fields, we have to estimate 

the following integrals: 

A Lj7j A d~*. A Lj7jAd~t A d~*, 

f i=1 i=1 i=1 i=1 f 
avng, (~-z, 7(~, z))k ' ~ (~-z, 7(~, z))k ' av n 8 

k-1 k A Ljrj /¥ d~*, 

f i=1 i=1 avnB' (~-z, r(~,z))k+1 

By applying lemmas 1, 2, and inequalities (1), (2), we have 

k-2 k A Ljrj A d~*,Ad~t 

f i = I i = I d rk- Id(1k_ < c = c 

 

< avn~, (~-z, y(~, z))k p(z) +(rk2-1+0~ l)"'~' =T~T l**-' <R 

.*~* <R 

k-1 k A Ljrj A d~*, 

f i=1 i=1 < c avnB' (~-z, y(~,z)) =T~T' k+1 

k-1 k /¥ Ljyj /¥ d~*, 

f i=1 i=1 <c 1 Iog I p(z) I l 
avn~, (~~z, r(~, z))k = 

From the equality (3), we have 

a axj(p(z) F(z)) <c{ I p(z) I '-1 1 Iog I p(z) I I + I p(z) I ' I p(z) I -1} 

~c I p(z) I "-1, (0< a< e). 

Therefore we obtain 

(4) I V(p(z)'F(z)) I ~c[dist(z, aD)]"-1 
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where V denotes the real gradient. From (4), we have 

f p(z)'F(z)-p(w)'F(w) I ~c I f z-w I I for z w eD 

This completes the proof of theorem 1. 

4 . Proof of theorem 2. Since 

j-17 a~ d~~-Ad~ - ~ ~pA(.~Nl7d~j), ~ I arj J j 2 .= j a Q= ~ 

and a p A a ~~ = O, coefficients of ( a Q)k consist of the following: 

1 a7j, a7j. and I a7j, a7j._, ap 
pk+1 a ~jl a~J._, 7J. a~t pk a~jl"'a~j* ' ' ' 

where il, j2, """, ih are integers such that i*~it if s~t. We may assume that il= l, . 

ik=k. Now we shall show that 

a71 ay "' k (~) dm(z) (5) I -~ 1- a I a f < 7, z- ~~p(~) I k+1 ~c 

arl ' ar "'a kh~:7h dm(z) 

. 

D Ia<~,z-~>p(~lk+1 ~c. (6) I 

Since the integrand of ll is less singular than that of 12, we shall show that 12~c. 

e>0 sufficiently small, we set U.={~ e D : f p(~) I < e}. Let ~ e U*. To prove 

inequality (6), it is sufficient to show that 

, ~7 ...~7k~1 rh dm(z) 
I = - kl U.nB(~,')f < 7, z ~>p(~) l 

By the same method as the proof of theorem 1, we obtain 

N f I ~~c [ Iog (1 p(~) I + ~: (~2n z+~~~'-2) f zj-~j 1 2 
It".'1~R j=k+1 ' 
t'~ ~R 

+ I zj- ~j 1 2~') I dt " 2k+1 'dt2N' 

we set A= max mi, and we introduce polar coordinates. Then we have 

I ~~;cjCR I Iog ( I p(~) f ~ rA) I rdr~c f p(~) f 1/2A=<c. 

Therefore we have 

~ 1 F(z) I dm(z)~c fw I f(~) I dc(~. 

In case p > 1, we write F(z) in the following form 

F(z) = fwf (z)T( ~, z)d(1( ~). 

Let q be such that ~ + ~ I Then, by applying H6lder's inequality, we have 

I F(z) I p~( fw I f(~) I p I T(~, z) I d(;(~))( fw I T(~, z) I do(~))p/q 

By the same method as the case p=1, we obtam 

19 

,, 

For 

the 
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which 

[1] 

[2] 

[3] 
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~ 1 F I pdm~c fw I f I pd(T, 

completes the proof of theorem 2. 
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