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Abstract

In this paper we prove that any f € H (M) (1=p< ) can be extended to a func-
tion in H” (D) when D is some convex domain with real analytic boundary and M is a

submanifold in general position in D.

1. Introduction. Let G be a bounded strictly pseudoconvex domain in C" with
C’-boundary and M be a submanifold in a neighborhood of G which intersects G
transversally. Let M= MNG. Henkin [7] proved that any bounded holomorphic function
in M can be extended to a bounded holomorphic function in G. Recently, Cumenge [6]
and Beatrous [2], [3] studied certain norm estimates for extensions of holomorphic
functions on M to G. On the other hand, Bruna and Castillo [5] proved the fundamental
inequality for some convex domain D with real analytic boﬁndary, and they obtained
Hélder and L’ estimates for the d-equation. In the previous paper [1], the author
studied L° extensions of holomorphic functions in M to D. In the present paper, we
shall show that any function f in H® (M), 1=p< 0, can be extended to a function H
in H® (D). Moreover we give some estimates for extensions of bounded holomorphic
functions in M. Finally, we will adopt the convention of denoting by ¢ any positive
constant which does not depend on the relevant parameters in the estimate in which

it occurs.

2. H' estimates. Let D be a bounded domain in C" of the type
D= {z:p (2) <0}
where

p(z) = Z s (1z1%)—1.
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We set p, (w)=s, (I wi7) for one complex variable w. We assume s, is real analytic
in an interval [0, a,] such that
(i) s (1) =0, s (1) +2ts; (1) 20 for 0=t< a,
(i) s =0, s, (a) > 1

For example, D"= {z: i‘, | 2, 12"1< 1} is one of the above domains, where
m,’s are positive integers.

Let
F (6o 52 0 (-2

Let M be a submanifold of dimension k in a neighborhood of D which intersects 9D
transversally. Let M=MND, and & (z) =dist (z, dD). For € >0 sufficiently small,
we set D,= {z:p (z) < —€}. For an open set { in a complex manifold, we denote
by H® (Q) the usual Hardy class, and by L' (2) the space of all integrable functions
in Q. By applying the theorem of Berndtsson [4], we have the following. (cf. Adachi [1]).

PropoSITION L. Letf € L' M)NO (M). Then

k+1 A _ _1_ 3
£(§) e (5 (9log ( P(é’))) I\

(<p(8), z—t>+p (&))"

is holomorphic in D and satisfies H lu=1, where u is a (n-k, n-k)-current in { whose

H@=q&

coefficients are measures supported in M, depending holomorphically on z.

Now we prove the following theorem. The proof is based on the techniques of
Range [8].

THEOREM 1. Let f € H (M). Then H € H' (D).

Proor. By the estimates of Adachi[1], if we set

_2%p
a.i(é‘j) = acjagj(gj)
then
£ I a2
H@ =cf (<@ oo V@

In the above integral, i,...,i, are mutually distinct integers. For a small neighborhood
U of a point in @D, we can choose local coordinates (t,, t,...,t,,) in U such that
t=1p@ 1 +1p@ 1, t,=ImF (£ z), and

te i, =8, — 2z, (s=2,...,k).

s
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We set t' = (t,4,,++.»t). Then we have for € >0 sufficiently small

H@) | < S dt,...dt,,
YA =C x
6<% (et i+ ) I (et e
| t,, | < O, =
1
—1+=—0(k-1)
Sclp(®I m

We choose 6>0 such that 7/:%— 8(k—1) >0. Then we have

ISclp(® | '+

By Fubinis theorem and the partition of unity argument, we have .

SaDEIH(z) Idd(z)écSM LEO 1 1p(8) | 7 dV, (D)

81 14 a1 .
gcgo (SaMtlf(é‘) s "doM(é‘))dtécSOt "dt=c.
Therefore H € H' (D). This' completes the proof of theorem 1.

3. H" estimates (1<p= ). For z € M, we may assume that
e op op
(2 @), 22 @) erey o
axl ay] ayﬂ
If we set 7,(8) =Im F (¢, z), then
ot,(z) 1 9p
=@ 1%
Oy, 2 ox,

By the transversality of M, we can choose local coordinates (w,,...,w,) for M in a
neighborhood U of z such that

w,=p (&) +it.()), w,=8 —z, (i=2,...,k).
We set w,=t,-,+it,; §=1,...,k). Then we prove the following :

(z)) = (1,0,...,0).

THEOREM 2. Let fe H'(M) (1<p< o). Then H € H* (D).

PrROOF. We set

kgt A _—1 k
e (£)™ (99log ( p‘(C))) /\ 1

(<p ), 2=t>+p ()™

K (& 2) dvy (§) =

where dVx ({) is the Lebesgue measure on M. Then we have

HE ={, (OKE) V..
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Let q be a positive number such that %Jr%:l. We choose € such that 0< ep< %

By Holder's inequality,. we obtain

H@ 1= (e 1@ 1KEG) 1aw@) (1K 62 180 av®)

Let V be a small neighborhood of a point in M. Let VCC U, and U be an open set

in which we can choose local coordinates as above. We fix z in V. Then

[ 1 K52 1 0@ aVu(©)

_ S tlcq_d(k—‘)dtl k g dt,j—, dtgj
<e 1] — e =6
pr=e, Il Te@ 1 ) o w1

provided that we choose 8 >0 such that €q>d (k-1). The partition of unity arguments
yields

ng K(L2) 1 8(0)"dV (O <.

Now we choose local coordinates (u,,...,u,,) in a neighborhood V such that u,=— p (z),
u,=Im F (£ z), and (u,,...,u,) form local coordinates of M N V. We set u = (u,+,,

<.esu,,). Then by Fubini's theorem we obtain

SaDyﬁVI H(z) |°do (2) chMl £(0) | pa(g)_mgawnv | K (& 2) | du,..du,dVx (5

o8 (3t _duw —orn
sc{, 11 1% Slquaﬁ(twlu'l”w) 0= 4V (8)

=c{, 1@ 8@ ava(,
We choose € and 0 so small that ep+ d (k-1) < é Then

sup Saovnv | H(z) | °do (z) < co.

750

The partition of unity arguments yields H € H* (D). This completes the proof of theo-

rem 2.

THEOREM 3. Let f € H*(M). Then for any € >0, 6 (z)°H (z) is bounded in D.
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PrOOF. By the same method as proofs of the above two theorems, we have

| 8(z)H () |

_ g 06(2) Edt,...dtu
< k
161<8, (G@+ T4+ tl+ v I (0@ +t-+1)
|t | < 6,
P) c_a(k_1) dta..-dtzx
.. __(Z)___ dt.S . =g,
It 1<8 0@+ 1l n) <o LG54 )™

It 1 <9,

provided that € > 0 (k-1). This completes the proof of theorem 3.
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