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Abstract

Let D be a domain over a product space of a Stein manifold S and Grassmann
manifolds G, (i=1,2,..,.N) and D be the envelope of holomorphy of D. In this paper we
shall show that each real-valued pluriharmonic function on D is the real part of a
holomorphic function on D if and only if HX(D, Z)=0, provided that D is not holomor-
phically equivalent to the set EXV; X..XV_; XG; X V4, X...XVy (i=1,..,N), where E
is an open set of S and V, is an open set of G;.

1. introduction. Let M be a complex manifold. The real part of a holomorphic
function on M is a real-valued pluriharmonic function on M. On the other hand, a real-
valued pluriharmonic function on M is not always the real part of a holomorphic
function on M. Matsugu[5] proved that each real-valued pluriharmonic function on a
domain D over a Stein manifold is the real part of a holomorphic function on D if and
only if H 1(]5, 7Z)=0, where D is the envelope of holomorphy of D and Z is the constant
sheaf of integers. In the previous paper[2] we considered the case of a domain over
a Grassmann manifold. In this paper we generalize the above two results.

2. Pluriharmonic function and envelope of pluriharmony. Let M be a complex
manifold and u be a 2 times continuously differentiable complex-valued function on M.
u is said to be pluriharmonic at a point peM if 82u=0 in U, where U is a neighborhood
of p. If uis pluriharmonic at every point of M, u is said to be pluriharmonic on M. Let
O be the sheaf of germs of holomorphic functions and H be the sheaf of germs of real-
valued pluriharmonic functions. We consider the two sheaf homomorphisms obtained
by corresponding a holomorphic function f to its real part Re {, r : O—H, and obtained
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by corresponding a real number b to a purely imaginary number bJ/—1, i : R>O, where
R is the constant sheaf of the real number field. Since r is surjective by [3] (p. 272)
and i is injective, we have the following lemma.

LEMMA 1. Let M be a complex manifold. Then the sequence of sheaves on M
0 R (6] H 0
s exact.

Let M be a complex manifold. If ¢ is a locally biholomorphic mapping of a
complex manifold D into M, (D, ¢) is called an open set over M. Moreover, if D is
connected, (D, ¢) is called a domain over M. If ¢ is a biholomorphic mapping of D into
M, (D, ¢) is called a schlicht open set over M and is identified with the open subset ¢(D)
in M. Let (D, ¢) and (DM, ¢’) be open sets over M. A holomorphic mapping A of D into
D’ with ¢ =¢'cA is called a mapping of (D, ¢) into (D', ¢’). If A is a biholomorphic
mapping of D onto I/, (D, 4) and (D', ¢) are identified.

Consider domains (D, ¢) and (I, ¢’) over M with a mapping A of (D, ¢) into (DY,
¢’). Let f be a pluriharmonic (or holomorphic ) function in D. A pluriharmonic (or
holomorphic) function f' in D" with f=f"0A is called a pluriharmonic (or holomorphic)
continuation of f to (1,D’, ¢'), or shorty (I, ¢’). Let F be a family of pluriharmonic
(or holomorphic) functions in D. If any pluriharmonic (or holomorphic) function of F
has a pluriharmonic (or holomorphic) continuation to (1, D, ¢), (1, D’, ¢’) or shortly
(D', ¢’) is called a pluriharmonic (or holomorphic) completion of (D, ¢) with respect to
F. Let (1, D, ¢) be a pluriharmonic (or holomorphic) completion of (D, ¢) with respect
to F. Let (1,D’, ¢) be any pluriharmonic (or holomorphic) completion of (D, ¢) with
respect to F and F’ be the set of pluriharmonic (or holomorphic) continuations of all
pluriharmonic (or holomorphic) functions of F to (1,D’, ¢’). Then if there exists a
mapping u of (I, ¢’) into (D, ¢) with 1= oA such that (¢, D, §) is a pluriharmonic
(or holomorphic) completion of (I, ¢’) with respect to F’, (D, ¢) is called an envelope
of pluriharmony (or holomorphy) of (D, ¢) with respect to F.

If F is the family of all pluriharmonic (or holomorphic) functions in D, an envelope
of pluriharmony (or holomorphy) of (D, ¢) with respect to F is called shortly an
envelope of pluritharmony (or holomorphy) of (D, ¢). If F consists of only a plurihar-
monic (or holomorphic) function f in D, an envelope of pluriharmony (or holomorphy)
of (D, ¢) with respect to F is called shortly a domain of pluriharmony (or holomorphy)
of f. The following lemma is given by Matsugu [5] .

LEMMA 2. Let (D, ¢) be a domain over a complex manifold M and F be a family
of pluriharmonic (or holomorphic) functions in D. Then there exists uniquely an
envelope of pluriharmony of (D, ¢) with respect to F.
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A domain (D, ¢) over a complex manifold M is said to be pseudoconvex if for
every point p of M there exists a neighborhood U of p such that ¢ *(U) is a Stein
manifold.

The following lemma is given in [1] .

LEMMA 3. Let (D, ¢) be a domain over a complex manifold M and F be a family
of pluriharmonic (or holomorphic) functions in D. Then the envelope of pluriharmony
(o7 holomorphy) (D, ) of (D, ) with respect to F is pseudoconvex.

3. Pseudoconvex domain over a product space. Let N be a positive integer. Let
n; and r; (i=1,2,...,N) be positive integers. Let G, (i=1.2,..,N) be a Grassmann
manifold.
Let

G=Gn,;r, XGn,ir, X oo X Gy ry

ny,ry

be the product space of N Grassmann manifolds. Let S be a connected Stein manifold.
Consider the product space X=SxG. Let (D, ¢) be a domain over X. An open set Q
of D is said to be a univalent open set containing Gu,r, if ¢ | Q is a biholomorphic
mapping of Q onto an open set W of X, where W is written in the form

W:EXV1 X...XVj_l XGn(.rj XVHl X...XVN,

E is an open set of S and V; (j=1,...,i—1,i+1,..,N) is an open set of an_rj, respectively.

THEOREM 4. Let (D, ¢) be a pseudoconvex domain over X such that D does not
contain a univalent open set containing Gn., for i=12,.,.N. Then D is a Stein

mainfold.

PrOOF. Let Vnm be a Stiefel manifold which defines G ., (i=12,..,N), re-
spectively. Then there are canonical mappings v : Vi r,—>Gn,r, (i=12,..,N). We set

71(8,X1,...,Xn) = (8,11 (X1),Xa,....Xy) and

Dl = {(S,Xu---,XN,Y)GS X \]nl,r1 X an,rz X.. X GnN-rN xD : T](S,Xl,...,XN)Z ¢(y)}

Then we have the following commutative diagram :
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D, D

& ¢

71
SXVa e, XGnyrp X XGayry — X

Then (Dy,61,SXVa v, XGn,r, X...Gnyr) is pseudoconvex. We shall show that Dy, ¢,
SXC™ X Gnyrp X oo XGnyry,) is @ pseudoconvex domain. We set

T=SX(C"" —Vu ) XGuypr, X . X Gy ry-
Let R be the set of all boundary points removable along T. Let (Dl*,qsl*,SxC"‘r‘ X
Guyr, X ... XGnyry) be the extension of (Dy,é1,SXC""* XGa,r, X ... XGnyr,) along T.
Then (D,UR, ¢*, | D,UR, SxC™"" X Gn,rp X.o X Gy ryy) is pseudoconvex.

Suppose that R is not empty. Let qe R. There exists a point
(8,X1,..Xn)€S X Gy r) X o. X Gy r, Such that @ *i(q)er™'(s,Xy,...,Xn).
We set F*=¢1"(7,7!(s,X1,...,Xn)). Let Fo* be the connected component of F* which
contains q. Then (Fo*,é,* | Fo*,m is a pseudoconvex domain. By using
the same method as the proof of Ueda [7] , we can prove that Fy* is biholomorphic
onto 7,7s,X1,....Xn). There exists a point q,eR which lies over (s,0,X,,...,Xy), Where
0eC™™. Therefore there exists a neighborhood U of q which is mapped biholomor-
phically onto a neighborhood of (s,0,x,,...,.xy). Then 7,(UND,) is biholomorphic onto an
open set EXGn r, XV, X..XVy, where E, V, are open sets of S, Gn,r,, respectively.
This is the contradiction.  Therefore (Dy, ¢, SXC " XGn,r, X .. XGryry) 18
pseudoconvex. We define a mapping
7t SXCM X Vo, 1, XGnyiry X X Gingry —— SXC™™ Gryiry X oo X Gy
by 7(s,X1,X2,....Xn) = ($,X1, 12(X3),X3,...,Xy) and put
D, ={(8,X1,Xn,¥)€S X CV VX Vi1 X Gy X oo X Gy 1 25(8,%1,.0Xn) = biy) )

Then we have the following commutative diagram :
7
Dg Dl

&2 &

(2)

SXC" XV, r, XGiyry X oo X Gy ry———S XC™ X Gy, X . X G

TN INTN

Then (D,,¢.,S x C"" X Vi1, XGogry X ... XGny ry) is pseudoconvex. By using the same

process as the preceding ' proof, we can show that (Dz,¢,,SXC""" ™2 x G, ¢, X... X
Gn,r,) is pseudoconvex. By repeating this process, we arrive at the fact that
NN
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(Dy,y, S X CM11T272TN™N) s pseudoconvex. Since SxCMTTtINN g 3 Stein
manifold, Dy is a Stein manifold. In view of the theorem of Matsushima-Morimoto
(6] , D is a Stein manifold. This completes the proof.

4, Main results. Let X be the same product space S X G as the previous section.

LEMMA 5. Let (D, ¢) be a domain over X. Let f be a real-valued pluriharmonic
Sunction in D and (A, D, 35) be the domain of pluviharmony of f. If D contains a
univalent open set containing Gu,r,, then any point of D is contained in a univalent
open set containing Gn,r,.

PROOF. We may assume that i=N. Let.A be the set of all point @ of D such that
@ is contained in a univalent open set containing Gn,r,. Then A is a non-empty open
subset of D. Thus, it is sufficient to show that A is closed subset in D. Let o be a point
of the closure of A. There exist, respectively, open neighborhoods W, V and U of w,
7($(w)) and m(¢(w)) such that é | W is a biholomorphic mapping of W onto V X U and
such that V and U are coordinate neighborhoods, where x is the projection of X onto
SXGapr, X oo X Gy ey DTN
zeV and a univalent open subset  containing Ga,,r, such that # | Q is a biholomor-
phic mapping of Q onto EXV, X..XVy_; XGny,r,, where zeEXV,; X..XVy_;, E is an
open set of S and V; (§=1,2,..,N—1) is an open set of an,,j, respectively. We may

and zy is the projection of X onto G There exist a point

IN?

assume that there exists a biholomorphic mapping ¢ of V onto a polydics V' such that
#(EXV,;X..xVy_;) and V' is a polydisc with center the origin. Let T be the plurihar-
monic continuation of f to (1, D, ¢). In view of J. Kajiwara and N. Sugawara [4] ,
To(¢ | W) to(u~'x1) is a pluriharmonic continuation of f to VX Gn,r,. Since (1, D, ;S)
is the domain of pluriharmony of f, there exists a biholomorphic mapping & of

V XGay,ry into D such that ¢o & is the identity of VX Gnyry. Since &§(VXG
and &(VXGy, 1) is open set in D, w belongs to A. This completes the proof.

) DW

I’IN,!‘N

Ny Ty

LEMMA 6. Let (D, @) be a domain over X. Let f be a pluriharmonic function and

(A, D, @) be the domain of pluriharmony of f. Assume that D contains univalent open

sets containing G, (i=s,...,N) and D does not contain univalent open sets containing

Guyr; G=1,8—1). We put Y=SXGn,r X.. XGny_ r,_; and G=Gnyr X .. X Gaypry.

Then there exist a Stein manifold (L, ) over Y and a biholomorphic mapping n of D
onto LXG such that ¢=(¢ x1)oy.

PROOF. Let zy be the projection of X onto Y and #; be the projection of X onto
G. Let x be a point of D. We put (v, z)= ¢(x) where yeY and zeG. From lemma 5
#~'({y} XG) is a covering manifold of a simply connected manifold {y} XxG. Hence ¢
maps each connected compohent of ¢ *({y} xG) biholomorphically onto {y}xG. We
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shall induce in D an equivalence relation R as follows : x,~x, if and only if x, and x,
belong to the same connected component of ¢! ({y} xG) for some yeY. Then L=
D/Ris a complex manifold such that (L, ) is a domain over Y where u is the canonical
mapping of D onto L and v is the canonical mapping L into Y such that zyod=
o u. Then the mapping » defined by

7(x)=(u(x), 760 $(x))
is a biholomorphic mapping of D onto LXG such that ¢=(yx1)o 4. Since D is
pseudoconvex and L does not contain univalent open sets containing G,,j,rj G=1,..,
s—1), (L, ¢) is a pseudoconvex domain over Y. Hence from theorem 4 L is a Stein
manifold. This completes the proof.

Using the above results we prove the following main theorem.

THEOREM 7. Let (D, ¢) be a domain over X and (1,D, ) be the envelope of
holomorphy of (D, ). If D does not contain univalent open sets containing Ga,r, G=
1,2,...N), then each real-valued pluriharmonic function on D is the real part of a
holomorphic function on D if and only if H\D, Z)=0.

ProOF. Since D is a Stein manifold from theorem 4, we have H'(D, 0)=0. From
lemma 1 we have the exact sequence of cohomologies

H°(D, 0) — H°(D, H) —> H'(D, R) — 0.
Hence we have that H!(D, R)=0 if and only if the homomorphism H(D, 0)—H(D, H)
is surjective. Since (1, D, ¢) is the envelope of holomorphy of (D, ¢), we have that A
induces the isomorphism 1 * : HY(D, 0)»H*(D,0), where 1*{)=Fo1 for TeH(D, 0). We
claim that the induced homomorphism z* : HY(D, H)—H°(D, H) is also an isomorphism,
where ,u*(ﬁ):ﬁ oA for ﬁeH“(f), H). To see this it is sufficient to show that u* is
surjective. Suppose ue H(D, H). Let (1’,D’, ¢’) be the domain of pluriharmony of u
and u’ be the pluriharmonic continuation of u to (D', ¢’). From lemma 3 and lemma
6, after permuting (n,,n,,...,ny), if necessary, either D’ is a Stein manifold or there exist
an integer s with 1=<s=< N, a Stein manifold (L, ¢) over Y =S x Gnm X..XGn_ r, , and
a biholomorphic mapping # : D’>L X G such that ¢’ =(¢ X1)oy where G=Gnyry X... X
Goyury-
D. Since (1, D, ¢) is the envelope of holomorphy of (D, ¢), there exists a holomorphic
mapping ¢ : D—D’ such that A’=®o 1. We put u=u'o ®eH'(D, H). Then ,u*(ﬁ)z .
U o®oA =u'oA’=u. Therefore x* is surjective. In the latter case, L XS is a domain of

In the former case D' is a domain of holomorphy of a holomorphic function in

holomorphy of a holomorphic function in D and so is . Thus by the same argument
as the preceding case, we can prove that x* is surjective. From the two isomofphism
H°(D, 0)=H(D, 0) and H(D, H)=H"(D, H) we see that the homomorphism H°(D, 0)—
H°(D, H) is surjective if and only if the homomorphism H°(D, 0)—»H®D, H) is sur-
jective. From the universal coefficient theorem for cohomology, it follows that
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H(D, R)=0 if and only if H'(D, Z)=0.
This completes the proof.

By the same method as the above proof, we have the following corollary.

COROLLARY. Let (D, ¢) be a domain over X and (A,D, ¢) be the envelope of
holomorphy of (D, ¢). Then the homomorphism Ho(D, 0)—H(D, H) is surjective if and
only if the homomorphism H(D, 0)»H[D, H) is surjective.
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