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Abstract

Let D be a strictly pseudoconvex domain in C* with C*-boundary. Let the
multiplicative presheaf N2, 1 <p<leo, on D be defined by
U—{f €T (UND, O*) : both (log*/f[)? and (log™|f[)? have harmonic majorants
on UND}.
The purpose of this paper is to show that the multiplicative Cousin problems

for the presheaf N2 are solvable.

1. Introduction. Let D be a strictly pseudoconvex domain in C» with
C*-boundary. Let O (O*) be the sheaf of germs of holomorphic (nonzero
holomorphic) functions on C*. Let the multiplicative presheaf N2 1<p<le, be
defined by
U—{f € I (UND, O*) : both (log*/f|)? and (log™[f])? have harmonic majorants

on UND},

where I" (UND, O*) is the set of all sections in UND with values in O* and
log*|f |=max(log |f], 0), log™|f|=max (—log [f|, 0).
We denote the associated sheaf by N?. The author [1] has proved that the
multiplicative Cousin problems for the presheaf N2 are solvable in case D is a
strictly convex domain in C* with C*-boundary. In the present paper we prove
that the multiplicative Cousin problems for the presheaf N£ are solvable in case
D is a strictly pseudoconvex domain in C* with C*-boundary.

2. LP-functions. Let D be a domain in C” with C*:-boundary, i.e., D=
{z € C* : p(z)<0}, where p is a C*-function in C* and dps+0 on 6D. Let
L#(0D), 1=p<eo, be the space of all measurable functions on D which satisfy
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gtépofz ¢ op, | (@ Pds.(2) oo,

where D.={z : p(2)<€} and ds.(z) is the element of surface area on &D..
Let L >(8D) be the space of all bounded measurable functions on 0D. Let L2,
(¢D) and Ck,,;,(D) be the space of all (0,1)-forms on D whose coefficients
belong to L#(0D) and C*(D), respectively. By E. M. Stein [7], the following
(1) and (2) are equivalent for harmonic functions f in D and 1<p<oo;

(1) sup (f 1(2) |2ds.(2)) Vo< oo
e<0 Y oD,

(2) [f(z)|? has a harmonic majorant.

LEMMA 1. Let 1=p<lco. let f be a measurable function in D and let U=
{U;} be an open covering of D such that for any i and any domain WCU; with
Ct-boundary, £ € Lo(0W). Then f € L2(0D).

Proor. Let

M=max {X,, : for some z € D, z=(2,....,2,), X,=Im z,}, and let m be
the corresponding minimum. Let &, satisfy 0 <6,<(M—m)/12. Let 3;, i=1,2,
be real valued functions of a real variable such that
(1) =#; is of class C?,

@) m®=0 if t=—(M+m)+2s,
2(t)=0 if t;%([\/[-{-m)_.%ga
B 7®HZ2 if = M+m)+ 3¢,
nt)=2 if tg%(M+m)— 3¢,
4 2’ @®)>0 if t>~;—(M+m>+%6o

2/ (D)>0 if t<%(M+m)——%EO.

Let D,;={z : p(2) +7,(*%,)<0}, Do={2z : p(2) +7(x,,)<0}. Suppose feL?
(@D). Then f&EL? (0D,) or f&L? (0D,). Say fdL? (¢D,). The x,,-width of D,,
i. e., the number max|x’;,-X’’:,|, the maximum taken over all pairs of points

4

Z,Z”

in. D,, is not more than three fourths of the x,,-width of D. We now
treat D, as we treated D, using the coordinate X,,., rather than x,,, and we find
a smaller set D,,CD, for which f € L#(0D,;). We iterate thit process, running
cyclically through the real coordinate of C*, and we obtain a shrinking sequence
of sets {D,;} for which f&£L?(6D,;). One of the domains {D,;} will fall inside
some U;, which is a contradiction. Therefore lemma 1 is proved.
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Let D be a strictly pseudoconvex domain in C* with Ck- boundary, i. e.,
D={z € D p(2)< 0}, pis a Ck-strictly plurisubharmonic function in D ]535
and dp7~0 on 9D.
Let

n
F E i—&; +‘ Z & (zi—t)@;—=8n.
¢&,2)= = 6:, & @i—t) ag a: (2 (z

By the results of E. Ramirez [5J and G. M. Henkin [4], (after shrinking
5) we obtain a C* *-function ®(¢,z) on ]5><5 holomorphic in z with the follo-
wing properties :

(1) ®(,2)#0 for ¢, z & D with p()>p(2),

(2) for &° & 0D there exist an open neighborhood U of ¢ in ]5 and a nowhere
vanishing C# ?-function H(¢,z) on UXU holomorphic in z such that @ (¢,z) =
H(,2) F(¢,2) on UXU,

(3) there exist C¢*-functions P; ({,z) on ]3><5 holomorphic in z such that

n
o (g ’Z) = 'Zl(Zi _cz)Pt(C ’Z) .
=

Let
4 i-1 (n l)'

@ (Zly .. n) Z ( 1) Z /\(/\dzy> and Cn (271.1)n >

where Z,,.. ,Z, are interminates. Deflne
’ gl En_?n

K¢, z, M= cw(?\l §I2+(1 X) R ey +Q-2
and
L(§ Z)—Cn /( |Z Z‘z 3. IZ ;‘2 )/\w(é‘)

where o(¢)=d¢,/\.../A\d¢,. By integrating over A € [0, 1] terms of K’ (¢, z, A)
containing dr, we obtain a form K (¢, z). For a d-closed C=(0 1)-form
defined on an open neighborhood of D, we define

(1) TpH= fgga])f(g)/\K@’z)—IgD FEONL(E,2) .

Then 6Tp(f)=f on D. Let £(¢), K(¢,z) and L (£.2) be one of the coefficients
of £(¢), K(¢ z) and L(¢,z), respectively.
Let €<0 be sufficiently near zero. Then

- ~ 1 ~ ~
f _ f<c>L<§,z>dﬂ<t>=f drf FOLE,2)ds, () -
D/D. & <D,

Since ﬂ(é‘ ,2) and IZ(C ,z) are bounded when z € D is fixed, the integrals in (1)
have meaning for f € L'¢,y (@D)NC>¢,n (D).
Let f € L', p @D)NC=¢,p (D). Let
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TDs<f>=me ()Y NK(E 12) — f e, [ONLE D).

Then 8T p.(f)=f on D,. Therefore 8Tp(f)=f on D.

LemMMA 2. Let f &€ Lo,y (8D) N C=¢,» (D), 1<p=co, 8f=0, and U be a
subdomain of D with C'-boundary. Then there exists a function v € L?(8U)(1C*
(D) such that 8v=f on D.

PrOOF. Let T® : LY¢D)—~C({p,=r}) be given by T® {)=Tp)/({p,=
r}), where p, is a defining function of U. We now prove :
@ [|TOW | Le(p=rH=C[]{]]L=D)
® [1TOWE | Lip,=rH=C {11 1sD).

(a) is a result of H. Grauert and I. Lieb[3]. We have

f ITHE) (@) | dr, (D= f lf FONKE,2) | M (2)
ou, ou, v teoD

f L, dx, N
+f 0! | e TONLE D [0

where dX, is Lebesgue measure on 0U,. By Fubini’s theorem and the fact that
f If{(C,z)ld% (2) andf ]i(t,z)}d?\(z)
oy, U,

are bounded uniformly in r and ¢, (see R. M. Range and Y. T, siu [6]),
we have
[TTOE [ Liip,=r))=C I 1f]]11sDp). By Riesz-Thorin theorem,
(a) and (b) imply that
JITO®E [ Leip,=rH=C I 1] 1LssD)
for 1<p=<oeo. Therefore Tp(f) € L?(0U). This completes the proof.

It is well known (H. Grauert [2]) that for >0, & sufficiently near zero,
the restriction map I"'(Ds;, O)—I'(D, O) induces isomorphisms

r, : H1(D;,0)—~H1(D,0)
and

¥, : He(Ds,0%)~He(D,0%)
for g=1. Now we prove the following :

THEOREM 1. Let D be a strictly pseudoconvex domain in C" with C*-boundary.

The natural homomorphism
i* : H(D, N»)—~H'(D, O%)
is an isomorphism for 1<p<co
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Procr. Since the 1somorph1sm H'(D;, O*)—»H (D,0*) factors through H!
(D, N#), i* is surjective. To prove injectivity, let ¢ € H'D, N?) w1th 1*0 0.
It follows that for a suitable locally finite covering U;{U;} of. D, c is represen-
ted by {Ci,i} =0 {b;,} &€ Z'(U, N2), where (b;,} € C°(UnND, 0%. We may

assume that each set Ui,=I~L~,, N D is simply connected and has C*-boundary,
and hence after choosing a fixed branch for the logarithm, {log b;,} is a well
defined cochain in C°(U N D, 0O). S T S

Let {ain} =38 {log b} € Z(U N D, O). Since exp aii=Cioir, (log” lexp a;,i )7
and (log™|exp a'i,m'lu){ﬁ have‘bloth harimonlc majorants on Uj;,. et {(#:} be a

C~ partition of unity subordinate to the covering U. Let ¢}, = 3l¢:a;,; and let
c*=dc'. Therefore ¢* is a 0-closed C=(0, 1)-form in D. If we write ¢® in the
n

form c*= 3 cidz;, then c} —Z 6? a;;, on Uj;,.
i=1

Let W={z : p(z) <0} be a subdomain of U;, with C*-boundary and A; i=
1,2, 3, 4, be constants depending only on p and W.
Since

o3l rEA g oe 17 IRe s 14 24217 Tm 2,

We have

[ lelr avza <f FL2e 0 [Re aus 0 vk [ 2004 Tm aife @,
aW : 3W;i CZj ; B

Let supp ¢,~= ;. Let U,, U, be open sets such that W NK; < U} ((U3((U;. Let

X;(z)be a real valued non-negative function such that X;(z)=0 on U, X i(2z) =
N+1 on C*—U?2, Where N=sup|p(z)!. Let D;={z : p(2)+X;(2)<0}. Then D;

is-a domain with C*-boundary having following properties : D; C W N U%-,,‘, ow
N K; c8.(D;)., for €0 sufficiently near zero. Hence we have

f Ic?lpdthl(Ef a"S‘IPIRG 2o |7 AN+
oW, - i 8(Di>e

Zf J%f”llmaiiolp dr.
i 70D Zj ‘
By the Riesz type theorem obtained by E. L. Stout [8], we have
f | Im a;;, |2 dAZA, (f | Re a;;,]2 AM+A)).
6( i)e a Di)e
Since|Re a;;,|? has a harmonic majorant in D;, ¢t € Lr (6W). By lemma 1, ¢}
& L*( D). By lemma 2, there exists a function v & L#(8U;,) N C=(D) such that

9v=f on D. Let b=c'—v. Then éb=&c'=a, ¢b=6c'—6v=0. Therefore b &
C (UNnD, O) and
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Re b;, |? dA<A, Re ct|? dr+ ? dn).
fa(Ui,,>s[ © bl (fa(U,-,o.] °l fa(U,-o v

Therefore Re b;, € L*(9U;,). Hence|Re bi,|? has a harmonic majorant in Uj,.
This implies that {exp b;,} € C°(UND, N2). Since & {exp bi,} = {Cisir}, this
completes the proof of theorem 1.

The proof of theorem 1 implies :

THEOREM 2. Let D be a strictly pseudoconvex domain in C"* with C'-boundary
and suppose that H(D,0%*) =0. Let U be a finite covering of D. Then H\(U, N2)

=0 for 1<p<eo, i. e., the multiplicative Cousin problems for N2 are solvable.
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