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                            Abstract 

   Let D be a strictly  pseudoconvex domain in  Cn with C4-boundary. Let the 

multiplicative presheaf  NfZ,, 1 <p<oo, on  D be defined by 

   {f 6  r  (U  f1 0*) : both  (log+1 f  DP and  (log-1f  DP have harmonic majorants 

   on  UnDl. 

   The purpose of this paper is to show that the multiplicative Cousin problems 

for the presheaf  No are solvable. 

   1.  Introduction. Let D be a strictly pseudoconvex domain in  Cn with 
 C4-boundary. Let 0 (0*) be the sheaf of germs of holomorphic (nonzero 

holomorphic) functions on  C. Let the multiplicative presheaf  No  1<p<co, be 

defined by 

 U—  {f 6  1' (U  n  D, 0*) : both  (log+1f DP and  (log-1f1)P have harmonic majorants 

   on  unDI, 

where  1-1  (unD, 0*) is the set of all sections in U  nD with values in 0* and 

 log+1  f  1.--=  max  (log  Jf  1,  0),  log-1f  1=  max (—log  1  f  1,  o). 

We denote the associated sheaf by  NP  . The author  [1] has proved that the 

multiplicative Cousin problems for the presheaf  NiZ, are solvable  in case D is a 

strictly convex domain in  Cn with  C2-boundary. In the present paper we prove 

that the multiplicative Cousin problems for the presheaf  NiZ, are solvable in case 

D is a strictly pseudoconvex domain in  Cn with  C4-boundary. 

   2.  LP-functions. Let D be a domain in  Cn with C2-boundary,  i.  e., D= 

{z  6  Cn  :  p(z)<0}  , where p is a C2-function in  Cn and  dp0 on OD. Let 

 LP(OD),  1<p<00, be the space of all measurable functions on D which satisfy
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r sup J z 8 aD ! f(z)J Pds.(z)<=, 

8<0 ' 
where D~= {z : p (z)<8} and ds=(z) is the element of surface area on 6D~. 

Let L " (aD) be the space of all bounded measurable fuhctions crL 6D . Let Lp<0'*' 

(( D) and Ck (D) be the space of all (0,1)-forms on D whose coefficients '",*, 

belong to Lp(6D) and Ck(D) , respectively . By E . M . Stein [ 7 1 , the following 

(1) and (2) are equivalent for harmonic functions f in D and l~p<-; 

(1) sup ( r jf(z) Ipds=(z))vp<_ 
8<0 J o;)D. 

(2) I f(z) I p has a harmonic maiorant. 

LEMMA I . Let l~p<-. Iet f be a measurable function in D and let U= 

{Ui} be an open covering of D such that for any i and any domain Wc~Ui with 

C'-boundary, f 8 Lp(6W) . Then f 8 Lp(6D) . 

PRooF. Let 
M=max {x,~ : for some z 8 D, z=(z*....,z~), x,~=1m z~} , and let m be 

the corresponding minimum. Let 8, satlsfy O <8.<(M-m)ll2. Let ?7i, i=1,2, 

be real valued functions of a real variable such that 

(1) ,7i is of class C', 

(2) ,7,(t)= O if 4(M+m)+~8. 

17.(t)= O if t;~~(M+m)-~e. l 

(3) 17,(t)~;2 if t~~(M+m)+ 3e. 

,7,(t)~~ 2 if 4(M+m)- 3 8. 

(4) ,7,'(t)>0 if t>~(M+m)+~8. 

,?.'(t)> o if t<(~(M+m)-~8.. 

Let D*={z : p(z)+,7*(x,.)<0} , D,={z : p(z)+,7,(x,~)<0} . Suppose f~ELp 

(6D) . Then fcI~Lp (6D*) or f~ELp (6D,). Say f~Lp (6D*). The x,~-width of D*, 

1 e the number max I x ,~-x",~ I , the maximum taken over all pairs of points 

z', z" in D*, is not more than three fourths of the x,*-width of D . We now 

treat D* as we treated D , using the coordlnate x,~_* rather than x,*, and we find 

a smaller set D**CD* for which f e Lp(6D**). We iterate thit process , running 

cyclically through the real coordinate of C", and we obtain a shrinking sequence 

of sets {D*j} for which f~~Lp(aD*j) . One of the domains {D,j} will fall irlside 

some Ui, which Is a contradiction . Therefore lemma I is proved. 
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Let D be a strictly pseudoconvex domain in C" with Ck-boundary , i . e 

D={z e 5 : p(z)<0} , P is a Ck stnctly plunsubharmonlc function m D D~D 

and dp~ O On 6D. 

Let 

n p I n 6'p (~)(z ~ )(z ~ ) 
F(~,z)=~] (~)(z'-~i)+~ ~ i- i ･- i . i-1 6~･ ' ･ ･ ･ ･ J _ , l,J=1 O~,a~J 
By the results of E . Ramirez L 5 J and G. M . Henkin [ 4 1 , (after shrinking 

D) we obtain a Ck-'-function (~)(~,z) on DXD holomorphlc in z with the follo-

wing properties : 

(1) (~)(~,z)~0 for ~, z 8 D with p(~)>p(z), 

(2) for ~" 8 OD there exist an open neighborhood U of ~" in D and a nowhere 

vanishing Ck-'-function H (~,z) on UXU holomorphic In z such that (~) (~,z) = 

H(~,z) F(~,z) on UXU, 

(3) there exist Ck-'-functions Pi (~ ,z) on DXD holomorphic in z such that 

n 
(~)(~ z) = ~ (Zi-~i)Pi(~,z) . 

i=1 

Let 

e)' (Z* , . n (n-1) ! ..,Z~)= ~] (-1)i~*ZiA(AdZ;)), and c*= (27zi)" ' 

i= I v/i 
where Z*, . . ,Z~ are interminates. Define 

K'(~, z )~) c a)'()~ z,-~, p, z~-~~ +(1-)~) P(~)" )Aco(~) , +(1-)~) , lz-~1 "" iz-~Jr (~~ 

and 

L(~ z)=c~(o'( z,-~, ... Izz"-~~f, )A(o(~), 
'' , ~-~ 

where co(~) d~ A Ad~ By mtegratmg over ?~ 8 [O I] terms of K'(~, z, ~) 

containing d~~, we obtain a form K (~, z) . For a O-closed C-(O l)-form 

defined on an open neighborhood of D , we define 

(1) TD(f)= f(~)AK(~,z)- f(~)AL(~,z). 

~86D ~8D 
Then 6TD(f) =f on D. Let f(~ , K(~,z) and L (~.z) be one of the coefficients 

of f(~) . K(~ z) and L(~,z) , respectively . 

Let 8<0 be sufficiently near zero. Then 

l 

_ f (~)L(~ ,z)d// (~) = dr f (~)L(~ ,z)ds.(~) . 

D/D= 8 i, D. 
Since L(~ ,z) and K(~,z) are bounded when z 8 D is fixed, the integrals in (1). 

have meaning for f 8 L*(* ,*) (6D) n C= (* ,*) (D) . 

Let f 8 L*(.,*) (6D) n C= (,,*) (D) . Let 
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TD・（f）一 ζε∂D、f（ζ）〈K（ζ・z）一 ζε以f（ζ）〈L（ζ・z）・

Then∂TD、（f）一f　on　D、．Therefore∂Tp（f）＝f　on　D．

　LEMMA2．LθオfεL♪（。，1）（∂D）∩C。。（。，1）（D），1≦P≦・・，∂f＝O，απ4Uゐεα

5π640窺厩n　oプD別露hαφ㎝nぬプ』y．　Th6nオh8プ88漉5診5α血π66f伽vεLρ（∂U）∩C。。

（D）躍6hオh砿∂v＝f伽D．

　PRooF．Let　T（7）：L1（6D）→C（｛ρ、一r｝）be　givenbyT（7）（f）＝Tp（f）／（｛ρ1＝

r｝），whereρ1is　a　defining　function　of　U．We　now　prove：

（a）　口丁（7）（f）口L。。（｛ρ、＝r｝）≦C口f月L・。（∂D）

（b）　日丁（γ）（f）月Lエ（｛ρ、＝r｝）≦C口f日L1（∂D）．

　　（a）　is　a　result　of　H：．Grauert　and　I。Lieb［3］。We　have

∫∂鶏ITp（f）（z）ldλ・（z）≦∫∂砺∫∫ζε∂Df（ζ）〈K（ζ・z）ldλ・（z）

　　　　　　　　　　　＋∫∂」ζεDf（ζ）〈L（ζ・z）ldλ・（z）・

where　d㌧is　Lebesgue　measure　on∂U，．By　Fubini／s　theorem　and　the　fact　that

∫∂砺∫最（ζ・Z）ldλ（Z）and∫∂砺1三（ζ・Z）ldλ（Z）

are　bounded　uniformly　in　r　andζ，（see　R．M．Range　and　Y．T，siu［6］），

wehave
llT（7）（f川L1（｛ρ、一r｝）≦C旧月L・（∂D）．BVRiesz－Th・rinthe・rem・

（a）　and　（b）　imply　that

　llT（7）（f川Lか（｛ρ、一r｝）≦C目f月Lか（∂D）

for1≦P≦・・．　Therefore　Tp（f）εLカ（∂U），　This　completes　the　proof．

　It　is　well　known（H．　Grauert［2］）that　forδ＞0，δsufficiently　near　zero，

the　restriction　map　T（Dδ，0）・→T（D，0）induces　isomorphisms

　　　　rg：H：9（Dδ，0）→Hg（D，0）

and

　　　　r＊g：H：9（Dδ，O＊）→Hg（D，O＊）

for　q≧1．　Now　we　prove　the　following：

　THEoREM　l．　L86D68α5オガ‘61‘y　p5側4060n泥灘40解α吻初Cπ別露h　C4－6側π4αプツ．

Th8πα≠z4r‘zl　ho”zoηπ）プノ》h25勉

　　　　i＊：H1（D，N♪）→E1（D，O＊）

f5‘zn’50〃zoプρhf5”z．プbプ1＜p＜○○
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PROcF. Since the isomorphism H1(D6, O*)-H1(D,O*) factors through H1 
("~~~D, Np) ,~ i* is surjective,. Tb prove injectivity, Iet b"' 8 HrG5, Np) with i?~c=0, 

It .fol~qws that for a suitable 19cally finite covering ~ ~ {Ui} of, D , c is rep~e.s~~* 

ted by ~qioil}=~ {bio}, 8 Z1(U, N~)., where {bi~} ~ Co (U n D,_ O*)..,, We may 

assume that each set Ui.=Uio n D is simply c6nnected and : ha$ C2-boufidary ,= 

and hence after choosing a fixed branch for the logarithm, {10g bio} is a well 

defined cochain in Co(U n D , O) . ~ ' ' ' - ~ 
Let {ai.il} =8 {10g bio} 8 Z1(U n D, O). Since exp ai.il c*oil' (10g+ Iexp ai.ill)p 

~nd (10g~~Jexp ~i.ill)p have'both harmohic rha:jorants on U;:.il. iet {'~c;} be a 

C- ~artition of unity subordinate tO the covering U . Let b;0=~:ciaioi and let 

c2=6'~~~cl. Therefore c2 is a d'~'-closed C=(O, l)-form in D. If we write c2 in the 

n ,ci 
form c2= ~] cjdzj , then c ~: 

Let W={z : p (z) <0} be a subdomain of Uio With C2-boundary and A 1 

l , ~, 3, 4 , be constants depending only on p and W . 

Since 

6c l c~ 1 p~A1( ~] f ac i fp J Re aiio l p+ ~]1--Llp J Im aiio l p) , 
i 6~j ' 

We have 

f J f ･' 
6ci f *c . 

~]f , - Jpjlm aiiolp d?t). f c2fp d)~<=A ( ' l ~:i .- [bJRe aii.[p d?~+ 

j aW* i CZJ ' ' 6W= aW. i 

Let supp ci=Ki. Let tJ1, U2 be open sets such that W nKi c U; ((U;,((Ui. Let 

Xi(z)be a real valued non-nlegative function such that Xi(z) =0 on U;, ~ri(z) ~ 

N+1 on C"-U;, Where N~supJp(z)J. Let Di={z : p(z)+Xi(z)<0}. Then Di 

is a domain w, ith C2-boundary having following properties : Di C W n ti,, 6W 

n Ki c] a,(Di)*, for e<0 stlffioiently near zero. Hence we have 

I c~ I p d?~~AI (~J J 6~'Jp I Re aiio I p d)~+ 

If 6c ~: ,O(D,)=J a~i Jp llm aii.Jp d)~ 

By the Riesz type theorem obtained by E . L . Stout [ 8 1 , we have 

f f O (Di) = l Im aii. Ip d7L~A2 ( I Re aiio lp d?L+A3) ' 
O (Di ) * 

*,~ I p has a harmomc majorant m Di, c~ 8 Lp (6W) . By lemma I , c~ Since I Re a" 

8 Lp( D) . By lemma 2, there exists a function v 8 Lp(aUi.) n c=(D) such that 

v Then 6b ~cl a (/b oocl Ov=0. Therefore b e Ov=f on D. Let b=cl_ . 
Co (U n D, O) and 
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l Re bi. I p d)~~A4 ( I Re cli p d)L+ I v lp d)~). 

6(Uio)* 6(Uio)' 
Therefore Re bi, e Lp(6Uio)' Hence I Re bi. J p has a harmonic majorant in Ui.. 

This implies that (exp bio} 8 Co(U n D, N~) . Smce 6 {exp b$.} = {c' ' } this 'oel ' 

completes the proof of theorem I . 

The proof of theorem I implies 

THEOREM 2 . Let D be a strictly pseudoconvex domain in C" with C4 -boundary 

and suppose thot H1(D,O*) =0. Let U be a finite covering of D. Then H1(U , N~) 

= O for l<p<= , i . e . , the multiplicotive Cousin pl-oblems for N~ are solvable . 

[l] 

[2] 

Ann . 
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